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Some topological properties of the set of filter cluster functions
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Abstract

In Albayrak & Pehlivan (2013), we generalized the concepts of pointwise convergence, uniform convergence and 
α-convergence for sequences of functions on metric spaces by using the filters on N. In this work, we define the 
concepts of limit function, F -limit function and F -cluster function respectively for each of these three types of 
convergence, where F  is a filter on N. We investigate some topological properties of the sets of F -pointwise cluster 
functions, F -α-cluster functions and F -uniform cluster functions by using pointwise and uniform convergence 
topologies.
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1. Introduction

The concepts of statistical limit points and statistical 
cluster points were defined for real sequences for the first 
time by Fridy (1993), and studied by many mathematicians 
(Connor & Kline, 1996; Di Maio & Kočinac, 2008; 
Kostyrko et al., 2001). For more applications of the set 
of statistical cluster points in nR  one can see Mamedov 
& Pehlivan (2000, 2001); Pehlivan & Mamedov (2000); 
Pehlivan et al. (2004); Zaslavski (2006), where many 
more references can be found. Then Kostyrko et al. (2001) 
defined the concepts of  I -limit point and  I -cluster point, 
which are the generalizations of statistical ones (Činčura 
et al., 2004; Kostyrko et al., 2005).

In recent years, some mathematicians (Albayrak & 
Pehlivan, 2013; Boccuto et al., 2011; Caserta & Kočinac, 
2012; Das & Papanastassiou, 2004; Gregoriades & 
Papanastassiou, 2008) have concentrated on the concept 
of  α -convergence, which was known as continuous 
convergence in the past (Carathéodory, 1929; Kelley, 
1955; Stoilov, 1959) and its generalizations. In 2008, 
Gregoriades & Papanastassiou (2008) defined the concept 
of exhaustiveness for both families and sequences of 
functions, and using this notion they gave a generalization 

of the Ascoli theorem. In Albayrak & Pehlivan (2013), 
we obtained some results related to the concepts of  F - 
α-convergence, F -pointwise convergence, F -uniform 
convergence and F -exhaustiveness for sequences of 
functions, where  F  is a filter on N.

In this paper, we give the definitions of limit,  F -cluster 
and  F -limit functions for pointwise convergence, 
uniform convergence and  α-convergence, and examined 
some properties of the sets consisting of limit,  F -cluster 
or  F -limit functions. We investigate certain properties 
of the sets of  F -pointwise cluster functions,  F -α-
cluster functions and  F -uniform cluster functions. Then 
we introduce the topological structures of these sets and 
examine some of its consequences. Finally we observe 
that these results can be further generalized for the set of 
cluster functions of sequence of special functions.

2. Preliminaries

In this section, we present some basic concepts and 
our definitions given in Albayrak & Pehlivan (2013). 
Throughout this work, the symbol .  denotes the 
cardinality for sets or the absolute value for real numbers. 

 and  denote two metric spaces. Let  
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The set of all functions and the set of all continuous 
functions from D to Y are denoted by Y D and  
respectively. By , we denote the open ball with 
center  and radius .

Start with the concept of filter.  is a filter if 
F is closed under taking supersets and finite intersections 
(Engelking, 1989; Willard, 1970). A filter is said to 
be free if the intersection of all its members is empty, 
and fixed otherwise. If F is a filter on N, then the set 

 forms an ideal on N. 

Let F be a filter. A subset A of N is called F -stationary 
if it has nonempty intersection with each member of the 
filter F. We denote the collection of all F -stationary 
sets by F *. In brief, for an N⊆A  we have ∗∈ FA  iff 

( )FI∉A .

Definition 2.1 (Aviles Lopez et al., 2007; Kadets et al., 
2010; Katĕtov, 1968). A sequence ( ) N∈nnx  in a metric 
space  is said to be F -convergent to  if for 
every  the set  belongs to F . 

In this case, we write  or .

Now we present some examples of filters.
1. Fréchet Filter. The family  
is called the Fréchet filter. Fr is the minimum free filter 
with respect to the inclusion relation. Therefore, we can 
characterize free filters as follows: If rFF ⊇  then F is 
a free filter.  Fr -convergence coincides with the ordinary 
convergence.
2. Statistical Convergence Filter. If    

exists, then the value of this limit is called the asymptotic 
density of the set A (Buck, 1953; Niven, 1951). The 
family  is a free P -filter, and it is 
called the statistical convergence filter. Fst -convergence 
is called the statistical convergence (Di Maio & Kočinac, 
2008; Fast, 1951; Miller, 1995).

We firstly recall the concepts of equicontinuity and F 
-exhaustiveness (Albayrak & Pehlivan, 2013; Boccuto et 
al., 2011) for the families or the sequences of functions.

Definition 2.2. Let  and  be two metric 
spaces and .

1. Let K be a family of continuous functions from D to 
Y. The family K is equicontinuous at  iff for every  
there exists  such that for every  and 
every K∈f  we have .

2. Let YDfn →:  ( )N∈n  and F be a filter on N. The 
sequence  is said to be F -exhaustive at the point  

provided that, for each  there is a  such that

 

Now we introduce the concepts of F-α -convergence, 
F -pointwise convergence and F -uniform convergence. 
In the following definitions, we assume that  and 

 are two metric spaces, XD ⊆ , YDff n →:,  
( )N∈n , and F  is a filter on N.

Definition 2.3 (Albayrak & Pehlivan, 2013; Boccuto et 
al., 2011). A sequence  is called F -α-convergent 
to f  on D if for each  and for every sequence  
which is F -convergent to , the sequence  is 
F -convergent to  (i.e., , and 

we write ffn

α−F

→  (on D).

Definition 2.4 (Albayrak & Pehlivan, 2013; Balcerzak et al., 
2007; Kostyrko et al., 2001). A sequence  is called 
F -pointwise convergent to f on D if   
for each , i.e.,  for 

every . In this case, we write  (on D).

Definition 2.5 (Albayrak & Pehlivan, 2013; Balcerzak 
et al., 2007). A sequence  is called F -uniformly 
convergent to f on D provided that

 

for every . In this case, we write ff
u

n

−F

→  (on D).

Now, we define the concepts of limit function, F -limit 
function and F -cluster function for above three types of 
convergence.

Definition 2.6. The function f is called an F -uniform 
limit function of the sequence   if there is a set 

 such that the subsequence 
 is uniformly convergent to f on D. We denote 

the set of all F -uniform limit functions of   by 
.

Definition 2.7. The function f is called an F -uniform 
cluster function of the sequence  if for every 

 

We denote the set of all F -uniform cluster functions of 
 by ( )Fu

nfΓ .

Definition 2.8. The function f is called an uniform limit 
function of the sequence  if there is a infinite set 
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 such that the subsequence 
 is uniformly convergent to f on D. We denote the 

set of all uniform limit functions of  by   .

Definition 2.9. The function f is called an F-pointwise limit 
function of the sequence  if for each  
there is a set  such that 

 for every . We denote 
the set of all F-pointwise limit functions of  by .

Definition 2.10. The function f is called an F -pointwise 
cluster function of the sequence  if for each 

 and each 

We denote the set of all F -pointwise cluster functions of 
 by .

Definition 2.11. The function f is called an pointwise limit 
function of the sequence    if for each  
there is an infinite set  such that 

 for every . We denote 
the set of all pointwise limit functions of   by .

Definition 2.12. The function f is called an F -α-limit 
function of the sequence  if for each  
and each sequences  in D such that  

 there is a set  
such that  for every  
We denote the set of all  F -α-limit functions of  by 

.

Definition 2.13. The function f is called an F-α-
cluster function of the sequence  if for each 

 each sequences  in D such that 

  and each 

We denote the set of all F -α-cluster functions of  
by .

Definition 2.14. The function f is called an α-limit 
function of the sequence  if for each 

 and each sequences  in D 
such that   there is 
an infinite set  such that 

 for every . We 

denote the set of all α-limit functions of  by .

We have the following inclusions among the above sets, 
where F is a free filter:

Lemma 2.1. Let F be a free filter on N. If the sequence 
 is F -exhaustive then the following holds:

(i)  and 

(ii)  and 

(iii)  and .

3. Main Results

In this section, we give some topological properties 
of the sets of cluster functions such as closeness and 
compactness. Firstly, we recall the following topologies.

Let f be a function from D to Y. The family of sets of 
the form

for  and A a finite subset of D, forms a base at f for 
the topology of pointwise convergence .

The family of sets of the form

 

for , forms a base at f for the topology of uniform 
convergence .

Definition 3.1. Let ,  be two metric spaces, 
,XD ⊆  and F be a filter on N.

1. Let K be a family of functions from D to Y. The set K 
is said to be (uniform) bounded on D if there exist a  
and a  such that  for every  
and every .

2. Let , . The sequence  is 
F -uniform bounded on D iff there exist a  and a 

 such that

 

Arzela-Ascoli’s Theorem. Let  be a compact 
metric space and K be a subset of . Then K is 
compact iff K is closed, bounded and equicontinuous 
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(Engelking, 1989; Gregoriades & Papanastassiou, 2008; 
Kelley, 1955; Willard, 1970).

For the Fréchet filter Fr we have

When we take Fr as the filter F, the results given 
below are also satisfied for ,  and .

Theorem 3.1. Let ,  be two metric spaces, 
   be a sequence of functions from D to Y, 

and F be a filter on N. Then

(i)  is a closed set in the space .

(ii)  is a closed set in the space .

(iii)  is a closed set in the space .

Proof. (i) Let  be a (topological) cluster function 
of the set . Then we have 

for every . Let  and . Since  

, for every 

holds. Also since  we have

Then for each  and each  we have

Therefore . Consequently, the set   
 is 

closed.

Since the proofs of (ii) and (iii) are similar, we only prove 
the item (iii).

(iii) Let  be a cluster function of the set  
in the pointwise convergence topology. In this case, 
for every  and every finite set  we have

 Let   be 

a finite set, for each  be a sequence 

in D such that  and  

From   for every 

holds. Also from  we have

Hence for each  and each  we 
have

Therefore we get , and so the set  is 
closed in the pointwise convergence topology. □  

In next example, we observe that the set  is not 
closed.

Example 3.1. For each  let us define the functions  
gp from R to R as

Let , and let the sequence of 
functions  be defined by  if  
For each  we have  and so .
For each  the subsequences  are uniformly 
convergent to gp on R. Therefore we have  
for each . But  where  
for every . Since for each  there exists a 

 f is a (topological) cluster 
function of the set . Due to , the set 

 is not closed. □

Theorem 3.2. Let   be two metric spaces, 
   be a sequence of functions from D to Y, 

and F be a filter on N. Let  be a compact set in the 
uniform convergence topology. If  
then  is nonempty.

Proof. Let us assume that . In this case, 
for each  there exists  such that

 

The family consisting of the sets

for each  is an open cover of K . Since K is compact, 
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this cover has a finite subcover, i.e., . 
Then

and so we get . This is a 
contradiction. □

We now give examples to show that the above theorem is 
not satisfied without the condition of compactness of K.

Example 3.2. If the set K is not closed, bounded or 
equicontinuous, Theorem 3.2 need not be true.

(1) We define the functions  by  
for each . Let  and let us take the 
sequence  defined by

The set K is closed, bounded, but not equicontinuous. 
Hence K is not compact. Then we have

but  where  for every  and so  
 .

(2) Let F be any free filter. Define the sequence  
by  for every  and each  Let 

. The set K is bounded, equicontinuous, 
but not closed. So it is not compact. We have

but  where  for every  and so 
.

(3) Let  for every  and each  and let 
us define the sequence  in  by

Let  The set K is closed, equicontinuous, 
but unbounded. Hence K is not compact. Then we have

but  where  for every  and so  
. □

Theorem 3.3. Let D be a compact subset of a metric space 
 and  be a compact metric space. Let  

be a sequence of functions from D to Y, and F be a filter 
on N. If the sequence  is F -uniform bounded and 
equicontinuous on D then  is nonempty.

Proof. Since  is F -uniform bounded, there exist a 
 and a  such that

Then there exists a compact set K such that  for 
every . If  is empty then  
From Theorem 3.2 we have . Then

and we get . This contradicts with  . □

If we remove one of the conditions in the above theorem, 
 can be empty. Let F be any free filter. The sequence 
 in Example 3.2(1) is not equicontinuous, and  

. Similarly, in Example 3.2(3) the sequence 
 is not F -uniform bounded, and .

Theorem 3.4. Let   be two metric spaces, 
 and F be a filter on N. Let  and  be 

two sequences of functions on Y D such that

 

Then we have

(i)  and 

(ii)  and  

(iii)  and  

Proof. We only give the proofs of (i) and (iii) due to the 
fact that the proof techniques are same. Let

(i) Let . Then there is a set  such that the 
subsequence  is uniformly convergent to the function 
f . Let . Since  and  it is clear that 

. Since nn gf =  for every ,Mn∈  the subsequence 
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 is uniformly convergent to f . Therefore we get 
, and so . The reverse is 

also similar. Consequently, we have .
Now assume . Let . Then we have

Let . Then , and for each 
 and each  we get

and so

from . Hence the following holds

From , we obtain

Therefore we get , and so  
The reverse can be similarly shown. Consequently, 

 holds.

(iii) Assume . Let  
and for each   be sequences 
in D such that . Then there is 
a set  such that 

 for every . Let 
. Since  for every  we 

have   for every . 
Therefore we get  and so . 
The reverse is also similar.

Now assume . Let  for 

each   be sequences in D such that 

, and . Then we have

Let . Then for each  and each 
 we get

and so

from . Hence the following holds

 

From , we obtain

Therefore we get , and so  
The reverse can be similarly shown. □

Theorem 3.5. Let F be a free filter on N.  Let D be a 
compact subset of a metric space , and  be 
a sequence of functions from D to a compact metric space 

 which is F -uniform bounded and F -exhaustive. 
Then the set  is compact.

Proof. We show that the set  satisfies the conditions 
of Arzela-Ascoli’s Theorem.

Closeness: It was shown in Theorem 3.1.

Boundedness: Since the sequence  is F -uniform 
bounded, there exist a  and a  such that

If  then for each 

holds. Then the intersection of the sets K and  
belongs to F *, and so is nonempty. Hence there is an 

 and we have

 

for every . Since for every  the above inequality 
is satisfied, we get  for every . Since 
the function f is arbitrary, the set  is bounded.

Equicontinuity: From Lemma 2.1 we can say that 
. Let  and . Since the 

sequence  is F -exhaustive at the point  there is a 
 such that

 

If  then the following holds
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Then the intersection of the sets  and  belongs to 
F *, and so is nonempty. So there exists an  
such that we have

for every . Here  is independent from 
choice of f. Hence the set  is equicontinuous at the 
point .

According to Arzela-Ascoli’s Theorem,  is 
compact. □
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