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Some topological properties of the set of filter cluster functions
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Abstract

In Albayrak & Pehlivan (2013), we generalized the concepts of pointwise convergence, uniform convergence and
a-convergence for sequences of functions on metric spaces by using the filters on N. In this work, we define the
concepts of limit function, F-limit function and F-cluster function respectively for each of these three types of

convergence, where F is a filter on N. We investigate some topological properties of the sets of F-pointwise cluster
functions, F-a-cluster functions and F-uniform cluster functions by using pointwise and uniform convergence

topologies.
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1. Introduction

The concepts of statistical limit points and statistical
cluster points were defined for real sequences for the first
time by Fridy (1993), and studied by many mathematicians
(Connor & Kline, 1996; Di Maio & Kocinac, 2008;
Kostyrko et al., 2001). For more applications of the set
of statistical cluster points in R” one can see Mamedov
& Pehlivan (2000, 2001); Pehlivan & Mamedov (2000);
Pehlivan et al. (2004); Zaslavski (2006), where many
more references can be found. Then Kostyrko ez al. (2001)
defined the concepts of J-limit point and J-cluster point,
which are the generalizations of statistical ones (Cinéura
et al., 2004; Kostyrko et al., 2005).

In recent years, some mathematicians (Albayrak &
Pehlivan, 2013; Boccuto ef al., 2011; Caserta & Kocinac,
2012; Das & Papanastassiou, 2004; Gregoriades &
Papanastassiou, 2008) have concentrated on the concept
of a-convergence, which was known as continuous
convergence in the past (Carathéodory, 1929; Kelley,
1955; Stoilov, 1959) and its generalizations. In 2008,
Gregoriades & Papanastassiou (2008) defined the concept
of exhaustiveness for both families and sequences of
functions, and using this notion they gave a generalization

of the Ascoli theorem. In Albayrak & Pehlivan (2013),
we obtained some results related to the concepts of F-
a-convergence, ‘F-pointwise convergence, ‘F-uniform
convergence and ‘F-exhaustiveness for sequences of
functions, where ‘F is a filter on N.

In this paper, we give the definitions of limit, ‘F-cluster
and F-limit functions for pointwise convergence,
uniform convergence and a-convergence, and examined
some properties of the sets consisting of limit, ‘F-cluster
or ‘F-limit functions. We investigate certain properties
F-a-
cluster functions and F-uniform cluster functions. Then
we introduce the topological structures of these sets and

of the sets of F-pointwise cluster functions,

examine some of its consequences. Finally we observe
that these results can be further generalized for the set of
cluster functions of sequence of special functions.

2. Preliminaries

In this section, we present some basic concepts and
our definitions given in Albayrak & Pehlivan (2013).
Throughout this work, the symbol || denotes the
cardinality for sets or the absolute value for real numbers.

(X,py )and (Y, p, ) denote two metric spaces. Let D < X.
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The set of all functions and the set of all continuous
functions from D to Y are denoted by Y” and C(D,Y),
respectively. By S(§,5), we denote the open ball with
center & and radius &.

Start with the concept of filter. F < P(N) s a filter if
Fis closed under taking supersets and finite intersections
(Engelking, 1989; Willard, 1970). A filter is said to
be free if the intersection of all its members is empty,
and fixed otherwise. If F is a filter on N, then the set
I(F)={N-A: Ae F| forms an ideal on N.

Let ‘Fbe afilter. A subset 4 of N is called ‘F-stationary
if it has nonempty intersection with each member of the
filter F. We denote the collection of all ‘F-stationary
sets by F". In brief, for an 4 = N we have Ae F" iff

Ae I(F).

Definition 2.1 (Aviles Lopez et al., 2007; Kadets et al.,
2010; Katdtov, 1968). A sequence (x, )neN

space (X Py ) is said to be ‘F-convergent to £ € X if for
every ¢ >0 the set {n eN: p,(x,.8)< g} belongs to F.

in a metric

F
In this case, we write F —limx, =& orx, > ¢&.

Now we present some examples of filters.

1. Fréchet Filter. The family F, = {A < N : N — Ais finite
is called the Fréchet filter. 'F is the minimum free filter
with respect to the inclusion relation. Therefore, we can
characterize free filters as follows: If F o F. then Fis
a free filter. [ -convergence coincides with the ordinary
convergence.

An|l
2. Statistical Convergence Filter. If d (A) =lim_ —| r\[ ,n]|

exists, then the value of this limit is called the asymptotic
density of the set A (Buck, 1953; Niven, 1951). The
family F, ={Ac N: d(A)=1} is a free P-filter, and it is
called the statistical convergence filter. 'F -convergence
is called the statistical convergence (Di Maio & Kocinac,
2008; Fast, 1951; Miller, 1995).

We firstly recall the concepts of equicontinuity and ‘F
-exhaustiveness (Albayrak & Pehlivan, 2013; Boccuto et
al., 2011) for the families or the sequences of functions.

Definition 2.2. Let (X,p, ) and (Y,p,) be two metric
spacesand £ € D C X.

1. Let K be a family of continuous functions from D to
Y. The family K is equicontinuous at & iff for every € >0
there exists & > 0 such that for every 77 € S(£,8)n D and

every f e K we have p,(f(7)./(£))<e.

2.Let f, : D—Y (neN) and F be a filter on N. The
sequence ( /, )neN is said to be ‘F -exhaustive at the point &

provided that, for each & > 0 there is a & > 0 such that

neN = p,(£,n).£,(6)) <. YneS(Eo) e F.

Now we introduce the concepts of F-a -convergence,
F-pointwise convergence and ‘F-uniform convergence.
In the following definitions, we assume that (X, p, ) and
(Y,py) are two metric spaces, Dc X, f,f, : D—>Y
(ne N), and F is a filter on N.

Definition 2.3 (Albayrak & Pehlivan, 2013; Boccuto et
al., 2011). A sequence ( /, )HGN is called F-a-convergent
tof on D if for each & € D and for every sequence (x, )MN
which is ‘F -convergent to &, the sequence ( £ (xn ))neN is

F-convergent to f(£) (i.e., f—limfn(xn)z f(f)), and

F-a
we write f — f (on D).

Definition 2.4 (Albayrak & Pehlivan, 2013; Balcerzak et al.,
2007; Kostyrko et al., 2001). A sequence (fn )neN is called
F-pointwise convergent to fon D if F —lim f, (§ )= f(& )
foreach e D, ie., {neN: p,(f,(&).f(&)<s}e F for

F-pw
every ¢ > 0. In this case, we write f, — f (on D).
Definition 2.5 (Albayrak & Pehlivan, 2013; Balcerzak
et al., 2007). A sequence (fn )neN
convergent to fon D provided that

is called ‘F-uniformly

neN : p,(£,().£(¢)) <e.VéeDj e F

F-u
for every ¢ > 0. In this case, we write f, = f (on D).

Now, we define the concepts of limit function, ‘F-limit
function and F-cluster function for above three types of
convergence.

Definition 2.6. The function f is called an F-uniform
limit function of the sequence (fn )ﬂeN if there is a set
K= {n, <n,<..<n < } € F " such that the subsequence
( Fo)x is uniformly convergent to f on D. We denote
the set of all F-uniform limit functions of ( /. )nEN by

Ay (F).

Definition 2.7. The function f is called an ‘F-uniform
cluster function of the sequence ( £, )neN if for every £ >0

neN : p,(£,(£). /(&) <&, VéeDf e F.

We denote the set of all F-uniform cluster functions of
(fn )neN by F}n (f)

Definition 2.8. The function f is called an uniform limit
function of the sequence ( f )neN if there is a infinite set



K= {n1 <n, <..<n, < } such that the subsequence
( Ja, )keN is uniformly convergent to f'on D. We denote the
set of all uniform limit functions of (£, ) by L .

Definition 2.9. The function f'is called an ‘F-pointwise limit
function of the sequence ( £ )nE y if for each {51 &yl } cD
there is a set K ={n, <n, <..<n, <..}e F* such that
lim, . f, (&)= f(&) for every i € {1,2,...,m}. We denote
the set of all F-pointwise limit functions of ( £, ) by A (F).

Definition 2.10. The function fis called an F-pointwise

if for each

cluster function of the sequence ( fn)neN

{‘fl ,52,...,§m}g D and each ¢ >0

{n eN : py(fn(é),f(fi)) <¢gVie {1,...,m}}e T

We denote the set of all F-pointwise cluster functions of
(/) DY T (F)-

Definition 2.11. The function f'is called an pointwise limit
ifforeach{§1,52,...,§nl}g D
there is an infinite set K = {nl <n,<..<n, < } such that

lim, . f, (&)= f(&) for every i €{1,2,...,m}. We denote
the set of all pointwise limit functions of ( £ ) by [;

function of the sequence ( f, )neN

neN

Definition 2.12. The function f is called an F-a-limit
function of the sequence ( £, ),,EN if for each {f, &y peerlony } cD
and each sequences (x,.yn )neN in D such that F ~limx, , =&,
(ie{l2,..m})there is aset K = {n, <n, <..<n, <.}eF"
such that lim,,, f, (x,.’nk )= f(é‘,) for every i € {1,2,...,m}.
We denote the set of all F-a-limit functions of (f,) _ by
A (F).

n

neN

Definition 2.13. The function f is called an F-a-
cluster function of the sequence (f, )neN if for each
{£,&,,..&,} < D, each sequences (x,.’n )neN in D such that
F-limx,, =& (ie {1.2,...,m}) and each & >0

{n eN : py(fn(xiyn),f(é)) <egVie {1,...,m}} ef.

We denote the set of all F-a-cluster functions of (£,)
by I'; (F).

Definition 2.14. The function f is called an a-limit
. if for each
{gﬁ,fz,...,fm}gD and each sequences (xm |~ in D
such that F-limx,, =& (ief{l2,..m}) there is
an infinite set K ={n, <n,<..<n, <..} such that
lim, . f, (v, )= £(£) for every ief{l,2,...m}. We

neN

function of the sequence (f,)
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denote the set of all a -limit functions of ( f,,) by I;n.

neN

We have the following inclusions among the above sets,
where Fis a free filter:

/, (F)< L,
(FcL,.

Lemma 2.1. Let F be a free filter on N. If the sequence
( £ )neN is ‘F-exhaustive then the following holds:

() A, (F) cc(D.Y)andT; (F) < C(D.Y)
(ii) A7, (F) ¢ (DY) and I (F) < C(D.Y)
(iii) A, (F) < C(D.Y) and T} (F) < C(D.Y).

3. Main Results

In this section, we give some topological properties
of the sets of cluster functions such as closeness and
compactness. Firstly, we recall the following topologies.

Let f'be a function from D to Y. The family of sets of
the form

W(f.Ae) =g e ¥” : p(A(£).8(¢)) < &.v¢ e A}

for £ >0 and A4 a finite subset of D, forms a base at f for
the topology of pointwise convergence t ,,.

The family of sets of the form

W(f.e)=lg e ¥” : p(f().8()) < &,v¢ e D}

for £ >0, forms a base at f for the topology of uniform
convergence T,

Definition 3.1. Let (X, py ), (¥, 0, ) be two metric spaces,
D c X, and Fbe a filter on N.

1. Let K be a family of functions from D to Y. The set K
is said to be (uniform) bounded on D if there exista{ €Y
and a ¢ e R" such that p, (f(£),£)<c for every fe XK
and every £ € D.

2. Let f, : D—>Y, neN. The sequence (fn)ngN is
F-uniform bounded on D iff there exist a { €Y and a
¢ € R such that

neN: p(£(6).€) <c,vEe D) e F.

Arzela-Ascoli’s Theorem. Let (X,px) be a compact
metric space and K be a subset of C(X,R). Then X is
compact iff K is closed, bounded and equicontinuous
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(Engelking, 1989; Gregoriades & Papanastassiou, 2008;
Kelley, 1955; Willard, 1970).

For the Fréchet filter . we have
L, =N, (F)=T;(F).
Ly =N (F)=T7(F).
f; =N (}; ) =I; (.Tr )
When we take F as the filter 'F, the results given
below are also satisfied for £} , £} and L; .

Theorem 3.1. Let (X, py ), (Y., ) be two metric spaces,
DcX, (f, )”eN be a sequence of functions from D to ¥,
and Fbe a filter on N. Then

I} ( F ) is a closed set in the space (Y P, )
)y (f) is a closed set in the space (YD ,rpw).
() I'y (f) is a closed set in the space (YD ,rpw).

Proof. (i) Let g €Y” be a (topological) cluster function
of the set I'; (F). Then we have W(g,g)ml"_’f’n (F)= @

forevery £ >0. Let& >0and f eWEg,%)mF}n(f). Since

f eW[g,%j, forevery S e D

pr(F(€)8(€)<

holds. Also since f e I'; ( F ) we have
K(e)={neN:p,(1,(6). 7€) <5.9¢ e DYe F.

Then for each n € K(g) and each & € D we have

py(£,(8).2(E))< oy (£,(6). F(E)+ py (£(E).8(E)) < e

Therefore g €'} (F). Consequently, the set T ; (F) is
closed.
Since the proofs of (ii) and (iii) are similar, we only prove

the item (iii).

(iii) Let g €Y” be a cluster function of the set ry ( F )
in the pointwise convergence topology. In this case,
for every £€>0 and every finite set Ac D we have

W(g.A.e)nT; (F)=D. Lete>0,A={£,...&,} = D be

a finite set, for each i e {1,2,...,m} (x,v’n )neN be a sequence
in D such that F ~limx, , =&, and f eW(g,A,;)mF}’” (F).

From f eW(g,A,%j, for everyie {12m}

py(f(é:i )7g(§i )) < %

holds. Also from f eI’} (F) we have
KleAx, J=meN: oy, ) 7)) <5, vie i, mbe F.

Hence for eachn e K(g,A,xm) and eachi € {1.2,...,m} we
have

py(fn(xi,n )’g(é))g py(f,,(xi,n )’f(é))'l' Pr (f(‘fz)’g(é)) <é.
Therefore we get g e’ f(_’]:), and so the set I'; ( F ) is
closed in the pointwise convergence topology. O

In next example, we observe that the set A", ( F ) is not
closed.

Example 3.1. For each p € N let us define the functions
g, from R to R as

¢ (&)= % if£>0
’ 0 if&£<0

Let J, = {2”"(2q—1):q € N}, and let the sequence of
functions (f,),_ be defined by f,(¢&)=g,(¢) if neJ,.
For each peN we have d(Jp)=2+ and so J, e ..
For each p € N the subsequences ( £ )ne ;, are uniformly
convergent to g on R. Therefore we have g, e A, (j-:,)
for each peN. But feA, (F,) where f(£)=0
for every £ eR. Since for each ¢ >0 there exists a
g, € W(f,a)m Ay (};t), f is a (topological) cluster
function of the set A", (F.,).Dueto f ¢ Ay (F,), the set
Ay (F,) is not closed. o

Theorem 3.2. Let (X, 0, ), (Y, p, ) be two metric spaces,
DcX, (f, )neN be a sequence of functions from D to Y,
and FbeafilteronN. Let K < YPbea compact set in the
uniform convergence topology. If {n eN:f eX }e F
then K NI} (F) is nonempty.

Proof. Let us assume that K NI} (F)= @. In this case,
for each g € KK there exists &, >0 such that

neN:p, (£,).8(&)<e,.vEe D) I(F).

The family consisting of the sets
sle,)=trey” o, (1)) <o, Ve € D}

foreach g € K isan open cover of K. Since Kis compact,



S(gg!).

{neN:f e X} Q{HENifnGUi (5g )}
< Uz, {neN Jf. €S\, )}
cULlneN: p (7€) g ) <e, ¥ee Dl I(F),

this cover has a finite subcover, i.e.,
Then

KgUipzl

and so we get {neN:f eXK}eI(F). This is a
contradiction. 0

We now give examples to show that the above theorem is
not satisfied without the condition of compactness of K.

Example 3.2. If the set K is not closed, bounded or
equicontinuous, Theorem 3.2 need not be true.

(1) We define the functions g, C([O,l],R) by g, (§)= &"
for each ne N. Let K = {gn ‘ne N} and let us take the
sequence ( £ )neN defined by

g,(&) if nisodd

0 if niseven

f,l(§)={

The set XK is closed, bounded, but not equicontinuous.
Hence K is not compact. Then we have

{(neN:f eXK}={2n-1:neN}e

st

but'; (ﬁt): {f} where f(&)=0forevery & e [0,1] and so
KTy (F,)=2.

(2) Let F be any free filter. Define the sequence ( £ )neN
by f,(£)=1/n for every £€[0,1] and each neN. Let
={f, :ne N}. The set K is bounded, equicontinuous,

but not closed. So it is not compact. We have
{neN:f eX}=NeF,

butF}gl(f) {£} where £(&)=0 for every & €[0,1] and so
KTy (F)=2.

(3) Let g, (£)=nfor every & €[0,1] and each n € N, and let

us define the sequence (f,) . in C([0,1].R) by

neN

g, (&) if nisodd
0 if niseven’

fn(§)={

Let K = {g, :n e N}.The set K is closed, equicontinuous,
but unbounded. Hence XK is not compact. Then we have

{(neN:f eX}={2n-1:neNje

st
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but I'} ( )=

{ }Wheref( )= Oforeveryfe[o,l]andso
Kml"( )=0.

Theorem 3.3. Let D be a compact subset of a metric space
(X,py ),and (Y, p, ) be a compact metric space. Let (£, )neN
be a sequence of functions from D to Y, and F be a filter
on N. If the sequence ( fn)

equicontinuous on D then I'} (f) is nonempty.

| _« is F-uniform bounded and

Proof. Since (fn )neN
¢ eY and a c e R" such that

is F-uniform bounded, there exist a

L= {neN:py(fn(g),()ﬁc,V§eD}ef.

Then there exists a compact set K such that f, € K for
every ne L. If T’y (f) is empty then KNI} (:F): .
From Theorem 3.2 we have {ne N: f, € K}e I(). Then

L={neL:f eX}c{neN:f X}

and we get L € J(F). This contradicts with Le F. o

If we remove one of the conditions in the above theorem,

I (f) can be empty. Let Fbe any free filter. The sequence

( F )z@. Similarly, in Example 3.2(3) the sequence

(gn )neN in Example 3.2(1) is not equicontinuous, and
( g,),.x is not F-uniform bounded, and I, (F)=2.

Theorem 3.4. Let (X, p, ), (Y, p, ) be two metric spaces,
D c X, and Fbe a filter on N. Let (f, )neN and (g, )neN be

two sequences of functions on Y? such that

{neN:f(£)=g,(&)forallEe D}e F.

Then we have

@) A", (F)= A, (F)and T} (F)=T; (F),
(if) A7 (F)= A% (F) and 7 (F) =T (F),
(i) A, (F)= A, (F)and T; (F)=T; (F)

Proof. We only give the proofs of (i) and (iii) due to the
fact that the proof techniques are same. Let

L={neN:f(&)=g,(&)forall& e D},

()LetfeA, ( F ) .Then thereis aset K € F" such that the
subsequence (£, )ne X
f.LetM :=KnNL.Since Le FandK € F",itis clear that
M e F".Since f, =g, forevery ne M, the subsequence

is uniformly convergent to the function
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(gn)neM is uniformly convergent to f. Therefore we get
fen, (F), and so A (F)c A, (F). The reverse is
also similar. Consequently, we have A" (f)=A“g” (F).
Now assume f €I’y (). Lete > 0. Then we have

K(e)={neN:p,(f,(&).f(¢))<e.véeDle F".

Let M(g):=K(s)nL. Then M(¢)e F*, and for each
neM(g)and each & e D we get

Py (£,(E). F(E)) <&

and so

py(8,(&). f(£))<e

from f,(£)= g,(&). Hence the following holds

neN:p,(g,(£).f(¢))<s,vEe DI M(e)

From M(g)e F*, we obtain

neN:p,(g,(&).f(&))<e.VéeDie F .

Therefore we get f el (F), and so I (F)c I, (F).
The reverse can be similarly shown. Consequently,

r; (F)=T; (F) holds.
(iii) Assume feA’, (F). Let {£.&,.... M tay))

and for each ie{1,2 ..... m} (x be sequences

i JneN
in D such that JF-limx,, =¢. Then there is
a set K={n<n<.<n<.}eF such that

lim, . f, (x,.’nk ):f(fl.) for every ie{l2,..m}. Let
M=KnLeF" Since f =g, for every neM, we

have lim, .\, gn(xl.qn)= f(gi.) for every i € {1,2,...,m}.
Therefore we get f € A', (f), and so A’ (f) c A, (F )

The reverse is also similar.
Now assume fel} (F). Let {&.4,..¢6,}c D, for
each i e {1,2,...,m} (xl.,n)

ne

N be sequences in D such that

J —limx,, =&, and & > 0. Then we have
K= {n eN: py(fn(xl.,n ),f(§i))< &e,Vie {l,...,m}}e F.

Let M=KnLe ¥F". Then for each ne M and each
i€ {1,2 ..... m} we get

(£, ) £ (E))< e

and so

Py (gn(xi,n )’f(‘fl ))< €

from f (xl.,n)= g, (x, ) Hence the following holds

n in

{n eN: py(gn(x,.,n),f(fi))< g Vie {1,2,...,m}}2 M.

From M € ‘F~, we obtain

{n eN: py(gn(x,.’n ),f(é,,))< e,Vie {1,2,...,m}}e F.

Therefore we get f eI, (f), and so I'} (F)c ry (f)
The reverse can be similarly shown. 0

Theorem 3.5. Let ‘F be a free filter on N. Let D be a
compact subset of a metric space (X, py ), and (£,) . be

neN
a sequence of functions from D to a compact metric space

(Y , py) which is F-uniform bounded and F-exhaustive.
Then the set I'; (F) is compact.

Proof. We show that the set I'; (F) satisfies the conditions
of Arzela-Ascoli’s Theorem.

Closeness: It was shown in Theorem 3.1.

Boundedness: Since the sequence (f,) . is F-uniform
bounded, there exist a ¢ €Y and a c € R" such that

K:={neN:p,(1,(£).¢)<c.VEeDle F.

Iffely () then for each & > 0

L(e)={neN:p,(f,(&).f(¢))<e.VéeDle F'

holds. Then the intersection of the sets K and L(g)
belongs to F*, and so is nonempty. Hence there is an

n, € K NL(g), and we have

o (F(E).0)< o (F(E). 1, () 4 (£, (£).0) <e+c

for every & € D. Since for every ¢ > 0 the above inequality
is satisfied, we get p, ( f (5),; ) < ¢ for every £ € D. Since
the function fis arbitrary, the set I'; (]:) is bounded.

Equicontinuity: From Lemma 2.1 we can say that
I (F)cc(D,Y). Let £€D and &£>0. Since the
sequence ( £ )neN is ‘F-exhaustive at the point &, there is a

o >0 such that
K(g)={neN:p,(f,(n).1,(&)<e/3,VneS(.5)nDye T

Iffely (f) then the following holds



L(e)={neN:p,(f,(6).f(£))<e/3,VEéeD}e F.

Then the intersection of the sets K (£) and L(¢) belongs to
F*,and so is nonempty. So there exists an n, € K(g)n L(e)
such that we have

P, (F). 1)< p, (£ ). £, )5 24 (1, (0). £, €))
w7, (€). 7€) <e

for every ne S (5,5)(\ D. Here ¢ is independent from
choice of /. Hence the set I'; (f) is equicontinuous at the

point &.
According to Arzela-Ascoli’s Theorem, I'; (_T) is

compact. O
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