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ABSTRACT

In this article some new double sequence spaces »c}(p),2¢/(p), 2mi(p) and ,m! (p) for p=
(pr1) a double sequence of positive real numbers have been introduced. Some algebraic
and topological properties of these spaces have been studied. The decomposition
theorem and some inclusion relations are proved.
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INTRODUCTION

The notion of I-convergence was studied at the initial stage by Kostyrko et al.
(2000). Later on, from sequence space point of view it was further investigated
and linked with summability theory by Salat es al. (2004, 2005), Tripathy &
Hazarika (2009, 2011), Hazarika (2011), Savas (2010), Nabin et al. (2007), Dems
(2004), Kostyrko et al. (2005) and many other authors. Also /-convergence has
been discussed in more general abstract spaces such as 2-normed linear spaces
by Giirdal (2006), n-normed linear spaces by Giirdal & Sahiner (2008). Tripathy
& Tripathy (2005) introduced the concept of I-convergence and I-Cauchy
sequence for double sequences and proved some properties related to the
solidity, symmetricity, completeness and denseness. Kumar (2007) discussed the
basic properties of I-convergence and I*-convergence for double sequences. Also
Pringsheim (1900), Robison (1926), Morciz (1991), Morciz & Rhoades (1988),
Tripathy (2003), Gokhan & Colak (2004, 2005, 2006) studied on double
sequences of real numbers.

DEFINITIONS AND NOTATIONS

Let X be a non empty set. Then a family of sets I C 2% (power sets of X) is said
to be an ideal if I is additive (i.e. 4,B€ = AU B € I ) and hereditary (i.e.
A€l,BC A= Bel). Anon- empty family of sets F C 2% is said to be a filter
on X if and only if ¢¢F, for each 4, B€ F we have 4N B € F and for each
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A € Fand BD A, implies B € F. Anideal I C 2¥ is called non-trivial if I # 2%. A
non-trivial ideal 7 C 2% is called admissible if and only if I D {{x}: x € X}. A
non-trivial ideal I is maximal if there cannot exists any non-trivial ideal J # I
containing [ as a subset. For each ideal 7, there is a filter F (1) corresponding to 7
ie. F(I) = KC N: K° € I},where K‘°= N — K. We note I, to be an admissible
ideal of X x X.

Let ,w be the set of all double sequences. A double sequence x = (xi,) is said
to be convergent to a number L in the Pringsheim sense or P-convergent if for
every € > 0 there exists an n € N such that [x;; —| < e whenever k,/ > n. We
shall denote the space of all P-convergent sequences by ;c.

The double sequence x = (xi,;) is bounded if there exists a positive number
Msuch that |x;| < M for all k and /. We shall denote all bounded double
sequences by 24 .

DEFINITION 1. A double sequence (xi;) € »w is said to be double I- convergent
to the number L if for every ¢ >0, {(k,/) € N x N: |x;; — L| > e}€ I,. We write
L-lim x;, = L.

DEFINITION 2. A double sequence (x;;) € »w is said to be double /- null if L = 0.
We write Ir-lim x,; = 0.

DEFINITION 3. A double sequence (xi;) € »w is said to be double I-Cauchy if
for every £ > 0 there exist numbers m =m (¢), n =n (¢) such that {(k,]) €
N X N:|xps-Xmp| > €} € b.

DEFINITION 4. A double sequence (xx;) € ow is said to be double I-bounded if
there exists M > 0 such that {(k,/) € N x N: |x3;| > M} € I, .

Let (xx;) and (yx,;) be two sequences. We say that x;; = yi; for almost all k, [
relative to I, (here after we write a.a.k.l.r.I,), if {(k,l) € N x N: xx; # yii} € b.

Throughout of the article 2¢/,5¢),om!, yml represent the spaces of I-convergent,
I-null, bounded I-convergent and bounded I-null double sequence spaces,
respectively.

DEFINITION 5. A double sequence space > E is said to be solid (or normal) if
(o xk) € 2E, whenever (xi;) € oE and for all sequence (o ;) of scalars with
lag | <lforallk,/e N.

DEFINITION 6. A double sequence space E is said to be monotone if it
contains the canonical preimages of its step spaces.
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The notion of paranormed sequence space was studied at the initial stage by
Nakano (1951) and Simons (1965). Later on it was further investigated by
Maddox (1968), Lascardies (1971, 1983). In this article we introduce the
following sequence space:

Let I, be an admissible ideal of X x X. Let p= (px;) a sequence of positive
real numbers. Then for given ¢ >0,
2 (p) = {(xks) € 2w : {(k,]) € NX N 4y =L/’ > ¢} € I, ,for some L € C};
266([7) = {(xk,/) Cow: {(k, 1) ENXN: |xk71\pk»’ > 6} € 12};

2o (p) = {(xky) € 2w Sllcllp |xi [P < oo}

We write

' (p) =2 (p) N 2la(p);2ml(p) = 2¢i(p) N 2 (p).

From above definitions it is clear that ,m!(p) C 2o (p) and 2mi (p) C 24 (p).
The following results will be used for establishing some results of this article.

LEMMA 1. A4 sequence space E is solid implies E is monotone (Kamthan &
Gupta, 1980).

LEMMA 2 [Salat, ef al., (2005), Lemma 2.5]. Let K € F(I)and M C N.If M ¢ I,
then MNK ¢ I

LEMMA 3 [Kostyrko et al. (2000), Lemma 5.1]. If 1 C 2V is a maximal
admissible ideal, then for each A C N we have A € I, or N-A € I.

MAIN RESULTS

THEOREM 1. Let (pi;) € 20s. Then 2l (p), 206(]7), 2m!(p) and zm{)(p) are linear
spaces.

Proof. Let (xx;), (k1) € 2¢(p) and «, 3 be two scalars Then for a given & >0,
we have

{(k,]) € Nx N : |xp; — L[’ > ﬁ , for some L; € C} € I,
1

{(k,]) € N x N : |y; — Lo|¥ > ﬁ, for some L, € C} € I,
2

where M| = D max {1,sup|a|’*'}; My = D max {1,sup |8]’*'}, D = max (I,
k.l k.l
26-Nand G =suppry < oc.
kI
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Let A; = {(k,]) € N X N: |x;; — L |’¥ < ﬁ, for some L; € C};
1

Ay = {(k, I) € Nx N: |y, — L[ < ﬁ, for some L, € C} be such that
2
AS A5 € I,

Then

Az ={(k,]) e Nx N : |(axk71—|—ﬂyk,1) — (oL, _|_6L2)|I7k1< e}

D
2 [{(k, l) ENXN: |Oz|pk‘/|xk1_Ll|I’k4l < € ‘Oé|pk‘l}
’ 2M,

D
N{(k,I) € N x N : |8/ |y — Lo|" < ﬁww,z}]
1

Thus, A5 = A5 U A5 € L.
Therefore (a(xx;) + B(yis) ) € 2¢/(p). Hence 2¢!(p) is a linear space.

THEOREM 2. Let (pr;) € 24, then the spaces »m!(p) and zm{,(p) are
paranormed spaces, paranormed by

Pk,
2((xxp)) = S/l{l}) |x1s| M, where M = max(l,sll(llppkﬁl).

The proof of this result is easy, so omitted.

THEOREM 3. ,m!(p) is a closed subspace of 245 (p).
Proof. Let (x,(c’f; ) be a Cauchy sequence in ,m!(p) such that
x" — x. To show that x € ,m!(p).

Since (x,i"l)) € ,m!(p), then there exists a, such that
{(k,) e Nx N: |x{) —a,/’ > e} € I

We need to show that
(i)  (an) converges to a (ii) if U {(k, ) € N x N:|xx; — a|’* < &}, then U* € b.

(i) Since (xgcnl)) is a Cauchy sequence in ,m!(p) then for given € > 0, there exists
ko € N such that
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P
sup|x,(€,—xk,|M <— for all n,m > ko

B

Given € >0, we have

m e\ M m e\M
nm {(k Z) € N X N |x.k[ J)|pk,l < <§> };Bm = {(k, l) € N X N: |x£‘/) _am|l’k,/ < <_> })

and

n e\M
— {(k,) € N x N: |x!") — )P < (5) }

Then B¢

nm?

BL

m?

B; e b.

Let B = B¢, U B, U B, where B = {(k, [) € N x N:|a,, — a,|"*' < €}. Then
B el

We choose (ko, /o) € B°. Then for eachn > k¢, m >y we have

{(k,]) € Nx N :|ay — ay

P < e} D {(k, D) € N X Nt Jay — x{"

moo (2
<(3)
)71 M
{(k,)) € N x Nt | — xpws < ( ) YO{(kD) € Nx N: 3 — a, P < (3) 1
Then (a,) is a Cauchy sequence of scalars in C, so there exists a scalar ‘@’ in C

such that ¢, — a,as n — oc.

(@) Let 0<é6<l be given. To show that if U= {k,
[) € N x N:|xi; — af* < 6}, then U° € L.

Since x" — x, then there exists gy € N such that
5 M
P={(k,])e NxN: |x,(;’ — Xy PE < (3 ) }implies P € I, (1)
The number ¢y can be so chosen that together with (1), we have
6 M
Q ={(k,]l) e Nx N :lag, —al’™ < <3—D) } such that Q¢ € I

Again since {(k, /) € N x N: |x,((q})) — ag,|""! > 6}€ 1. Then we have a subset S of
N x N such that
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, 5\
S¢ e L,where S = (k,l) € N x N : \x,(j?) — ag,|"H < <§> }.

Let U = P°UQ°U S, where U = {(k,[) € N x N: |x;; — a|’* < 6}.

Therefore for each (k, ) € U° we have

M
{(k,)) € N x N : |xs — al’™ < 6} D [{(k,]) € Nx N: |x — xi 0[Pt < <%) }

s\ M s\ M
N{(k, 1) € Nx N [x% — g, % < <3—D> FA{(k,D) € N x N+ |ay, — al’* < (37)) 1

Then the result follows.
COROLLARY 4. ;ml(p) is a closed linear subspace of 20 (p).
THEOREM 5. The spaces ym!(p) and ym}\(p) are nowhere dense subsets of 20 (p).

Proof. The proof of this result follows from Theorem 1, Theorem 3 and
Corollary 4.

THEOREM 6. The spaces »ck(p) and ;mi(p) are both solid and monotone.

Proof. Let (xi) € 2¢h(p) and (ax,) be a sequence of scalars with |y | < 1, for
all k,/ € N.

Since |y pxy |76 < |xp |P*, for allk, [ € N.

The space 2¢)(p) is solid follows from the following inclusion relation
{(k,) e Nx N: |xk_,;|p"~’ >e} D{(k,) e Nx N: \ak7;xk,;|p"~’ > e}

The space 2¢}(p) is monotone by Lemma 1.
The other result follows similarly.

THEOREM 7. Let (pr;) and (qi;) be two sequences of positive real numbers.
Then ym(p) D 2mb(q) if and only if khlrr}( inf?%! >0, where K € NxN such that
le il
Ke .
Proof. Let klim inf25 5 0 and (x1) € 2m}(q). Then there exists 3> 0 such

ek qk,
that pi; > Bqx ., for all sufficiently large (k, /) € K.

Since (xx,) € 2m(q). For given € >0, we have

By = {(k, l) e NxN: |xk71|qk~’ >ere .
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Let Gy = KU By. Then Gy € .

Then for all sufficiently large (k, /) € Gy,

{(k,]) € N x N : |x ¥ > e} C{(k,]) € Nx N: |xp)|"% > ¢} € I.

Therefore (xx ;) € 2m(p).

The converse part of the result follows obviously.
COROLLARY 8. Let (pi;) and (qi;) be two sequences of real numbers. Then
b (p) = 2mb(q) if and only zflgllerr}( inf py sqis >0 and ]}1[1;1}{ inf g prs > 0, where K C NxN
such that K € I.

THEOREM 9. Let h = 1An]f Pry and G = sup py, then the following results are
equivalent: 7 d

(@) G<ooandh>0;
() 26c5(p) = 2¢f-
Proof. Suppose first that # > 0 and G < oo, then the inequalities

min(1,s") < 5Pk < max(1,s%)

hold for any s > 0 and for all k, / € N.
Therefore the equivalent of (a) and (b) is obvious.
THEOREM 10. Let G = sup px; < oo and I, is a maximal admissible ideal. Then
the following are equivalent.{C !
(@) (g) €2¢'(p) 5
(b)  there exists (yi;) € 2¢(p) such that xi; = yi; , for a.a.k.l.r.I;

(¢)  there exists(yi;) € 2¢(p) and (zi ;) € 2¢k(p) such that xi;= yi;+ Zkss
Sorallk,l € Nand {(k,l) € N x N: |yx; — LI’ > e}e I

(d)  there exists a subset K= {k; <k, <....l} <h < ...} of NxN such
that Ke F(h) and lim  |xy,,, — L[k = 0.
m,1— 00,00

Proof. (a) = (b). Let (xx,) € 2¢!(p). Then there exists L € C such that
{(k, l) eENXN: |xk,/ — L|pk"1 > 8} eb.

Let (m,, ny) be an increasing sequence with (m1,, n;) € N x N such that

{k <m;l <ng:|xg, — L > [i} ebh.
S
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Define a sequence (y ) as follows:
Vin = X forall k <my; 1 <ny

Form, <k <my1,;n, <l <ngt,s €N,

YVig = Xkl if|xk71_L|pk‘l < (15)71
Yieg =

L, otherwise
Then (yk;) € 2¢(p) and from the following inclusion
{k<myl<n:xe;# yei} C{(k,]) € NxN:|xp;— LI’ > e} € b,

we get xi; = Yk, for a.a.k.lr.l.

(b) = (¢). For (x;) € 2¢/(p), then there exists (yx;) € 2¢(p) such that
Xk = Yk, Jor a.ak.lr.n.

Let K = {(k,[) € N x N: xy; # yi; }, then K € I,.

Define (zx,) as follows:

B {Xk,z — yig, if (k1) € K;
Lo i kek

Then (zx) € 2¢k(p) and so (yi;) € 2¢/(p).

(¢) = (d). Suppose (c) holds. Let e > 0 be given.

Let Py = {(k,]) € N x N: |z’ > e} and K = P{= {k; < ky <..; |y <2<..}€ F(I).
Then we have

lim |xg,,, — L[P = 0.
m,1— 00,00

(d) = (a). Let K ={k; <k, <..; [y < <..}C N x N be such that K € F(I»)

Pty = ().

and lim |ka’1n —L
m,n— 00,00 ’
Then for any € > 0 and Lemma 2, we have

{(k,)) € Nx N |xs — LI > e} C KU {(k,]) € K« |xy — LIPE > e}

Thus (xx) € 2¢/(p).
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PROPOSITION 11. The spaces »c'(p) and ym!(p) are neither monotone nor solid,
if I is neither maximal nor I, = L(f).

Proof. We prove this result with the help of the following example.
EXAMPLE 1. Let I, = I,(6). Let px; = 1, if k,/ are even and py; = 2, if k,/ are odd.
Consider the K -step spaces 2 Ey; of » E defined as follows:

Let (xx;) € 2E and (yx) € 2Ex, be such that

Xk, ifk,lare odd,;
Vi =

1, otherwise

Consider the sequence (xy) as xx; = (kI)~!, for all k,I € N.

Then (xx,) € Z(p), but its K™ -step space preimage does not belong to Z(p),
where Z = >¢! and »mi'.

Thus »c/(p) and ,m!(p) are not monotone. By Lemma 1, it follows that the
spaces »c!(p) and ,m!(p) are not solid.

REFERENCES

Dems, K. 2004. On /-Cauchy sequences, Real Analysis Exchange 30(1):123-128.

Gokhan, A. & Colak, R. 2004. The double sequence spaces ¢*(p) and c3(p).
Applied Mathematics & Computations 157(2): 491-501.

Gokhan, A. & Colak, R. 2005. Double sequence space /*(p). Applied
Mathematics & Computations 160 (1): 147--153.

Gokhan, A. & Colak, R. 2006. On double sequence spaces ¢*(p) ¢3(p) and 2(p).
International Journal of Pure & Applied Mathematics 30(3): 309-321.

Giirdal, M. 2006. On ideal convergent sequences in 2-normed spaces. Thai
Journal Mathematics 4(1): 85-91.

Giirdal, M. & Sahiner, A. 2008. Ideal convergence in n-normal spaces and some
new sequence spaces via n-norm. Journal of Fundamental Sciences 4(1): 233-
244,

Hazarika, B. 2011. On paranormed ideal convergent generalized difference
strongly summable Ssequence spaces defined over n-normed spaces. ISRN
Mathematical Analysis 2011 , no 17, doi:10.5402/2011/317423.

Kamthan, P. K. & Gupta, M. 1980. Sequence spaces and series. Marcel Dekker,
New York.



90 BiPan Hazarika

Kostyrko, P., Macaj, M., Salit, T. & Sleziak, M. 2005. I-convergence and
extermal /-limit points. Mathematica Slovaca 55: 443-64.

Kostyrko, P., Salit, T. & Wilezynski, W. 2000. /-convergence. Real Analysis
Exchange 26(2): 669-686.

Kumar, V. 2007. On [ and [*- convergence of double sequences. Mathematical
Communications 12: 171-181.

Lascardies, C. G. 1971. A study of certain sequence spaces of Maddox and
generalization of a theorem of Iyer. Pacific Journal Mathematics 38(2): 487-
500.

Lascardies, C. G. 1983. On the equivalence of certain sets of sequences. Indian
Journal of Mathematics 25(1): 41-52.

Maddox, I. J. 1968. Paranormed sequence spaces generated by infinite matrices.
Proceedings of Cambridge Philosophical Society 64: 335-340.

Morciz, F. 1991. Extension of the spaces ¢ and ¢y from single to double
sequences. Acta Mathematica Hungarica 57(1-2): 129-136.
Morciz, F. & Rhoades, B. E. 1988. Almost convergence of double sequences and

strong regularity summability matrices. Mathematical Proceedings of
Cambridge Philosophical Society 104: 283-294.

Nabin, A., Pehliven, S. & Giirdal, M. 2007. On /-Canchy sequences. Taiwanese
Journal of Mathematics 11(2): 569-76.

Nakano, H. 1951. Modular sequence spaces. Proceedings of Japan Academy 27:
508-512.

Pringsheim, A. 1900. Zur theorie der zweifach unendlichen zahlenfolgen.
Mathematical Annals Society 53: 289-321.

Robison, G. M. 1926. Divergent double sequences and series. American
Mathematical Society Translations 28: 50-73.

Salit, T., Tripathy, B. C. & Ziman, M. 2004. On some properties of I -
convergence. Tatra Mountain Mathematical Publications 28: 279-286.

éalit, T., Tripathy, B. C. & Ziman, M. 2005. On [ - convergence field. Italian
Journal of Pure & Applied Mathematics 17: 45-54.

Savas, E. 2010. A”-strongly summable sequences in 2-normed spaces defined by
ideal convergence and an Orlicz function. Applied Mathematics &
Computations 217: 271-276.

Simons, S. 1965. The spaces ¢(p,) and m(p,). Proceedings of London
Mathematical Society 15: 422-436.

Tripathy, B. C. 2003. Statistical convergence of double sequences. Tamkang
Journal of Mathematics 34(3): 231-237.



Some topological and algebraic properties of paranorm i-convergent double sequence spaces 91

Tripathy, B. C. & Hazarika, B. 2009. Paranorm /-convergent sequence spaces.
Mathematica Slovaca 59(4): 485-494.

Tripathy, B. C. & Hazarika, B. 2011. /-monotonic and /-convergent sequences.
Kyungpook Mathematics Journal 51: 233-239, DOI 10.5666/
KMJ.2011.51.2.233

Tripathy, B. K. & Tripathy, B. C. 2005. On [-convergent double sequences.
Soochow Journal of Mathematics 31(4):549-560.

Submitted : 28/2/2012
Revised : 20/5/2012
Accepted : 31/5/2012



92 Some topological and algebraic properties of paranorm i-convergent double sequence spaces

L) Zr )yl Bl ol 3
1 —A..)Ju:ﬁ f)j.sbtf C)‘S 3.&9\.&.4 ;.:.SL}'.'M

uhotle ol

gl = Grarss = il Ciarly Bl — LSl

bh_rgu@yahoo.co.in

oM

ddod > daelo e il wlel ééu.éj_o = Gl \J_ag;s

P = (Pri) A e kA slael dielas abead 2ef(p) 2 et (p)ami(p) and 2m' (p)
Sl 5 a5y leladl ol i Jadalls Gl ol an el o S



