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ABSTRACT

The definition of lacunary strong A-convergence to a modulus is extended to a definition
of lacunary strong A,-convergence with respect to a sequence of moduli. We study some
connections between lacunary strong A,-convergence with respect to a sequence of
moduli and lacunary A,-statistical convergence, where A is a sequence of matrices
An = (aik(n)) of complex numbers.
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INTRODUCTION

By a lacunary sequence # = (k,), where ky =0, we shall mean an increasing
sequence of non-negative integers with /&, =k,- k,_| — oo as r — oco. The
intervals determined by 6 will be denoted by I, = (k,_i, k] . The space of
lacunary strongly convergent sequence space Ny was defined (Freedman er al.,
1978) as follows:

Ny = {x = (x¢): lim h! Z |xk — | =0, for some l}.

kel,

The space Ny is a BK-space with the norm

I ¥lly= sup (hﬂ > |xk|> .

kel,

N¢ denotes the subset of those sequences in Ny for which L =0. (N9, ||. ||,) is

also a BK-space. There is a relation between Ny and the space |0, the space
of strongly Cesaro summable sequences, which is defined by
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lo1] = {x =(x¢): liman! Z |xx — 1| =0, for some l},
n—oo T

1

and it is well-known that, with the norm

n
x| = supn=" > |xil,
n k=1

|o1] is a BK-space. In the special case, where § =(2"), we have Ny = |o].

The notion of modulus function was introduced (Nakano, 1953). We recall
that a modulus f is a function from [0,00) to [0,00) such that (i) f(x)=0 if and
only if x=0, (ii) f(x +y)<f(x)+f(y) for all x,y>0, (iii) f is increasing, (iv) f is
continuous from the right at 0. It follows that f must be continuous on [0,00).

Let F=(f;) be a sequence of moduli such that ulir(?+ s1l}p fi(u) = 0.Throughout
this paper the sequence of modulus functions determinated by F will be denoted
by f; €F for every i € N.

(Connor, 1989; Maddox 1986, 1987; Esi 1995, 1996, 1997; Bilgin 2001;
Pehlivan & Fisher 1994, 1995; Kolk 1993; Ruckle 1973) and several authors
used modulus functions to construct sequence spaces.

Recently, the concept of lacunary strongly A-convergence was generalized by
(Bilgin, 2004) as below:

Let A = (ay) be an infinite matrix of complex numbers such that
Ax = (A;(x)) if A;(x) = >  agxy converges for each i and F= (f;) be a sequence
k=1

of moduli. Then

Ny(A,F) = {x : IILm h! Zﬁ(|A,—(x) —1]) =0, for some l}

icl,

and

NY(4, F) = {x i S A)]) = o}.

icly

The purpose of this paper is to introduce and study a concept of lacunary
strongA4,—convergence with respect to a sequence of moduli.
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We now introduce the generalizations of lacunary strongly A4,—convergent
sequences with respect to a sequence of moduli and investigate some inclusion
relations.

Let A denote a sequence of the matrices A” = (ay(n)) of complex numbers.

We write for any sequencex = (x), yi(n) = A7(x) = > ax(n)x if it exists for
k=1

each i and n. We write 4"(x) = (A;?(x))i, Ax = (An(x)),,.

The following inequality will be used throughout this paper. Let p = (p;) be a
sequence of positive real numbers with 0 < inf p; = H; < p; < supp;, = Hy < o0,
and let D = max(1,2727"). Then for ai, b; €C, the set of complex numbers, we
have (Maddox 1970),

|ak+bk|pk§D{|ak|pk+|bk|pk} (1)

DEFINITION 1. Let F=(f;) be a sequence of moduli, 4 denote the sequence of
matrices A" = (ax(n)) of complex numbers and X be locally convex Hausdorff
topological linear space whose topology is determined by a set Q of continuous
seminorms q and p = (p;) be a sequence of positive real numbers. w(X) denotes
the space of all sequences x = (xx), where x; € X. We define the following
sequence spaces:

Ny(A,F,q,p) = {x ew(X): lim ! Z filg (4} (x - le)))]pi: 0, uniformly in n, for some 1}

i€ly

and

NY(A,F,q,p) = {x ew(X): lmh, IZ '= 0, uniformly in n},
=ee i€l
wheree = (1,1, 1,...).

A sequence x = (i) is said to be lacunary strong A,-convergent to a number
[ with respect to sequence of moduli if there is a complex number / such that
X € Ng(A,F,q,p). Note that, if we put f;=f for every i€ N then

No(A, F,q,p) = No(A,f,q,p). If we get X=C, p; =constant for every i € N,
A" = (ax(n)) = (ax) for every mne N and ¢(x)=|x|, then we obtain
Ny(A4,F,q,p) = Ng(A, F) which was defined by Bilgin (Bilgin, 2004). We write
No(A, F,q,p) = Ny(A,q,p) for fi(x) = x for everyi € N.

If x is lacunary strong A, -convergent to the value / with respect to sequence
of moduli, then we write x;y — [[Ny(4, F,q,p)]. If A =1, unit matrix, we write
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Ny(F,q,p) and NO(F,q,p) for Ny(4,F,q,p) and N(4,F,q,p), respectively.
Hence Ny(F) is the same as the space Ny(X, F) of (Pehlivan & Fisher, 1994) for
X=C, ¢g(x) = |x|, p;=constant for every i € N and A = I, unit matrix.

PROPOSITION 1. Ny(A4, F,q,p) and Ng(A, F, q,p) are linear spaces.

Proof. Suppose that x; — /; and y, — L in Ny(A, F,q,p) and «, 8 € C, the set of
complex numbers. Then there exist integers 7, and T3 such that
la| < T, and |3| < Tp. Therefore, we have,

E, ,[Flax+ By — (al; + ph)e)] < D(TQ)HZE,‘,,,[F(X —l)e] + D(Tg)HZE,._n [Fly—h)e] (2)

where E,,[F(x)]=h" Z[((A;?(x)))]”f. Now it follows (2),

icly

ax + 5)2 - O[l] +ﬁ12 S [Na(AaF7q7p)}

THE INCLUSION RELATION BETWEEN Ny(4, F, q,p)
AND Njy(4,4,p)

THEOREM 1. Let A be a sequence the matrices 4" = (ax(n)) of complex
numbers and F=(f;) be a sequence of moduli. If x = (x;) lacunary strong A,-
convergent to / then x = (xi) lacunary strong A,-convergent to / with respect to
sequence of moduli, i.e., Ny(4,q,p) € Ny(A4,F,q,p) .

Proof. Let F=(f;) be a sequence of moduli and put supfi(l) = T. Let
x = (xx) € Ny(4,q,p) and £ > 0. We choose 0 < § < I such that fi(u) < e for
everyuwith0 <u < ¢ (i € N).We can write

Y fila (4 (e = le))) ' =hr 21: ila (4] Ce—1e)))]"+h 22: (a4 (x = le)))]",

i€ly

where the first summation is over ¢(A47(x) —/) <6 and the second over

q(A;’(x) — 1) > 6. By definition modulus f; for every i, we have

ST [l 1e)))]"'< e® (2767 2t ST (Al (x — le)))]”

el iely,

Therefore x = (xi) € Ny(A4, F,q,p) .

THEOREM 2. Let A be a sequence the matrices A" = (ay(n)) of complex numbers,
p = (p:) be a sequence of positive real numbers with 0 < infp; = H; <supp; = H, < 00
Si(u

) (4,F,q,p) = Ny(4,4,p).

and F=(f;) be a sequence of moduli. If lim inf

U—ox 1
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- i\u

Proof. If lim mffl( )

U—0o0 i

u
forallu > 0andi e N. Let x = (xx) € Ny(A4, F,q,p) . Clearly,

IZV x—le p’>/8hlz A”x—le)ﬂ

icly icly

at fi(u) > Bu

Therefore, x = (x;) € Ny(4,q,p) . By using Theorem 1, the proof is
complete.

We now give an example to show that Ny(A, F,q,p) # Ny(A4,q,p) in the case

when 8 = 0. Consider4 = I, unit matrix, ¢(x) = |x|, p; = 1 for every i € N and
1. .
filx) =x/i+1 (i>1,x>0) in the case 8 = 0. Now we define x; = h, if i = k,

for some r > 1 and x; = 0 otherwise. Then we have,

1

mS (g (A0G) = D)) =hy fie (b)) = BB — 1 as 1 — oo

icly

andsox—(xk)ENO(Aqu)g 9(A,F,q,p). But
r_lz )) —hIZ\x,|—hlh_’l as r— oo
icl, icl,

and so x = (x¢) ¢N9(4,q,p) C Ny(A4,4q,p).

THE INCLUSION RELATION BETWEEN N0(4, F, ¢, p)
AND Sy(4, q).

In this section we introduce natural relationship between lacunary A,-statistical
convergence and lacunary strong A ,-convergence with respect to a sequence of moduli.

The definition of statistical convergence was introduced (Fast, 1951) and studied by
several authors (Connor, 1988; Fridy, 1985; Salat, 1980; Schoenberg, 1959). The
sequence x is statistically convergent to / if for each ¢ > 0, lim r~!'|K(g)| = 0, where

|K(¢)| denotes the number of elements in K(e) = {i € N: |x;— I > ¢}. Schoenberg
(Schoenberg, 1959) studied statistical convergence as a summability method and listed
some of the elementary properties of statistical convergence. Recently, (Fridy & Orhan
1993) and (Bilgin, 2001) introduced the following definitions of lacunary statistical
convergence and lacunary A-statistical convergence, respectively, as below:

DEFINITON 2. Let 6 be a lacunary sequence. Then a sequence x = (xy) is said to be

lacunary statistically convergent to a number / if for every & > 0, lim A !|Ky(¢)| = 0,
r—oo
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where |Ky(¢)| denotes the number of elements in Ky(e) ={i € I, : |x;—{| > ¢e}. The

set of all lacunary statistical convergent sequences is denoted by Sy.

Let A = (ai) be an infinite matrix of complex numbers. Then a sequence
x = (xy) is said to be lacunary A-statistically convergent to a number / if for
every € >0, lim /i, '|KA4y(e)| =0, where |KAy(e)| denotes the number of
elements in Iézzo(e) ={iel : |Ai(x—le)] >¢c}. The set of all lacunary A-

statistical convergent sequences is denoted by Sp(A).

DEFINITION 3. Let A be a sequence of the matrices A" = (ay(n)) of complex
numbers and let p = (p;) be a sequence of positive real numbers with
0 <infp; = Hy <supp; = H, < co, Then a sequence x = (xj) is said to be

lacunary Ag-statistically convergent to a number / if for every e >0,
lim bt |KA9Aq € | = 0, uniformly in n, where ‘KAe,q(e)} denotes the number of
elements in Kdgy(e) ={i€l : q(A}(x—1le)) > e, n=1,2,...}. The set of all

lacunary A,-statistical convergent sequences is denoted by Sy(4, q).

The following theorems give the relations between lacunary A,-statistical
convergence and lacunary strong A,-convergence with respect to a sequence of
moduli.

THEOREM 3. Let F=(f;) be a sequence of moduli. Then Ny(4, F,q,p) C Sy(4,q)
if and only if lim f;(u) > 0, (u > 0).

Proof. Let € > 0 and x = (x;) € Ny(4, F, q,p). If lim f;(u) > 0, then there exists
a number d>0 such that fi(e)>dlfoiou>s and ieN. Let
I' = {ie I : q(A?’(x— Ze)) >e, n= 1,2,...},

It Uia(Ai (e — 1)) =m 1y [fila 1e)))]"= hy td™ KAy e)|.

icly icll

It follows that x € Sy(4, q).

Conversely, suppose that lim f;(u) > 0 does not hold, then there is a number

t > 0 such that lim f;(#) = 0. We can select a lacunary sequence 6 = (k,) such

that f;(¢) < 27" for any i > k,. Let A=1, unit matrix, define the sequence x by
. . . kr+krl k+kr1 .

putting x; =t if k,_ | <i < # =0 if —— > < i<k, We have

X = (Xk) € Ng(AaFa q,P) c NG(A)F7Q7P butx ¢ SG(A7q)
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THEOREM 4. Let F=(f;) be a sequence of moduli. Then Ny(4, F,q,p) 2 Sp(4,q)
if and only if sup sup f;(u) < occ.
Proof. Let x € Sy(A4,q). Suppose that h(u) = supfi(u) and h = suph(u). Let
i u
={iel: q(4(x—le)) <e, n=1,2,..}. Since fi(u) <h for all i and

u > 0, we have for all n,

2 Uila(i e = 1)) "=t X [fila (47 (x = 16)) [+ X [filg (47— fe))) )™

i€l it} icl?

< RV Kdgy(e)| + [h(e))™

It follows from e — 0 that x € Ny(A4, F, q,p).

Conversely, suppose that supsupfi(u) =oco. Then we have

u i
O0<u <up<..<u_1 <u <.., such that fi (u,) > h, forr > 1. Let A=I,
unit matrix, define the sequence x by putting x; =u, ifi=k, for some

r=1,2,...and x; = 0 otherwise. Then, we have x € Sy(4, ) but x¢ N(*F42)
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