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Abstract

In this paper a complete system of invariants is presented to study spacelike circular surfaces with fixed radius. The
study of spacelike circular surfaces is simplified to the study of two curves: the Lorentzian spherical indicatrix of the
unit normals of circle planes and the spacelike spine curve. Then the geometric meanings of these invariants are used to

give corresponding properties of spacelike circular surfaces with classical ruled surfaces. Later, we introduce spacelike
roller coaster surfaces as a special class of spacelike circular surfaces.
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1. Introduction

At the beginning of the twentieth century, Einstein’s
theory constructed a bridge between mathematical physics
and modern differential geometry. It has been observed
that Lorentz-Minkowski geometry is an attractive area
for geometers who can penetrate surprisingly quickly
into cosmology (redshift, expanding universe and big
bang) and a topic no less interesting geometrically, the
gravitation of a single star (perihelion procession, bending
of light and black holes) (O’Neill, 1983; McNerty, 1980;
Blum, 1980).

Despite its long history, the theory of surface is still
one of the most important interesting topics in differential
geometry and it is still studied by many mathematicians
until now, see for example (Izumiya et al., 2007; Izumiya
& Takeuchi, 2001; Izumiya, 2003a; Xu et al., 2006).
Among the surfaces, a circular surface with constant
radius has been drawing attention to scientists as well as
mathematicians because of its various applications such
as networks of blood vessels and neurons in medicine, or
tube and hose systems in industrial environments.

In this paper we study geometric properties and
singularities of circular surfaces with constant radius
in Minkowski 3-space E2. In section 3, we introduce
spacelike circular surfaces and give their Gaussian and
mean curvatures. Also we show that the parameter curves

on spacelike circular surface are lines of curvature. Then
we study local singularities of a spacelike circular surface.
In section 4, we introduce spacelike roller coaster surfaces
as a special class of spacelike circular surfaces. Also, we
give some examples of spacelike roller coaster surface by
using computer aided graphics.

2. Basic concepts

Let E3 be the three-dimensional Minkowski space, that
is, the three-dimensional real vector space E® with the
metric

<dx,dx >= dx? + dx3 — dx3

where (x4, x5, x3) denotes the canonical coordinates in
E3. An arbitrary vector x of E is said to be spacelike if
< x,x >> 0orx =0, timelike if < x, x >< 0 and lightlike
or null if < x,x >= 0and x # 0. A timelike or light-like
vector in E} is said to be causal. For x € E4* the norm
is defined by ||x|| = m), then the vector x is
called a spacelike unit vector if < x, x >= 1and a timelike
unit vector if < x, x >= —1. Similarly, a regular curve in
E3 can locally be spacelike, timelike or null (lightlike), if
all of its velocity vectors are spacelike, timelike or null
(lightlike), respectively (O’Neill, 1983; McNerty, 1980;
Blum, 1980). For any two vectors x = (X1, X2, x3) and
y = (y1, Y2, ¥3) of EZ, the inner product is the real number
< X,y >= x1y1 + X2)> — x3y3 and the vector product is
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defined by
x Xy = ((x2y3 — X3Y2), (X3y1 — X1¥3), —(X1Y2 — X2¥1)).

Definition 1. The angle between two vectors in Minkowski
space is defined as follows:

i) Spacelike angle: Let x and y be spacelike vectors in E3
that span a spacelike vector subspace; then we have

[ <x,y>1<Ixllyll

and hence, there is a unique real number 6 > 0 such that
<xy>=|xlllyllcosé.
This number is called the spacelike angle between the
vectors x and y.
ii) Central angle: Let x and y be spacelike vectors in E}
that span a timelike vector subspace; then we have
| <xy>1>Ilxllyll

and hence, there is a unique real number 6 = 0 such that

<x,y >=||x|||[lyllcosh®.
This number is called the central angle between the
vectors x and y.

iii) Lorentzian timelike angle: Let X be spacelike vector
and y be timelike vector in EF. Then there is a unique real
number 8 > 0 such that

<x,y>=||x|||ly||sinh6.

This number is called the Lorentzian timelike angle
between the vectors x and y (Ratcliffe, 2006).

On the other hand, the hyperbolic and Lorentzian unit
spheres are

HZ(1) ={x €E} | x} +x%—x5=—1,x3 =1},
is called the hyperbolic unit sphere in E3and

STV ={x€E} | x{ +x5 —x§ =1}

is called the hyperbolic unit sphere in E3 (O’Neill,

1983).

A surface in the Minkowski 3-space EF is called a
spacelike surface, if the induced metric on the surface is a
positive definite Riemannian metric. This is equivalent to
saying that the normal vector on the spacelike surface is a
timelike vector (O’Neill, 1983).

3. Spacelike circular surfaces

In this section, we introduce the notion of spacelike
circular surface in E3.

A spacelike circular surface with a constant radius is
swept out by moving a spacelike circle with its center
following a curve, which acts as the spine curve. Each
circle is called a generating circle, which lies on a plane
called circle plane. Anon null curve C = C(u)is called the
spine curve, whose tangent vector is t = C'(u) such that
||C|| # 0 for every u € I, and a positive number r > 0.

Let e, denote the timelike unit normal vector of a circle
plane. The vector e, is attached to each point of the spine
curve C for a generating spacelike circle with the radius 7.
Hence, a spacelike circular surface is determined by both
C and e,.

If u is the arc-length of the spherical curve e;(u) € HZ,
then the unit tangent vector of eq(u) is e, = e;'(w). We
define a vector e; = e4 X e,, then we have

—< e, 61 >=<ey,e, >=< ez, e3 >=1,
< e ey, >=< ey 63 >=<e3,61>= 0, (1)

e1 X ey, =¢e3€e3Xe; =e6e,Xez3=—ej.

Excluding e;(u) is constant or null or e4'(u) null. This
parametrization gives rise to exploring the kinematic
geometry and relevant geometric characteristics.

Depending on the causal character of the curve e;(u), we
have the following Frenet formulae

&7 [0 1 oyre
63 ! 0 —)/ 0 e3

where v is called the geodesic curvature of the curve e (1)
on H? (Walrave, 1995). The derivative with respect to u
will be denoted by a dash over functional symbol.

In the parametrized representation, the tangent vector
C' can be expressed by

C'= ae, + ge, + nes, 3)

where a = a(u),0c =o(u) and n=n(u) are the
coordinate functions of the tangent vector C'. Let e, and
e; form a pseudo-orthonormal basis of the corresponding
circle plane at each point of the spine curve C(u). Then,
by means of the solutions of the differential system (2),
the spacelike circular surface M is described by



M:P(u,0) = C(u) + r(cosbex(u) +

sinfe;(u)),0 < 6 < 2m. (4)

y(w),a(uw),o(u) and n(u)
constitute a complete system of curvature functions of the

The four functions

surface M. The standard circles

0 - C(u) +r(cosbe,(u) + sinfesz(u))
are called generating circles.
Differentiating the vector equation of the circular surface

(4) by the parameters u, 6, respectively, we get the tangent
vectors of the parametric curves:

Py = r(—sinfe, + cosfes),
P, = (rcos@ + a)es + yPy + ge, + nes. )
Then, the coefficients E, F, and G of the first fundamental
form with respect to (u, 8) are given by:
E =—(rcosf + a)®? + r?y? + 0% + ?

+ 2ry(ncos — asind),

F =r(ry — asinf + ncos0),G = r?, (6)
and thus the timelike unit normal vector of the surface for
regular points is given by:

Py XPg _
1Py xPgll

N(u,0) =

—(ocos@+nsinf)e;—(rcosb+a)(cosbe,+sinbes)
J(rcosO+a)2+(acosf+nsind)?

(7
By a straightforward calculation, we get:

Pyg = —r(cosBe; + sinfez),

P,g = —r(sinfe; + ycosOe, + ysinbes), (®)
Pp = (a' —0)er + (o +rcosd + a)e? + (' + ay)es + yPyy.

This leads to the coefficients e, f, and g of the
second fundamental form with respect to (u, ) as in the
following:

1

e
J(rcosG+a)2 +(ocos@+nsind)?
{(rcosf+a)[ry—(n'+0oy)sind
—(a+rcos@+a")cosh]
+ (a'-o-rysin@)(nsin+aocosh)}

f _ 1r[=(ocos6+nsinB)sind+y(rcosd+a)] (9)
J(rcos6+a)2+(ocosf+nsinh)?

_ r(rcosf+a)
9 J(rcos6+a)2+(acosO+nsing)?’
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Hence, for the regular points, the Gaussian curvature K
and the mean curvature H are given by

K = {((y* — y)cos?8 + cos*O)r*
+2acos36%cosh + n'sinBcosb
+0’'cos®0 + acos®0
+ao’'cos?8 + nysin®Hcosf)r?
+(30aysinfcosO + 3acos*0
+an’sinfcosf + a'ccos*0
+ac’'cos?8 + a*y* — a’y
+20msin®0cos6 + onsinfcosH

+a2sin*0cos?*0 + n’sin*0 (10)
+0%c0s30 + a*cosO + anysin®9)r?
+(—2yocos®8 — 2nysinfcosh
+a’n'sinf + a?oysind + a’cosh
+a’o’cosf — ana'sin® — aoa'cos6
+aonsing + ac?cosO)r
+(—2aoycosd — 2aynsin®)}/[(rcosd + a)?
+(ocosh + nsind)?][(rocosd + rysind)? — (r’cosf + ra)?],

and
H = {(cos8 — cosf + 2y*cos8 — ycos)r*

+(—2yosinfcosh + 2ny + nysin®

+2ac0s*8 + 2ay® — a + n'sinfcosO
+0'c0s? — ay)r® + (—aoysind
+20%sin*0cos6 + 2n*sin*fcoso

—207sinfcos?0 — 20nsin’0 (11)

+2ayncosd + an'sind + a*cosd
+ao’'cosd — a'nsing — a'acosH

+ansind + a*cos0)r?}/

2\/(rcos€ + a@)? + (ocosB + nsind)?

.[(rocosé + rnsind)? — (r?cosf +ra)?],

respectively.
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3.1. Striction curves

In the Euclidean space, striction curves are defined as
generating circles located on the normal planes of the
spine curve C(u) (Izumiya, 2003b; Kasap & Akyildiz,
2006; Walrave, 1995). Then, for the spacelike circular
surface M, the position vector

{(u) = C(u) + r(cosBe,(u) + sinbes(u)), (12)
is the striction curve if { (u) satisfies
< {',cosfe? + sinfe® >=0,Yu el SR,
and this is equivalent to
<eypl'>=0=<e;,C' > 0=1n=0. (13)

In this case, any curves on the surface, which
transverse to generating circles satisfy the condition of
striction curves. So these curves construct a surface which
is called a spacelike canal (tube) surface. Therefore the
class of spacelike canal surfaces is analogous to the class
of cylindrical ruled surfaces. Since the lines of curvatures
are geometric features, it is interesting to construct
spacelike canal surface whose parametric curves are lines
of curvature. Therefore, from Equations (6), (9) and (12),
it follows that the parametric curves are lines of curvature
if and only if

F=f=0ey=0.

If we substitute this into the equation (2), we obtain

e’ 0 1 0]1&a
e'[=11 0 o]|ez)
es’ 0 0 olles

The curve that satisfies the condition found in the

(14)

equation (14) is a great circle on H2. For example, a great
circle can be expressed as e;(u) = (sinh u, 0, cosh u).
The normal vector can be found from e, = e;’ as

ez(u) = (cosh u, 0, sinh u).

Thus e3 has the form

ez(u) = (0,1,0). In this case, with the aid of equation (3),
C (u) can be expressed as

u
Clw) = f a(u)(sinh u, 0, cosh u)du.
0

Thus, we obtain the following spacelike canal surfaces
family

P, 0,a(u),r) = (f: a(u) sinh udu, 0, f(;l a(u)cosh udu)

+ r(cosBcosh u, sinf, cosOsinh u).

Figures 1(a), 1(b), 1(c) show members in the family with
a(u) =u?u,landr = 1.

Fig. 1(c). Spacelike canal surface of P (u,6,1,1)

We also define the notion of non-canal spacelike circular
surfaces analogous to that of non-cylindrical ruled
surfaces:



Definition 2. A spacelike circular surface M is called a
non-canal surface at u € R if e, ez and C satisfy

0=<e,C' >+0,0orn=<e;C >+0.

(15)

We call M a non-canal if it is non-canal at any u € R.

3.2. Local singularities

Singularities are essential for understanding the properties
of circular surfaces and are investigated in the following:
From equations (6), we can show that M has a singularity
at P(u, 8) if and only if

1
IB, X Pgl| = ((rcos® + a)? + (ocos + nsind)?)z = 0. (16)
This is equivalent to the following equations

ocosf + nsing = 0,rcosf + a = 0.

(17)

It can be seen that there are two main possible cases,
as presented in the following:

Case (1) exists when rcosf + a = 0.1fg # Oand n # 0,
there are two singular points occuring at

0 = sin"*(ao/rn), and
0 = m + sin"*(ac /7).

If 0#0 (resp. n#0) and n =0 (resp. o = 0),
the spacelike circular surface is a non-canal and the
singular points are on the generating circles occurring at

0 = +cos *(a/7).
Case (2) exists when 8 = —tan™*(a/n) and a # 0. If
|a| > r, there are no singular points. If @ = +r, the

singular points occur at 8 = +m /2. If |a| < r there are
singular points on the generating circle occurring at

0 = +cos™*(a/7).
For a spacelike canal circular surface to have singular
points, it is necessary that rcosf + « = 0ando =7 = 0.

From equation (3), it follows that C' = ae;. The tangent
vectors C’ are always parallel to e, which is normal to
the circle plane. In other words, the tangent vectors of
the spine curve are always perpendicular to the circle
planes. Therefore, we have the following cases:there are
no singular points, if |@| > r. The singular points occur
at 0 = £+ /2, if a« = +r. The singular points occur at

6 = +cos™* (%), if|a| <.
s
3.3. Lines of curvature

A ruled surface is developable, if and only if its Gaussian
curvature K vanishes at any regular point; this is equivalent
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to saying that all of rulings are lines of curvature except
at umbilical points or singular points. In that case, from
equations (6) and (9) it can be seen that all generating
circles are lines of curvature if and only if Ny is a multiple
of Py. This is equivalent to

27||P, X Pg||?(rn + ancos® —aosing) = 0.  (18)

We will now investigate the condition (18) by
assuming that it is satisfied for all u, in detail. According
to the assumption of M being regular, the equation (18) is
equivalent to

M + ancosf — aosinf = 0,

19)

for all values of 6. It can be seen that there are three cases
that equation (19) can be satisfied for all values of 6:

Case (1) if n =0 =a =0, then the tangent vector
of the spine curve is 0, that is, the spine curve is a
fixed point. This means that the spacelike circular
surfaces are hyperbolic spheres with radius r, namely,

M={PeE}||P-C|?*=r%.
Case (2) if 0 = n = 0, then tangent vector C’ is parallel

to e4, which is normal to the circle plane. The circular
surface becomes spacelike canal circular surface.

Case (3) ifa = n = 0, then tangent vector C' is parallel to
e,. Hence, the tangent vector of the spine curve lies on the
circle plane at each point of M, namely, C' = ge,. When ¢
is constant, it follows that

C = CO + oe,, (20)

where C is a constant vector. From Equations (4) and (20)
it can be found that

|P — Col|*> = o*+ 12 (21)

This means that all the circle points lie on a hyperbolic
sphere of radius v/ 6% + r* with C, being its center point
in E3.

A spacelike circular surface with a non-constant o

and @ = n = 0 is the circular surface with spacelike spin
curve C(u),i.e.< C',C' >> 0.

In analogous with (Izumiya & Takeuchi, 2001), we
call this surface as a spacelike roller coaster surface.

According to the above analysis, we obtain the
following result;

Theorem 1.Besides the general spacelike circular surfaces
there are two families of spacelike circular surfaces whose
generating circles are lines of curvature in the Minkowski
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3-space E3. These two families are the spacelike roller
coaster surfaces and the hyperbolic spheres with radius
being larger than that of the generating circles.

4. Spacelike roller coaster surfaces

In this section we give some properties of the spacelike
roller coaster surface. First, let s be arc-length parameter
of the spacelike spine curve C(u) and {t(s), n(s), b(s)}is
the moving Frenet frame along C (u), such that t(s), n(s)
and b(s) are the unit tangent, the principal normal and the
binormal vector fields, respectively. Then, we have

dat

c’ — el +yed
t(s) = = e, n(s)=-%_= :
e~ = are iy
S
b(s) = % (22)

Thereby, the following relations exist:

t(s) 0 ei(s)
n(s)| = smh(p 0 cosho||e,(s)|, (23)
b(s) coshp 0 sinhol|es(s)
where
coshe = \/%H/Z sinhg = \/%Wz y>1
t(s) xn(s) = —b(s),b(s) x t(s) = n(s),

n(s) x b(s) = t(s). (24)

By differentiating equation (23) with respect to s and
using the inverse transformation, we obtain

t(s) 0 k(s) O t(s)
% n(s) = —K(S) 0 T(S) n(s) (25)
b(s) 7(s) b(s)

where «(s) and 1(s) are the natural curvature and torsion
of the spine curve C = C(s), respectively;

a

do a¢ _ dy/au
() + 0 =0, Lo At (56

k(s) =

From equation (26) it follows that if ¢ (resp. v) is a
constant, the torsion of the spine curve vanishes. Thus the
spine curve is a spacelike planar one.

On the spacelike roller coaster surface, the singularities
can be obtained as

|B, X Pg|| = cosOy/1* + % = 0. 27

From this it follows that singular points occur at
0 = +m/2, since v # 0 and o # 0. Hence there are two
singular points on every generating circle. Connecting

these two sets of singular points gives two striction curves
that contain all the singular points of a spacelike roller
coaster surface. From equation (11), it follows that the
expression of these two curves is

') = CW +re*(w), {2(w) = C(u) —res(w). (28)

Proposition 1. Any spacelike roller coaster surface has
exactly two striction curves and intersections with each
generating circle which are antipodal points each other.
The curvatures k; and torsions 7; (i = 1, 2) of the striction
curves can be obtained

K T
K1 = J1-rKkcoshe’ = J1-rKkcoshe’
K T
= = . 2
K2 J1+rkcoshe’ T2 J1+rKkcoshe 29)

Moreover, by substituting @ =71 = 0 into equation
(10), we have

1 ro’
e
r’—=g? = (r’-o?)’cos6

K=-

(30)

Since every generating circle is a line of curvature for a
spacelike roller coaster surface, the value of one principal
curvature is

1
The other principal curvature is given by
_ k _ —(r*-d*cosf+rar
Ay = A r(r*—o®2cosd (32)

The results can be summarized in terms of the
following theorem:

Theorem 2. If a family of spacelike roller coaster
surfaces has the same radius r, the curvature function o
and its derivative ¢, then the values of their Gaussian
curvature and the principal curvatures are the same at
the corresponding point. Furthermore, these values are
independent of the geodesic curvature of the spherical
indicatrix of the vector e;.

In terms of the Frenet frame {t(s), n(s), b(s)}, the
parametric expression of the spacelike roller coaster
surfaces can be given as follows:

M:P(s,0;r) = C(s) +rcosOt(s) +

rsinf (coshen(s) — sinheb(s)), (33)

the partial differentiations of M with respect to s and 6 are
as follows

Py = —rsinft + r(cosheon — sinhpb)cos6



P; = (1 — rksinfcosh@)t + rkcoson. (34)

Hence, the unit normal vector field N at any point is:

1

f2 2 s 2
JrK‘sinhp —1

N(s,8) = {—rrcosfsinhot

+(1 — rusinfcoshp)sinhgn (35)
+@ + rrsinfsinh®e)b)

therefore, we find the elements of the first and second
fundamental forms, respectively, as follows:

E = (1 — rksinfcoshg)? + r2k?cos?0,

F = r(rkcoshg — sinf),G = 12, (36)
And
e= ;{—Ksinh
- JriK?sinh?p—-1 ¢
+7(K*sinfsinh2¢ — tkcosOcoshg) —
kcosOsinhg —r?k>(cos*psinh?@)sinhe}
_ 1K (rKcosf—sinb)sinhe (37)

f= Jrikisinhip-1 ’
_ —r’ksinhg
9 Jri®sink® -1
Then, the Gaussian curvature K and the mean curvature H,
respectively, are given by
1

(r’k*sinh*p—1)*cosf

K = {k[r*k3sinh3pcos0

+k(sinh@cost + rrcoshe) +rrsinhg]sinhp}  (38)

and

1
2(r?k*sinh*p—1)*cos@

H=

{2r%Kk3sinh®@cosO

+x(2sinh@pcosd + rtcoshe) +rksinhe} (39)

Cdk . .
where k = = It is known that a regular surface is a flat

surface if and only if its Gaussian curvature vanishes
identically. Therefore, we immediately derive from (38)
that

k[r?k3sinh3pcosd + k(sinhgcos6

+rtcoshe) + rksinhg]sinhe = 0.

Thus in a neighborhood of any point on M with k # 0,
the vanishing of the coefficients of 7%, 7, and 1 implies

ksinhg = 0,7coshg = 0,
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and
sinh®*¢cos = 0.

This is equivalent to that the torsion 1 is an identically
zero function and sinhg = 0.

A spacelike roller coaster surface whose Gaussian
curvature vanishes identically is a part of spacelike
plane. In the same manner,we get that M is a minimal flat
surface.

We now give some examples of spacelike roller coaster
surfaces. They also serve to verify the correctness of the
formulae derived above.

Example 1.Given the spacelike circular helix as follows:
a(s) = (asinh%,b%,acosh%),
a>0,b#0,a2+b*=c}-2<s<2.

It is easy to show that
t(s) = (% cosh%,%,%sinh%),
n(s) = (sinhz, 0, coshz),
b(s) = (Zcosh,—2,2sinh?),

b b
and T = = then p(s) = —=S

Thus, the spacelike roller coaster surfaces family is
expressed as

P(s,0;7) = (asinh%,b%,acosh%) +7r(cos8, sinbcoshe,

a s b a . S
—-cosh- - —sinh-
c (o} c (o} c
. . . S S
—sinBsinhp)| sinh - 0 cosh -
b N a b . N
—cosh= —= =sinh=
c c c c C

so, if we choose 8 € [0,2n],a = 2,b = 1, thenforr =1
the corresponding spacelike roller coaster surface is
shown in Fig. 2(a).

Fig. 2(a). Spacelike roller coaster surface
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for6 € [0,2n],a=2,b=1,r=1

Example 2. Suppose we are given a parametric spacelike
curve

a(s) = (0,sinh s,coshs), —2<s<2.
After simple computation, we have

t(s) = (0, coshs,sinhs),
n(s) = (0,sinh s, cosh s),
b(s) = (1,0,0),

and T = 0 which follows @ (s) = ¢ is a constant.

Thus, the spacelike roller coaster surfaces family is
expressed as

P(s,0;r) = (0,sinh s, cosh s) +r(cos0, sinBcoshe,

0 coshs sinhs
—sinfsinh@)|0 sinhs coshs
1 0 0

so, if we choose 8 € [0,2m] and ¢ = 1.5 then for r=1, the
corresponding spacelike surface is shown in Figure 2(b).

Fig. 2(b). Spacelike roller coaster surface for 6 € [0,27], @, = 1.5, r=1.
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