
1. Introduction

Recently, some finite reciprocal sums were studied (Kılıç et 
al. 2017; Melham 2016). In Kılıç et al. (2017), the authors 
computed finite reciprocal sums in which the denominator 
of the summand is a product of some recursive sequences, 
by using the elementary partial fraction decomposition 
method. 

Melham (2016) considered the sums in which the 
denominator of the summand is a finite product of the 
trigonometric functions ‘sine’ or ‘cosine’. He confined 
himself to some special summation formulæ where the 
denominator of the summand includes at most five distinct 
factors in arithmetic progression. We cite here some of the 
sums he studied (for non-negative integer ):

In Melham 2017, the author continued the same theme. 
Here he considered finite reciprocal trigonometric sums 

such that at least one of the trigonometric functions in the 
denominator of the summand is squared. For example, for 
non-negative integer  he evaluated

In this paper, we generalize the results in Melham 
(2016) by allowing arbitrary factors in the denominator 
of the summand. We use the elementary partial fraction 
decomposition method to prove our claims, which leads 
to a constructive way to obtain Melham’s results in a 
straightforwad and easy way. (See Chu (2007) as an 
application of the partial fraction method for reciprocal 
trigonometric functions.) One can easily follow similar 
steps to obtain various new type of summations. We 
present our main results in the following section. In the last 
section, we give some particular results for sums which 
stem from Melham (2017) in which the denominator of 
the summand includes a square of some factors. Again we 
use the partial fraction decomposition method. The aim of 
this section is to show that this method is simpler and also 
less mysterious way to compute these types of sums, in 
comparison to Melham’s approach.
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2. Main results

We have the following four generalizations from the 
results in Melham (2016).

Theorem 1. For even 

where for 

Proof. Noticing that

 (1)

with  and  the summand can be 
rewritten as

Let  and

Applying partial fraction decomposition, we have

                                             
(2)

with (for )

For the instance , the coefficients can be 
computed in a similar way, leading to

for . In this way, all  different coefficients 
have been computed. Let us rewrite the ’s in terms 
of trigonometric functions by using equation (1). For 

So, following (2), the partial fraction decomposition has 
been obtained:

Since  and , by using the equation (1)

Finally,

Summing this equation over , we get

as claimed.                                                                       

As seen in the proof, the main approach is to rewrite 
the summand in terms of variable . For more detail about 
-calculus, we refer to Garg et al. (2013) and references 

therein.

When  in Theorem 1, we have the following 
corollary.



Talha Arıkan, Helmut Prodinger 16

Corollary 2. For even ,

For the second sum we have:

Theorem 3. For odd 

Proof. Similar to Theorem 1, the summand could be 
written as

where . Applying again partial fraction 
decomposition, we have

where

Finally, since , we 
obtain

Then we can write

with

Finally, we get



Evaluation of some reciprocal trigonometric sums via partial fraction decomposition17

Summing over , we obtain

as claimed                                                                          

Corollary 4. For odd ,

For the third sum:

Theorem 5. For , we have

where  is the floor function.

Proof. By partial fraction decomposition, the summand 
can be similarly rewritten as:

where

It is easily checked that  and  
 when  is odd. Furthermore, for  

So finally we obtain

After   summing   over  ,   we  get  the  
claim.                                                                            

As an example, we write this out for  and 
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Now we move to the fourth sum:

Theorem 6. For , we have

Proof. We omit some details due to the similarity with the 
proof of Theorem 3. By partial fraction decomposition, 
we write the summand as:

with

One can easily check that for  
  and when  is odd 

 So, the proof is complete.                  

When  and , we have following 
summation as example.

Note that all the summations, where the terms ‘sin’ and 
‘cos’ are exchanged with ‘cos’ and ‘sin’, respectively, can 
be similarly done. We leave the details to the interested 
reader.

We would like to note that all results can be naturally 
generalized by multiplying the argument by  in every 
occurrence of the trigonometric functions, where  
is assumed to be any real number except for a rational 
multiple of    to avoid possible zeros in the denominators. 
For brevity, we omit the details. As an example, when 

 by Theorem 1 we have

3. Further results

In this section, we present some special sums in which 
the denominator of the summand term includes squares 
of some factors by using the partial fraction method.
Unfortunately, we could not find generalizations of 
these type of sums as in previous sections because of the 
duplicated factors. Nevertheless we show here how one 
can constructively compute these sums.

Example 7. For 

Proof. Similarly, for , the summand term can be 
rewritten as:

The coefficients can be computed as follows:
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Finally, if we convert to trigonometric functions, we 
can write this as

which completes the proof.                                               

Example 8. For ,

Proof. Similarly, we can write

where . With the help of Mathematica and after 
some algebraic manipulations,

where . If we write the above equation in 
terms of trigonometric functions, we obtain

The proof follows now after summing over    

Finally, we have a sum including four different factors 
in the denominator of the summand term.

Example 9. For ,

Proof. Similarly, we can write the summand in terms of 
 as follows
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After computing these coefficients with the help of 
a computer, we write them in terms of trigonometric 
functions:

and

After some simplifications and algebraic manipulations, 
we can rewrite the summand terms as follows:

so the claim follows.                                                         

ACKNOWLEDGEMENTS

The first author gratefully acknowledges TÜBİTAK for the 
support BİDEB-2214-A during his visit at Stellenbosch 
University.

References

Chu, W. (2007). Partial fraction decompositions and 
trigonometric sum identities. Proceedings of the American 

Mathematical Society, 136(1): 229–237.

Garg,   M.   &   Chanchlani,   L.   (2013).   Solution   of  
q- Schrödinger equation by two dimensional q-differential 
transform method. Kuwait Journal of Science, 40(2): 
17–30.

Kılıç, E. & Prodinger, H. (2017). Closed form evaluation 
of Melham’s reciprocal sums. Miskolc Mathematical 
Notes, 8: 251–264.

Melham, R.S. (2016). Closed forms for finite sums in 
which the denominator of the summand is a product of 
trigonometric functions. The Fibonacci Quarterly, 54(3): 
196–203.

Melham, R.S. (2017). Finite reciprocal sums of products 
involving squares of sines or cosines with arguments in 
arithmetic progression. Integers, 17(A33): 1–12.

Submitted : 12/01/2018
Revised     : 08/02/2019
Accepted   : 04/03/2019



Evaluation of some reciprocal trigonometric sums via partial fraction decomposition21

wze'« d J « qK% ‰ö  s  WO œU « WO K *« lL'« UOKL  iF  rOOI

dGM œËd  uLKO
2
 ¨ÊUJ —« W K

1

UO�d� …dI�√ ¨ÈUO{U�d�« r�� ¨VO�O�U� WF�U�
1

UOI�d�√ »uM� ¨‘u�MOKO�� ¨ÈUO{U�d�« r�� ¨‘u�MOKO�� WF�U�
2

h K*«

 Æ“ÂUL��«  VO�”  Ë√ “W�Ë«e�« VO�” "U� ÂUI*« UNO� sLC�� w��« WON�M*« lL'« ÈUOKL iF� »U��� ÂUNK� ÂU� ¨…dO�_« W�Ëü« w�

 UM�N�Ë ÆÂUI*« w�  WOz«uA  q�«uF�  ÕUL��«  ‰ö�  s�  ¨2016  ÂU  w�  UN�—œ w��«  lL'« ÈUOKLF�  rO�UF�  .bI�  - ¨Y���«  «c�  w�

 fHM� 2017 ÂU w� UN�—œ w��« ÈUOKLF�« iF� l� q�UF��« - ¨p�– vK …Ëö Æwze'« d�J�« qK��� WO�Ë_« WOMI��« Âb���� w�U(«

Æ»uK�_«


