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Abstract

Sequence pairs with good correlation have wide applications in communication systems. In this paper, ternary and
quaternary sequence pairs of odd period with three-level correlation are constructed based on cyclotomy. In our

constructions, sequences are balanced and the maximum out-of-phase correlation magnitude is shown to be /7 for
ternary sequence pairs and /s for quaternary sequence pairs, both of which are better than the known sequence pairs of

odd period with three-level correlation.
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1. Introduction

Sequence u = (u(i))’,' is called the r -phase sequence
of period N when u(i)eZ, for all 0<i<N-1 .
Particularly, we say u# is a binary sequence, ternary
sequence, or quaternary sequence if r =2, 3, or 4,
respectively. For 0 <7 <r —1, define

N, =[ieZ, uG)=1}. (1.1)

If max{IN,—N, [:0<s#¢<r—1}is equal to 0 for
N =0(mod r) and 1 for other cases, then the sequence 1
is called balanced.

Let v be a r -phase sequence of period N. The periodic
cross-correlation betweenzzand vat shift 7(0 <7 < N —1)
is

N-1
Ru’v (T) — Za)u(l)fv(wrr)
i=0

ZHxﬁ/r .

is the primitive r th root of unity. In

1.2)

where @ =e
this paper, the exponent of @ is always performed modulo
r. Furthermore, the values of R, (7) for 7#0 are
called the out-of-phase correlation values. Specifically,
the cross-correlation becomes the autocorrelation of u

when # =V and is denoted by R (7)-

In communication systems and

cryptography,
sequences usually need to have a small out-of-phase
correlation magnitude (Fan & Darnell, 1996; Golomb
& Gong, 2005). For example, in code division multiple
access (CDMA), sequences with good correlation can be

applied as address codes which acquire the correct timing

information and distinguish multiple users. For » =2 or
or 4, binary sequences and quaternary sequences with
good autocorrelation have been widely studied (Arasu
et al., 2001; Cai & Ding, 2009 ;Krone & Sarwate,1984;
Tang & Lindner, 2009; Tang & Gong, 2010). With the
growing need of high speed data communications, the
polyphase sequences with good autocorrelation have a
strong demand and attract much attention (Chung et al.,
2011; Li et al., 2016; Liike & Schotten, 2000). In order to
find more discrete signals which can be used in practical
communication, the discrete signal sequence pair (X, y)
is proposed. If (X, ¥) has a small out-of-phase correlation
magnitude, sequence X can be used as a sending sequence
in a transmitter and we can use correlation computation
to detect X by setting Y as an address code in the receiver
(Rohling & Plagge ,1989).

A sequence pair (X, y) is said to have a three-level
correlation if

A, 7=0
R, (7)=1B,

C, otherwise

reT 1.3)

where, A, B and C are pairwise distinct, and 7 is the
subset of Z, \{0} . We hope the absolute values of B and
C are as small as possible. There are some conclusions
about binary sequence pairs and quaternary sequence
pairs with three-level correlation of even period.

(1) If (x, y) is a binary sequence pair with three-level
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Table 1. Comparison of known sequence pairs with three-level correlation

Period r -phase Balanced R * Reference

N =0(mod 4) 2 no 4 Peng et al. (2012a)
N =3(mod4) 2 no 3 Peng et al. (2011)
N=2p

p=1(mod4) 4 yes 2 Peng et al. (2012b)
N=3p 2 no 3 Shen et al. (2017)
odd prime p >3

N =1(mod 4) 3 yes \ﬁ this paper

N =1(mod 4) 4 yes J5 this paper

*R_ . = the maximum out-of-phase correlation magnitude.

correlation, Peng et al. (2012a) proved that the smallest
values for out - of - phase correlation are:

(@) R_ (7)e{0,—4},{0,4},0r{2,-2} foreven N;

X,y
bR, (7)e{l,-3},0r{-1,3} for odd N.

There are many binary sequence pairs with good three-
level correlation which have been constructed by Jin and
Xu (2010), Peng et al. (2011), and Shen et al. (2017).

(2) If (x,y) is a quaternary sequence pair of even
period with three-level correlation, Peng et al. (2012b)
showed that max{l Bl,IC|}>2 and gave a class of
quaternary sequence pairs of even period with out-of-
phase correlation {0, —2}.

Cyclotomy is a powerful mathematical tool to construct
sequences with good correlation. In this paper, we
construct ternary sequence pairs and quaternary sequence
pairs based on cyclotomy. In our constructions, ternary
sequence pairs and quaternary sequence pairs both have
odd period and three-level correlation. Also, the maximum
out-of-phase correlation magnitudes are small, namely \ﬁ
for ternary sequence pairs and /5 for quaternary sequence
pairs. Compared to known sequence pairs with three-
level correlation, the maximum out-of-phase correlation
magnitude in our constructions does not overlap with the

known ones and is smaller for odd period (see Table 1).
Thus, our constructions provide more discrete signals
which can be used in practical communication.

The construction of the paper is as follows. Section 2
will presents some basic concepts of cyclotomy and the
construction of balanced 7 -phase sequence of odd period.
Section 3 gives the constructions of balanced ternary and
quaternary sequence pairs with three-level correlation
respectively. Section 4 offers some concluding remarks.

2. Cyclotomy and r -phase sequences

In this section, we first make a brief introduction of
cyclotomy, then a class of balanced r -phase sequences of
odd period are presented.

2.1 Cyclotomy

Cyclotomy is a powerful mathematical tool in sequence
design. We give a simple introduction here. Readers can
find more details in Storer (1967).

Let N =rf +1 be an odd prime, where r and [ are
positive integers. Let & be a primitive element of finite
field Z,, , define a set

D, ={a”™(mod N): j=0,1,---, f =1} (2.1)

where O <k <r—1. Then D, is the subset of Z and is
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called the cyclotomic class of order r It is easy to check
that

7, \{0} = UDk

k=0

(2.2)

The cyclotomic number (k, /), of order r is defined by

(k,),=1(D, +DND, 1, 0<k,l<r-1 (2.3)

Storer (1967) and Sze et al. (2003) studied the
properties of cyclotomic classes and cyclotomic numbers.
We state some properties which will be used to prove our
results.

Lemma 2.1. Let N = rf +1 be an odd prime. Then
(1) -leD, if f isevenand -1eD,, if
f isodd;
(2)If feD,, then BD, =D}

= -1, ifl/=0
(3) D (kk+D), ={f

k=0

/s otherwise.

2.2 r -phase sequence

Let N=rf+1 be an odd prime and the set
m={my,m,....,m_} be a
Z . Let 0< j<r—1ther-phasesequence of period
N s constructed as

‘ c, 1=0
u.(0) = {j, ieD,

where ¢ is a constant from Z_and D, is the cyclotomic
class of order r defined in (2.1). Then uc is balanced
and the set {1, 1, ‘,m,._l} is called the defining set
foru,.

permutation  of

(2.4)

Let u, and u, be the r -phase sequences of period
N defined in Equation (2.4) where ¢,,¢, €7,,, and two
sequences have the same defining set. By (1.2), itis obvious
that the value of Ruq . (0)is equal to N =1+ @

Forl <7 <N —1,itis casy to see that u, (r)=u, (7),
the cross-correlation between u, and u, is given by

R, ., @

¢ Mep
+w

A=ty () |y (-0,

n= Jj=0

where j—n is performed modulo 7, and the third formula
comes by the fact thatu, (i) —u, (i+7) =n(modr)if

ieD,and i+7eD, wheni#0andi=—7.
J j-n

r—1 r—l1
+ o (z {itieD, .i+7eD, }U (2.5)
0

We can determine the cross-correlation between
and u, if the defining set satisfies some conditions.

Lemma 2.2. Let m={m,,m,,*--,m_, } be the defining
set of u, and u_. If m satisfies the following conditions

(1) m(j+1)modr
0<j<r-1;

(2) ged(d,r) =1,

—m;=d(modr) is met for all

then we have

R, , (1)

(S Ra)

N—-1+w", =0
@' (=) @ 1, T #0.

Proof. For1<7 <N —1, by (1) and (2) of Lemma 2.1,
we have

feven

, fodd.

u, (1),
uCl (_T) - 1

2
Then, Equation (2.5) becomes

u, (7)+

Ruq . (T) _ wm*uq (7) T (_l)f . a)uﬂ1 (1)—c, 4 S(’Z’) (26)
where §(7) is given by

r—1 r—1

s(7) :za)n[z {i:ieij,i+reDmv }U
=0 =0 o

Next, we will calculate 5(7). For a fixed n € Z, note that

{i:ieD, ,i+7z€D, }I
=, -0ND, |
=D, -0ND, .,
=I(-0)"D, +DNE0"D, |

If we assume —7 Dr_b, then it is easy to know that
(-0)'e D, By (2) and (3) of Lemma 2.1, we have

r—1
ZI{i:ieDm/,HreDmH}l

j=0
r—1

= Z(mj_n +b,m_i_n +b+nd),
=0

r—1

=Y (t,t+nd),
=0
f-1, ifn=0
f, otherwise.

So, s(f):f—1+f-§a)" =-1.



Hence, the conclusion comes by Equation (2.6).

Corollary 2.3. Let #, and u, be the r -phase sequences
defined in Lemma 2.2, then the biggest value of IR, , (7)]
for1 <7 < N —1is less than 3.

Tang & Lindner (2009) gave the autocorrelation
of quaternary sequences of prime period N =4 f +1,
and Li et al. (2016) calculated the autocorrelation of
polyphase sequences. If ¢, =¢, in Lemma 2.2, then
the cross-correlation between #, and U, becomes the
autocorrelation. Thus, Lemma 2.2 and Corollary 2.3
include the conclusions in (Tang & Lindner, 2009) and
(Liet al.,2016).

3. Sequence pairs with three-level correlation

By Corollary 2.3, we know that sequences u#, and

a
U, defined in Lemma 2.2 have a small out-of-phase
correlation. In this section, we will study sequence pairs

with three-level correlation in the cases 7 = 3 and 4.
3.1 Ternary sequence pairs

Theorem 3.1. Let N=3f+1 be a prime. Let
m ={my,,m;,m, } be the defining set of u, and uc7where
¢, # ¢,. Then the balanced ternary sequence pair (Lt;l ,u‘,?)
defined in Lemma 2.2 has three-level correlation, (given b};)

N—1+(0017€2, 7=0
C;—CH
Ruq ey (T) =o' ’ re qu U Dm(2 (3 1)
20°7 -1, otherwise
where @ = ezmﬁ/ ?is the primitive 3rd root of unity.

Proof. Note that any permutation of Z, satisfies the
two conditions of Lemma 2.2. And Jmust be even if

N =3f +1isaprime, then for IST<N -1,
R . (0)=0"""" 40" 1.
¢ Mey

For1<7 <N —1, we have

L ou (=g
¢ —u, () ¢ —Cs
=0, u, (1) =c¢,
w” ", otherwise
and
1, u, (r)=c,
U (T)—L'z C—C
! =" 2, uq(z’)zcl
@w” " otherwise.
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Hence, the proof is completed.

Corollary 3.2. Let #, and u, be the balanced ternary
sequences defined in Theorem 3.1. Then, the maximum
out-of-phase correlation magnitude is ﬁ .

Example 3.3. Let N =3x6+1=19and @ =2, then we
have D, ={1,7,8,11,12,18},

D, ={2,3,5,14,16,17}, D, ={4,6,9,10,13,15}.
Let m={0,LL2}, ¢,=0 and c¢,=1. By

(2.4), ternary sequences U, and i, of period 19 are as
follows:

1, =(0,0,1,1,2,1,2,0.0,2,2,0,0.2,1,2.1,1.0) yg
u, =(1,0,1,1,2,1,2,0,0.2,2,0,0,2,1,2,1,1,0).

Then the cross-correlation between u, and u, is as
follows

T RWl (7)
0 @ +18
4,6,9,10,13,15 200—1

1,2,3,5,7,8,11,12,14,16,17,18 >

where @ = V13
of-phase correlation magnitude is | 20 —11= «/7 .

and we can see that the maximum out-

3.2 Quaternary sequence pairs

Theorem 3.4. Let N=4f+1 be a prime. Let
m ={m,,m,,m,,m} be the defining set of u, and u,
and , where €| # C,. Assume that the elements of the set m
satisfies m,,, —m; =lor3(mod4) for all 0< ;<3
, where j+1 is performed modulo 4. Let , the cross-
correlation between u, and u. is as follows:

(1) If f is even and ¢, + ¢, =1(mod4) , or [ is odd and
¢, +¢, =3(mod4), then.

N_1+CI)C]7CZ, ’Z':O

R, ., (D=10"(+0)-1, 7eD, UD

—o"(l+0’)-1, re sz UD,,,3.

) If [ is even and ¢, +¢, =3(mod 4) , or [ is odd and
¢, +¢, =1(mod4) , then
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N_1+a)cl_c2, ’Z’:O
u u (t)=10"(1+w)-1, z'eDmOUDm3
-0 (1+ w) -1, reDm] Usz,

Proof. Note that / may be even or odd when N =4 f+1
is a prime. We only give the proof in the case Iis even,
the method is similar for odd /.

By Lemma 2.2, for 1 <7 < N —1, we have.

- ( L (0)—
Ru . (’[) _ a)q u, 7) T a)u . (7)—cy _1
ey

(a) — i, (1) n a)u(,l (7)—¢;—¢, ) _1

If ¢, +c,=1(mod4), then

—uq(r) u (T) 1

)—1
if u, (r)=0,1

()= (@

M Ll

o (1+@’) -1,

0" (1+w’)-1, if u, (r)=2,3

where the second result is given by the fact.

=—(1+®).
If ¢, +c,=3(mod4), then

0+ @’

—u, (1) u, (7)-3

uu(r) o (0 " +o" )—1
o (1+w)-1, 1ifu, (r)=0,3
—0" (I+w)-1, ifu, (r)=12

where the second result is given by the fact.
o +o =—(1+w).
With the above consideration, the proof is completed.

Corollary 3.5. Let u, and u_ be the balanced quaternary
sequences defined in Theorem 3.4. Then the quaternary
sequence pair (u, .4, ) has a maximum out-of-phase
correlation magnitude /5.

Example 3.6. Let N =4x7+1=29 and

o =2, then
D, ={1,7,16,20,23,24,25}

D, ={2,3,11,14,17,19,21}
D, ={4,5,6,9,13,22,28}
D, ={8,10,12,15,18,26,27}

Let m={0,3,2,1}, ¢,=2 and ¢, =3. By (24),

the quaternary sequences 4, and 4, of period 29 are as
follows:

=(2,0,3,3,2,2,2,0,1,2,1,3,1,2,3,1,
0 3,1,3 0,3,2,0,0,0,1,1,2)

and

u'}) = (3,0,3,3,2,2,2,0, 1 ,2, 1 ,3, 1 ’2,3’ 1 ,0’
3,1,3,0,3,2,0,0,0,1,1,2)

The cross-correlation between u, and u, is as follows

T RuM3 (7)

0  +28
1,2,3,7,11,14,16, o =2
17,19,20,21,23,24,25

4,5,6,8,9,10,12,13, w
15,18,22,26,27,28

where @ =+/—1, and we can see that the maximum out-

of-phase correlation magnitude is| @’ —2 |= «/g .

4. Concluding remarks

In this paper, we presented a class of ternary and quaternary
sequence pairs of odd period. In our constructions,
sequence pairs are balanced and have small out-of-
phase correlation. Compared to known sequence pairs
with three-level correlation, the maximum out-of-phase
correlation magnitude in this paper does not overlap with
the known ones (see Table 1). Though Table 1 shows that
the maximum out-of-phase correlation magnitude can
reach 2 when quaternary sequence pairs of even period
have three-level correlation, the lower bound of the
maximum correlation magnitude is still unknown for odd
period. The maximum correlation magnitude in this paper
is smaller than others for odd period.
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