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Abstract

For an odd prime N = 1 (mod r), ¢(r) almost r-phase sequences of period N are
constructed based on cyclotomy, where r is a positive integer and ¢ is Euler’s
function. The new sequences have ideal autocorrelation property. Moreover, these
almost r-phase sequences are modified to obtain r¢(r) r-phase sequences with
good autocorrelation, which include known polyphase power-residue sequences,
Legendre sequences (» = 2) and quadriphase sequences (7 = 4). The autocorrelation
distribution of these r-phase sequences are determined completely.

Keywords: Almost r-phase sequence; correlation distribution; cyclotomic class;
cyclotomic number; ideal autocorrelation.
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1. Introduction

Sequences with good correlation have been widely used in communication system
and cryptography (Ciftlikli & Develi, 2004; Golomb & Gong, 2005; Huang & Tu,
2015; Rushanan, 2006). The sequences with good correlation applied in code division
multiple access (CDMA) can successfully acquire the correct timing information and
distinguish multiple users. On the other hand, the sequences with good correlation
employed as key stream generators in stream cipher cryptography and digital
signature algorithms can resist crosscorrelation attacks. With the growing need of
high-speed data communications, the polyphase modulation scheme has been adopted
as a transmission standard. Thus, constructing for polyphase sequences and sequence
families with good correlation have been paid more attention to by many researchers
nowadays (Chung et al., 2011; Kim et al., 2005; Tang & Lindner, 2009; Yu & Gong,
2010; Wang et al., 2013; Zeng et al., 2006; Zhou & Tang, 2011).

Since for an odd prime N =rf +1, the cyclotomic classes of order r give a partition
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of {1,2,---,N -1}, they are often used to define cyclotomic sequences with period N
(Ding & Helleseth, 1998; Liike et al., 2000; Green & Green, 2003; Meidl, 2009). The
autocorrelation of cyclotomic sequences is associated with the cyclotomic number
introduced by Gauss (Storer, 1967). In this paper, we focus on the construction for
almost r-phase cyclotomic sequences with ideal autocorrelation (IA). An almost
r-phase sequence means that in one period of the sequence, the element “zero” occurs
exactly once and all the other elements are taken from the set of complex rth roots
of unity. Tang & Lindner (2009) have constructed two almost quadriphase sequences
with A by listing two defining set for the sequences. We will give defining sets for
almost r-phase sequences, and present a criterion for them, such that the corresponding
sequences have IA property. Each defining set is a permutation of {0,1,---,7 —1}, which
is required to be an arithmetic progression, and the common difference is relatively
prime to r. The permutations ensure that the new almost » -phase sequences are optimal
balanced among the complex 7 th roots of unity. All the autocorrelation computations
are based on the results of cyclotomy (Dickson, 1935). By replacing the “zero” with
any complex r th root of unity, we can transform the almost » -phase sequences obtained
into »-phase sequences, which include some known cyclotomic sequences (Green &
Green, 2003; Tang & Lindner, 2009). The autocorrelation of new »-phase sequences
are considered from the IA of the corresponding almost r-phase sequences, and the
autocorrelation distribution can be determined completely. It is shown that all new
r-phase sequences have good autocorrelation and can be efficiently implemented.

This paper is organized as follows. In Section 2, we give some basic concepts
and definitions on sequences, and properties of cyclotomic classes and cyclotomic
numbers. In Section 3, we first define a class of almost »-phase sequences, then
give the conditions such that the sequences have IA property. Moreover, we give a
classification of all these sequences with IA. In Section 4, we construct a class of
new 7 -phase sequences associated with the almost » -phase sequences in the previous
section, and their autocorrelation distributions are determined completely. Concluding
remarks are given in the last section.

2. Preliminaries

In this section, we introduce some notations and preliminaries, which will be used in
this paper. For more details, the reader is referred to Cusick ez al. (1998) and Golomb
& Gong (2005).

Following notations will be used throughout this paper.
® 7, the ring of integers, and Z" denotes the set of all positive integers;
® 7 . an integer residue ring of modulo #, and Z," = Z, \ {0};

® N =rf +1, an odd prime, where r, f are two positive integers;
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® 0, a fixed primitive element of Z ;

® D, jeZ,, the cyclotomic classes of order r, where D, = 0" 10<k< f-1,
keZ} is the multiplicative subgroup generated by 0', and D, =0’'D, for
JEL,  s0Ly =U,, D

® (i, ), i, j € Z,, the cyclotomic numbers of order r, defined by | (D, +1) N D, |;

® o=¢""""", a primitive rth root of unity, and 2 ={@' |i € Z }, the set of all
powers of @;

® ¢(n), neZ', Euler phi function, the number of integers between 1 and n
relatively prime to n.

First, we state some important definitions on sequences. Let S be a complex-valued
setand s ={s,}, s, €S, i 2 0 be a sequence of period N. We denote s by {s,,s,, -, 5y}
for simplicity. For A € S, the A-multiplier of s is defined by Aes={1-s,}. For k € Z", the
k-decimation of s is defined by D" (s)={s,}, and it is known that D*(s) also has period
Nifand only if gcd(k,N)=1. L', 0 <7 < N, is a left 7 -shift operator on a sequence, i.e.,
L (s)={s,,.}. The autocorrelation of s at 7 (0 <7 < N) is defined as

C.(r)= Aisi(siﬂ)* , 2.1

where the * denotes the complex conjugation. The sequence s is said to have ideal
autocorrelation (IA) property if C (r) =—1for r # 0. Let §, = max | C,(r) | for  # 0. If
o, is very small, we say s has good autocorrelation.

Definition 2.1. The sequence s of period N is said to be an almost 7-phase sequence if
s,=0ands, eAforl<i<N-1

Definition 2.2. Two almost r-phase sequences s and t of period N are called equivalent
if

t=AL (D" (s)),
where A € A,0<7 <N -1, and £ is a positive integer with ged(k, N) =1.

Remark 2.3. By (2.1), one may check that the left shift, multiplier, and decimation
operators on sequences do not change their autocorrelations.

To determine the autocorrelation of polyphase sequences, we need the following
lemma on cyclotomy.

Lemma 2.4. The cyclotomic classes and cyclotomic numbers of order » have the
following properties:

D|D;|=ffor0< j<r-L
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2)Ifae D,, thenaD, = D, ;, where the subscript i + j is performed modulo .

3) —1belongs to D, if fis even, and belongs to D ,, otherwise. Note that » must be

even for odd f.

r/2
4) Diagonal Sums (Sze et al., 2003)

i(m,m+n):{f‘1’ tn=0. 2)

f, otherwise.

m=0

In next section, we will define sequences associated with cyclotomic classes, and
discuss the autocorrelation by Lemma 2.4.

3. Almost r-phase sequences with ideal autocorrelation

Definition 3.1. Let P =(p,, p;,--+, p, ;) be a permutation of Z . Corresponding to P, an
almost r-phase sequence s of period N is defined as

0, i=0,
5 = 3.1)

o, ieD,, 1<i<N-l,

and P is called the defining set for s.

By 1) of Lemma 2.4, s has optimal balance among ®”’s, j € Z,. Next, we consider
the autocorrelation of s.

Theorem 3.2. Let(p,, p;»**» P,_,) be the defining set for an almost r-phase sequence s.
Then the sequence s has 1A property if the following two conditions are satisfied:

1) p—p,,=d (modr), 0<]<r-1, where d is a fixed integer and the subscript
[ —11is performed modulo 7;

2) ged(d,r)=1.

Proof. Since C,(7) = N —1 is the trivial value for 7 =0, we only need to consider the
case that 7 = 0.

Note that (@’)" =@~ for each j e Z,. Then, for a fixed k, k € Z , s,(s,,.)" is equal

+7

k- o . . .
to w" if and only if i € Dp‘, andi+7 e DMM) for some j, 0 < j<r—1. Thus by (2.1),

|

the autocorrelation of s can be computed as

r—

C(r)=) o (z

{l ‘i€ Dp/,z+r € DPMH)}

k=0 Jj=0



5 A class of almost r-phase sequences with ideal autocorrelation

By the condition 1), we have

{l:l € Dpf,l +7€ Dp#(,,fk)d}

|

r—1 r—1

k=0 Jj=0
r—1 r—1
=za)k( | {i:ieDm,i—FTeDmkd}U
k=0 m=0
r—1 r—1

=3 a)k( | (Dmkd—r)mDmU,
k=0 m=0

where the second identity follows from that P is a permutation.

For 7 # 0, there must exist an integer b such that —= = 0”. Now we first consider the
inner summation

=0
Simplify T, as follows
Q:PJ(HW%M+UGHU%
=0
= §| (D, 1y *1)"D, |
= i(m—ka’ —b,m—D)
=0
= 3 (m—kd,m)
=0

Since ged(d,r) =1, we have {(—kd) (mod r)|k € Z,} =Z,. Then, by (2.2), T, is
equal to f— 1 if k=0, and f otherwise. Therefore, we get

r—1 r—1
C(1)=) &'T, =f-1+f) o'
k=0 k=1

r—1

Since w is a primitive rth root of unity, we get Zwk =-1. Thus, C (7r) =1 for
7 # 0, and so s has 1A property. k=l

Example 3.3. Let N=19=9x2+1,r=9, ®’ =1, and 8 =2, a primitive element of
Z,,. Then the cyclotomic classes of order 9 are

D, ={1,18}, D, ={2,17}, D, = {4,15},
D, ={8,11}, D, ={3,16}, D, ={6,13},
D, =1{7,12}, D, ={5,14}, D, = {9,10}.
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LetP = (0, 4,8,3,7,2,6,1, 5), then the almost 9-phase sequence of period 19 defined
by (3.1) is given as follows

4 8 6 3 2 2 3 6 8 4 5

s={0lo'w o’v'v'o’w’ v’ 0’0’0’0’ oo’ s o’1}.

Since P satisfies the conditions in Theorem 3.2, s has IA property, which has been
confirmed by a computer program.

Next, we consider the number of the almost 7-phase sequences with IA satisfying
the conditions in Theorem 3.2. Note that two almost r-phase sequences are shift
nonequivalent since only their first elements are equal to 0. Thus, we only need to
investigate the decimation and multiplier of the almost r-phase sequence defined by

3.1).

Lemma 3.4. Let (p,, p,»***, P,_,) be the defining set for the almost r-phase sequence s,
and a € D, for some h € Z,. Then the defining set for D“(s) is

(p()_hepl_ha”'7p,_| _h)

Proof. Lett = D“(s). Thent, =5, =0,and, = s, = @’ for 1 <i < N —1, where  satisfies

aie D, . Sinceaie D, ifand only ifiea™D, =D, _,, the result follows.

Lemma 3.5. Let (p,, p,,-*-, p,_,) be the defining set for the almost r-phase sequence
s, and A = " for some k Z,. Then the defining set for Ass is (P> Py_j>"> Pyt
where the subscript j—keZ ,0< j<r-1.

Proof. Let t=Ass. Then 7, =As, =0, and ¢, = s, ="/ for 1<i< N -1, where j
satisfies i € D,. Thus, 1, =w’ fori e D, , which completes the proof.

From the two lemmas above, both the decimation and multiplier operators on the
sequence defined by (3.1) do not change the difference of two neighbouring elements
of the defining set. Thus, two almost r-phase sequences corresponding to two distinct
differences d, and d, respectively in Theorem 3.2 are nonequivalent. Therefore, we
have the following theorem

Theorem 3.6. There are ¢(r) nonequivalent almost »-phase sequences with 1A, whose
defining sets satisfy the conditions in Theorem 3.2.

Remark 3.7. Tang & Lindner (2009) constructed two nonequivalent almost quadriphase
sequences with IA by giving the defining sets (0,1,2,3) and (0,3, 2,1) respectively, and
proved that there were only these two nonequivalent almost quadriphase sequences. It
is easily checked that the two defining sets satisfy the conditions in Theorem 3.2 and

() =2.

By Lemma 3.5, two sequences in Definition 3.1 corresponding to a permutation
and its cyclic shift respectively are equivalent. Thus, we can assume that the first
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element of a defining set satisfying the conditions in Theorem 3.2 is always 0 for each
d. From Theorem 3.6, we have six almost 9-phase sequences of period 19 with IA,
which are listed in Table 1.

Table 1. The almost 9-phase sequences of period 19 with A

d S

4 2 2 4

1 Ol 0'0’0’ @’ 0’’’ v’ e’ v’ o' 1
0lo’0’o o'’ 0’0’0’’’ 0o o*w’l
Olo’'w @’v'o* o’’’ v’ 0’0’0 v’ o o'l

Olo’to*0’n 0’0o’ o 0*e’n o’ o' wn’l

~N BN

Olw'o’o*ow 0’0’0’’’ v’ 0’ 0*ew o®o’vw'l

8 O’’’ 0’00’ 0’o o o’’’ o'l

4.R -phase sequences with good autocorrelation

In this section, we will construct »-phase sequences associated with the almost 7
-phase sequences in the previous section.

Definition 4.1. Let s be the sequence in Definition 3.1, the corresponding r-phase
sequence s' is defined by

oo i=0, 4.1

where c € Z , is a constant.

Note that C,(0) = N, is the trivial value. Next, we will determine the autocorrelation
of s' forr # 0.

Lemma 4.2. Let s' be defined by (4.1). Then, the autocorrelation of the sequence s' is
given by
C,(t)=a(s,) +(-1)) -0 -5, —1, 0<T<N-I. (4.2)

Proof. By (2.1), the autocorrelation becomes

C,(1)= s’o-(s'f)* +s'7T.(s'0)* + f sl.(siﬂ)*

i#0,—7

N-1
=s':(s') +5' (s +Zsi(si+f) =8, (s.) —s_,.-(50) -
i=0
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Now, we assume that 7 # 0. From the definitions of s and s', and IA property of s, we
have

C,(t)=0"(s,) +s_ -0 -1

=0 (s,) +o s -5, —1

where the last identity follows from thats =5 -5 by 2) of Lemma 2.4.

Next, we consider s_,. Let (p,, Py»-**» P,_,) be the defining set for s. Note that
p, =0, p.,, =r/2 for even r, and » must be even for odd f. Then from 3) of Lemma
2.4 and the definition of s, we have s, =’ =1for even f, and s, =w"* =—1 otherwise,
i.e., s, =(-1)’. Thus, (4.2) follows.

Theorem 4.3. Let s' be defined by (4.1). Then the autocorrelation of the sequence s'
satisfies the following distribution:

1) When r is even, there are two subcases:

1) If f is even, then

N, 1 time,
c 1, f times,
o(0)= -3, f times, (4.3)
o'+ -1, 2f times, 1< j<i-1.
ii) If £ is odd, then
N, 1 time,
C.(r)=¢-1, 2f times, (4.4)
o' -0 -1, 2f times, j=1---,5%,L+1,--, 32,
for r =2 (mod 4), and
N, 1 time,
-1, 2f times,
C.(r)=72i—-1, f times, (4.5)
—2i-1, f times,
o’ - -1, 2f times, j=Ll--, 214410321,

forr =0 (mod 4), wherei = J-1.
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2) When ris odd,

N, 1 time,
C.(r) =11, f times, (4.6)
o'+’ —-1, 2f times, 1< <z

Proof. For the case T =0, the autocorrelation is trivial.
For 7 # 0, we have (4.2). Let s, = »" for some k € Z,, then
C,(t) =0 (@) +(-1) 0 0" -1
=0 +(-1) 0" 1.

k+r—c c+r—k

Since 0" = (0" "), we get

C.0)=0’ +(-1) -0’ -1,
where j=(c+r—k) (mod r). Note that j runs through Z,_ ftimes as 7 runs through
Z, . Next, we continue the computation for two subcases in view of the parity of 7.

1) When r is even, f may be even or odd.

Iffis even, then C, () =’ + @'~/ —1. Note that o’ + @'/ = 2cos(*2)). Then, when
jj €L, 0" +0 ™" =" + @ > if and only if j, = r — j,. Thus, we have (4.3).

If £ is odd, then C,(r)=w’ -’ -1. Note that ®’ — @'’ = 2isin(*), where
i =/—1. From the property of sine function, we have the following:

a) When0< j <r/2andr/2+1< j,<r-1,0" -0 £0* —0"".

b) When 0< j, j, <r/2,0" —0"" =0” —0 "ifand only if j, =r /2 j,.

c)Whenr/2+1<j,j,<r-1,0" -0 =0” —o"”ifand only if j, =3r/2— j,.
Thus we have (4.4) and (4.5).

2) When r is odd,  must be even for odd N. Thus, C,(7) =@’ +®"~/ —1, and (4.6)
is obtained in a similar way.

Combining with all above, we complete the proof.

Note that @’ + @"/ must be real number for j€Z , and ' — "’ must be pure
imaginary for j € Z,". Then, we can determine the maximum autocorrelation of s' from
Theorem 4.3 as follows.

Corollary 4.4. Let s' be defined in Definition 4.1. Then

1) For even r and even f, the autocorrelation is (4 + 2)-valued and 5, =3.



Shenghua Li, Lianfei Luo, Hannuo Zhao 10

2) For r =2 (mod 4) and odd f, the autocorrelation is (5 +1)-valued and 6, < J5.
3) Forr =0 (mod 4) and odd f, the autocorrelation is (£ + 2)-valued and 6, = V5.
4) For odd 7, the autocorrelation is (5* + 2)-valued and &, < 3.

Remark 4.5. The upper bound of out-of-phase autocorrelation values of the new
r-phase sequences is independent of the period N, and is the same as that of the
polyphase power-residue sequences introduced by Green & Green (2003) and
Sidel’nikov (1969). Note that the polyphase power-residue sequence is the special
case of s' with d = 1 in Theorem 3.2. For the case » = 2, s' is the known Legendre
sequence (Golomb & Gong, 2005), and here the last cases in (4.3) and (4.4) do not
exist. For the case r =3, C (r) is 3-valued, and C,(r) = -2 for the last case in (4.6).
And the results in Tang & Lindner (2009) is included in Theorem 4.3 for the case
r=4.

Now, we give some examples of r-phase sequences. All the results have been
confirmed by computer programmes.

Example 4.6. Let s be the almost 9-phase sequence in Example 3.3 and the constant
¢ in (4.1) be equal to 0, then the corresponding 9-phase sequence s' of period 19 is
obtained

{llo'w o’ 0o’’’ 0’’’ o’ v’ o’ o'l}.

We list the autocorrelation distribution in Table 2, which shows that the
autocorrelation is 6-valued and §, < 3.

Table 2. The autocorrelation distribution of a 9-phase sequence with period 19

T C,(7)

0 19
1,18 1
2,9,10,17 o'+ -1
3,6,13, 16 o +o' -1
4,5,14,15 o+’ -1
7,8, 11,12 @ +0° -1

Example 4.7. Let N =41=8x5+1, r =8, and 0 = 7, a primitive element of Z,,. Then
the cyclotomic classes of order 8 are

D, =1{1,10,16,18,37}, D, = {3,7,13,29,30}, D, = {5,8,9,21,39},
D, ={15,22,24,27,35}, D, = {4,23,25,31,40}, D, = {11,12,28,34,38},
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D, ={2,20,32,33,36}, D, = {6,14,17,19,26}.

Let (py, py»++> p;)=(0,3,6,1,4,7,2,5), ¢ =0. By Definition 4.1, we get an 8-phase
sequence s' of period 41 as follows (only list the exponents)

{002346536607735 105052614145 17334227120764} .

We list the autocorrelation distribution in Table 3, which shows that the autocorrelation
is 6-valued and §, = \/g .

Table 3. The autocorrelation distribution of an 8-phase sequence with period 41

T C(r)
0 41
1,4, 10,16, 18,23, 25, 31, 37, 40 ~1
5,8,9,21,39 2i-1
2,20, 32, 33,36 —2i-1
6,11, 12, 14,17, 19, 26, 28, 34, 38 0w -0 -1
3,7, 13,15, 22,24, 27, 29, 30, 35 o -0 -1

Example 4.8. Let N =31=6x5+1, r =6, and 0 =3, a primitive element of Z,,. Then
the cyclotomic classes of order 6 are

D, ={1,2,4,8,16}, D, = {3,6,12,17,24}, D, = {5,9,10,18,20},
D, ={15,23,27,29,30}, D, ={7,14,19,25,28}, D, ={11,13,21,22,26}.

Let(py, py,++» ps) =(0,5,4,3,2,1), ¢ = 2. By Definition 4.1, we get a 6-phase sequence
s' of period 31 as follows (only list the exponents)

{2005045204415 12305424113521 3233}

We list the autocorrelation distribution in Table 4, which shows that the
autocorrelation is 4-valued and J, < \/g .

Table 4. The autocorrelation distribution of a 6-phase sequence with period 31

T C.(7)

0 31
3,6,7,12,14,17, 19, 24, 25, 28 -1
1,2,4,8,11,13, 16, 21,22, 26 o - -1

5,9, 10, 15, 18, 20, 23, 27, 29, 30 o' -0’ -1
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Next, we consider the number of r-phase sequences with good correlation we
obtained. From the definition of s' and Theorem 3.6, we have

Corollary 4.9. There are r¢(7) nonequivalent r-phase sequences defined in (4.2), which
satisfy Theorem 4.3 and Corollary 4.4.

5. Conclusions

In this paper, we construct a class of almost »-phase sequences with IA based on
cyclotomy and give a classification of the new sequences. In addition, we study
the r-phase sequences corresponding to the almost »-phase sequences with IA. The
r-phase sequences have good autocorrelation and the autocorrelation distribution is
determined completely. All the sequences we constructed have optimal balance and
can be efficiently implemented in software. With good randomness properties, they
can be used as spread spectrum sequences in communication system, and as the key
streams or secret keys in cryptography. For example, as a practical application in
stream ciphers, our construction can generate more pseudo-random sequences to meet
the requirements that a lot of key streams are needed.
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