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Abstract

The present work sheds light on the estimation procedure of a mean number of persons in the population bearing
a rare sensitive characteristic using the Poisson distribution. A modified two-stage randomized response model
for the rare sensitive characteristic is used to acquire the truthful response. Subsequently unbiased estimators are
proposed for two situations when the information on another supplementary rare non-sensitive characteristic is
known as well as unknown. The variances of the proposed estimators and their estimates are derived. Empirical
studies are executed to show the dominance of the proposed estimators over some contemporary estimators.
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1. Introduction

The problem of non-response occurs due to several
factors in sample surveys. The sensitive (stigmatized)
nature of a characteristic under study is one of the most
likely reasons for inviting a non-response or misleading
response in the survey data. Such data reduce the size
of the desired sample and produce the bias estimates.
The problem of non-response due to stigmatized nature
of characteristics was addressed by Warner (1965),
who introduced a randomized response technique for
collecting the responses from interviewees selected in the
sample. The randomized response technique was further
improved by Greenberg et al. (1969), Mangat et al.
(1992), Singh et al. (1994), Singh et al. (2003), Chaudhuri
et al. (2016), Tarray & Singh (2017) among others.
Mangat & Singh (1990) and Mangat (1992) introduced
two-stage related and unrelated randomized response
techniques which substantially improved the performance
of resultant estimators over the Warner (1965) estimator.

Land et al. (2012) suggested an estimation procedure
for the mean number of persons in the population bearing
arare sensitive characteristic. A large sample is required to
be drawn from the population for estimating the parameter
of a rare sensitive characteristic. Such situations also
validate the use of the Poisson probability distribution
in developing a suitable estimation procedure. Motivated
with these arguments, Singh and Tarray (2014; 2017),
Singhetal. (2018) suggested randomized response models
and estimation procedures for the similar problems.

In follow up of the previous works, the present study
introduces a modified two-stage unrelated randomized
response model and estimation procedures for mean
number of persons in the population who possess a
rare sensitive attribute. The proposed model under
the Poisson approximation is an improved version of
Mangat (1992) and Singh et al. (1994) models, and
the resultant estimation procedures were more accurate
than Land ef al. (2012), Singh & Tarray (2014; 2017)
estimators. The properties of the suggested estimation
procedures have been examined for the cases of known
and unknown unrelated rare non-sensitive attribute.

2. The proposed estimation procedure when the
proportion of an  unrelated rare non-
sensitive attribute in the population is known

Consider a finite population Q of size N, in which some
of the individuals possess a rare sensitive attribute A.
Let z,and 7, be the true proportions of the rare sensitive
attribute A and unrelated rare non-sensitive attribute B
in the population, respectively. To estimate the mean
number of persons who possess the rare sensitive
attribute in the population, a large sample of size n is
drawn using simple random sampling with replacement
scheme (SRSWR) such that for small 7, and 7,(i.e.
7,—0 and 7, -0 ), we have and for the large sample
size n.

When the proportion 7, of an unrelated rare
non-sensitive attribute is known, each individual
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selected in the sample was given two randomization
devices ( R, ,R, ) and requested to report his/ her
response as per the following outcomes of the devices:
The first stage randomization device
R, consists of the following  statements:
(1) “I possess the rare sensitive attribute 4 with
probability U, and
(i1)) “Go to the randomization device
probability /-U .
The second stage

R, consists  of

R with

randomization device
the following statements:

(1) “I possess the rare sensitive attribute 4 with
probability P,.

(i) “I  possess the rare  non-sensitive
attribute B ? with probability P,

(iii) Draw one more card with probability P,
where P +P,+P =1, . If the statement (iii) is selected by

the respondent, then it is required to repeat the process

without replacing the <card. In the second
draw, if  the statement  (iii)  reappeared,
then the respondent has to report “No”.
Using the above randomization devices, the
probability of obtaining answer “yes”
from the respondent is given by
Using the above randomization devices, the
probability of obtaining answer “yes”
from the respondent is given by
k
é’O:Uﬂa+(1_U)(])lﬂa+P27rb)(1+I)3ﬁj (1)

where £ is the total number of cards in the randomization
device R,. Since the attributes 4 and B under study are rare
inthe population, therefore, we assume, forlarge and small

¢y ie. ¢, >0, wehave pg =4 >0.

Let x, x , x, be a random sample from the
the Poisson distribution with parameter A, where

2

A =UA,+(1-U)(PA, +P2/1,,)(1+P3 %)

The likelihood
sample of =

the random
written  as

function of
observations 1S

)

—Ay 4 X
e A

-]

X!

Taking the logarithm on equation (3), substituting the
value of A, from the equation (2), and maximizing
with respect to the parameter A,, the maximum-
likelihood  estimator of the mean  number
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of persons in the population possessing the
sensitive characteristic 4 has been derived as

A 1

k
U+(1—U)Pl(1+P3ﬁj

1 k
|:n;xi -(1-0U)PR, (1+P3k_1}%} 4)
2.1 Properties of the proposed estimator
The properties of the proposed estimator 1, are

summarized in the following theorems:

Theorem 2.1. The suggested estimator /1, is unbiased
for the parameter .

Proof-Since x ~p(i)= E(x)=4, ,usingthisresult,itmaybe
easily proven that , E(4,)=4,.

Theorem 2.2. The variance of the
proposed estimator A, is given by
V(4,)=—¢ A P
U+(1-U)P|1+P——
n_ +( )1(+ 3k—1)_
(1-U)R|1+P, LN P}
2 3 k_l b
+ 2
k
n[U+(1—U)13(1+P3k_lﬂ (5)

Proof. The variance of the proposed estimator % is
derived as

1 n
?;V(xi)

Kk \T
{U+(1—U)P;(1+P3ﬁﬂ

This is because x, ~ P(4) =V (x,)=4,.

Utilizing this result, then substituting the value
of 4,, and performing some algebraic simplification,
we obtain the expression for the variance
of the estimator i as given in equation (5).

V()=

Theorem 2.3. The unbiased estimate of the variance v,
is given by

I}(j:a):z = 2"
nZ[UJr(l—U)PI(Hngﬂ
k-1

Proof. It may be seen that

Zn:ﬂ“o
EV (1)) =

nz[U+(1—U)P1(1+P3kﬂ
k-1

(6)
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Putting the value of 4,and performing some algebraic
simplification, we have  E[7(1 )=V (4,).

3. The proposed estimation procedure when
the proportion of an wunrelated rare non-
sensitive attribute in the population is unknown

When the true proportion 7, of an unrelated rare non-
sensitive attribute B in the population is unknown,
each respondent selected in the sample has provided
two sets of randomization devices (R, R,) and
(R,, ,R,)  where each set of the randomization
device consists of the similar statements with
different probabilities as described in Section 2.
Initially, respondents were provided the first
set of randomization devices (R,, R,,) for their use
in two-stages. The randomization device R, used in
the first stage consists of the following statements:
(1) “I possess the rare sensitive attribute 4 ~ with
probability U, , and

(i1)) “Go to the randomization device ~ with
probability /-U, .
The randomization device R,, to be wused in

second stage consists of the following statements:
(1) “I possess the rare sensitive attribute A4 ”
with probability P,.
(i1) “I possess the rare non-sensitive attribute B
with probability P, .
(iii) Draw one more card with probability P, .

If the statement (iii) is selected by the respondent,
then it is required to repeat the process without
replacing the card. On the second draw, if the statement
(ii1)) reappeared, the respondent must report “No”.
Again, the respondents were provided

with the second set of  randomization
devices (R,, ,R,) for their use in two-stages.
The randomization device R, to be wused in
first stage consists of the following statements:

(1) “I possess the rare sensitive

attribute with probability U, , and

(i) “Go to the randomization device R,,

with probability /-U, .
The randomization device R, to be used in
second stage consists of the following statements:

(1) “I possess the rare sensitive attribute 4
with probability Q, .

(i1) “I possess the rare non- sensitive attribute B
with probability O, .

(ii1)) Draw one more card with probability
Q, where (P+P+P=I) and (Q,+0,+Q,=I).
If the statement (iii) is selected by the respondent,

2

the process will remain as in the previous -case.

The probabilities of getting a yes-
answer from the respondent  using the
above  randomization  response  devices  are

= U, +(1-U)(Br,+ )1+ 2

and
k
¢, =U,z,+(1-U,) (O, +0O,7,) 1+Q3E .
For large n, as §,—>0 and §2‘—>O, we'

have n{, =4, >0 and n{,=21,>0. Let

X5 X0 Xy, ANA Xy, X0, X,

n n

be the random samples from poisson distribution

with aprameter /1: and 2,,: respectively.
Proceeding in the similar way as
described in Section 2, we have
1 A A
=Y = U, +(1-U)(RA, + B4,
i=1
k
1+ P —— 7
(12 5] )
and
1 A A A
;szi =U, 4, +(1- UZ)(Ql/la +0,4, )
i=1
k
1 — |
(o] ®)

Solving equations (7) and (8), the estimators of
the mean number of persons in the population who
possess a rare sensitive attribute 4 and a non-
sensitive attribute B , respectively, are derived as

0.0-0(1+0.75 |3

A

au  x n 9
" a-up, [1+aijzx2, ®
k—1)=
and
k n
U, +(1-U,)Q, (1 +0, ﬁj D,
o = (10)

- nA,

(1-U)P, [lﬂ%LjZacz,-
k=1)%5

where, A= :Bzal _ﬂ1a27 Az = ﬁlaz _ﬁzan

a1=U1+(1—U1)P(1+P3%j,

k
=(1-U)P,|1+P,— ]|,
aZ ( 1) 2( 3k_lj
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_ _ k.
p=v.sa-v0(1+0.% |
maf,~0.0-U( 140, |

k-1

3.1 Properties of the proposed estimators
The properties of estimators 4, and 4,
given in the following theorems:
Theorem 3.1. The proposed estimators A,and 4, are

unbiased for parameters 4 and 3, , respectively.

ﬁ'au and ﬂ'bu
arc

Proof. This property is the consequence of the results
E(x,)=72, and E(x,)=4,.
Theorem 3.2 The

variances of
the proposed estimators 4,

and 4, are

Gy-L (B +az =20, 8,) 2, + (11)
" Az (a2ﬂ2+a2ﬂ2 20!2ﬂ2 N4,

and

V()=

1 {(ﬂfal +alf-2al )2, + }
(12)

nA; (0‘21812 + alzﬂz =200, )4,

Proof. The variance of the proposed estimator 4, is
derived as

V(A,)=
{Qz(l U)(1+Q3 d j} ZV(x.,)

{(1 U)P(1+P j} ZV(x2,
_PzQz(l_Uz)(l_UJ(l"’QsEj

[1+P )ZCov(x,,,le)

] ]
{Qz(l_Uz)[l"'Qsm)} A’u
! +{(1—U1)Pz[l+lzij}
nA; k-1

_PzQz(l_Uz)(l_U1)

k kY,
1+0,— || 1+ B — |4
(e e

{U,+(1—U1)PI(I+P3L)}/1”

k-1

+ (1—U)P(1+Pij A
1772 3k_1 b

*

% (13)

where

Ay =v(x,) =
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Ay =v(x,) = {U +(1- U)QI(HQ}]{ J}ﬂ
{(1 U)Qz 1+0-— }ﬂb

*
A = Cov(x,;,X,,)

k
{U +(1- U)P(lerﬁj}
{U f(1- U)Q1(1+Q;k J}i
k
0,(1-U )(1+Q Lj A
2 2 3k_1 b

Putting the values of 4, 4, and 4, in equation (13),
and after some algebraic simplifications, we get the
expression for the variance of the estimator 1 as given
in equation (11). We may derive the expression for
variance of 4, as given in equation (12). in the same way.

Lemma 3.1. The unbiased estimates of the variances
.« and 4, are given by

Py | Bt aipi-2maB s 14)
U @ vl B~ 2a ),

and

[}(ihu) = nl?[(ﬁlzal + alzﬂl - zalzﬂlz )iu + (thﬁl2 + alzﬁz - zalazﬂlﬁz ))):hjl (1 5)

4. Confidentiality protection

To perform the randomized response interviews on a
rare sensitive attribute, we are generally concerned about
the statistical properties of the suggested estimation
procedures, while at the same time, in such cases, the
privacy (confidentiality) protection of respondents is also
an equally important issue. It is important to note that
previous studies regarding rare sensitive characteristics
do not truly achieve a significant degree of privacy
protection/confidentiality for the respondents. This
section, an attempt has been made to quantify this for the
proposed randomized response model of a rare sensitive
attribute. Leysieffer & Warner (1976) suggested a
measure of privacy protection for the respondents
when the survey involves the sensitive attribute.
Following the work of Leysieffer & Warner (1976),
a measure of respondent privacy protection for the
proposed randomized response model was suggested as

P(Y / A)

sW A= p T
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k
U+(1-UH)P|1+P ——
a-vn(isn )

+(1—U)Pz(l+P3k)/1b
k-1 (16)

k
(I-U)F, (1+Pak_J/7~b

and
_P(N /4 _

sNID=Z3T D

k
1-(1-U)B |1+ —— |4
( )2( 3k—1j b

p p . (17)
(1—U){1—131(1+P;)—132(1+P3)/1b}
k-1 k-1

Remark 4.1 It has been found that the above probability

statementsareadmissible whentheunrelated non-sensitive

attribute is highly rare in the population, specifically
0<4, <1.

5. Empirical comparisons

Generally, empirical comparison between two
randomized response strategies is performed based on
the variances or efficiencies of the resultant estimators.
The researchers did not pay attention to the degree of
privacy protection offered to the interviewees when
a characteristic under study was related to the rare
sensitive attribute. In this section, an attempt has
been made for a comparison in terms of variance as
well as privacy protection through empirical studies.

5.1 Comparison in terms of percent relative efficiency

To perform the empirical comparison, the percent
relative efficiencies of the proposed estimators
A, and A, are obtained for two different cases when the
proportion of an unrelated rare attribute B (i) is known and
(i1) is unknown. The percent relative efficiencies of the
estimator 4, with respect to (Aand (4 ),» are defined as

:M,\)”]xl()()and E12 :MA)Q]XIOO

11

ViA] Vid]
The percent relative efficiencies of
the estimator A4, with respect to (4,), and

(/im)‘ are defined as

NI 100 ang £, = Vel g,
VI

au au

21
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where {(1),,(A)a} ad {(,),(h)]

the estimators based on the randomized response
models proposed by Singh and Tarray (2014, 2017) for
the cases (i) and (ii), respectively.

For fixed values of k=100 and n=100 , the percent
relative efficiencies E,, E, E, and E,  are
calculated for different choices of

4, =(0.5,0.1,1.5), 4,=(0.5,0.1,1.5),

(P15P2’P3) and (QIJQZ’QS.)’ Where

P3 :(1_P_Pz) andQ3 :(I_Ql _Qz)

Let the range of U be from 0.3 to 0.9 with a step of 0.2,
and P, ranges from 0.4 to 0.8 with a step of 0.1. We
also set U,=(0.5,0.7) and U,=(0.5,0.3).

The percent relative efficiencies o E
E, and E, are calculated for all combinations of
parametric choices but are only shown with respect to
the most recent model suggested by Singh and Tarray
(2017) (Tables 1 and 2). The variation in the percent
relative efficiencies with respect to k can be observed
for almost all combinations of parametric choices and in
Figures 1 and 2 for a few parametric choices.

E,E

5.2 Comparison in terms of privacy protection
The measures of privacy protection are obtained for the
A, with respect to (4,), and (4,),, (Figures 3 and 4)
for some parametric choices of (P, P, P).
The values of 4,and U are selected in the range
[0.1,1] and [0.3,0.6], respectively. L, L, L, and are
the measures of privacy protection for respondents
proposed, Singh and Tarray (2017) and Singh
and Tarray (2014) models respectively, which
are calculated as per the discussion in Section 4.

6. Interpretation of the results

(1) Data from the tables show that the calculated
percent relative efficiencies exceed 100, which indicates
that the proposed model and estimation procedures
perform better than that of Singh and Tarray (2014; 2017).
Since the model discussed by Singh and Tarray (2017) is
better than the model discussed by Land et al. (2012), this
research model is also better than Land’s et al. (2012).

(i) From the results, substantial gain is observed
fﬁ{r the smaller values of A, and larger values of

-

(i) FromTable 1, itisobservedthatthe values of percent
relative efficiencies increas as the values of U decrease.

(iv) From Table 2, it is visible that the values of
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Fig. 1. Percent relative efficiencies with respect to k for
,P,=0.7 and P,=0.1.
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Table 1. Percentage relative efficiencies of the estimator A, with respect to the estimator (ﬂ;)
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T=0.3, P,=0.4 and P=0.5.

Percent relative efficiencies with respect to k for

12

R 0.4 0.5 0.6 0.7 0.8
P, 0.5 0.1 0.4 0.2 0.2 0.1 0.2 0.1 0.1
P, 0.2 0.5 0.1 0.3 0.2 0.3 0.1 0.2 0.1
U i 4
03 05 05 11069 187.12 111.89 144.16 12841 147.56 113.65 130.13 114.31
1 113.26  235.68 11528 16295 140.13 172.14 119.04 14492 120.94
1.5 11471 27438 11737 17647 14884 192.72 123.16 157.54 126.67
1 05 10849 157.89 109.25 131.74 120.88 13338 110.27 121.73 110.60
1 110.69 187.12 111.89 144.16 12841 147.56 113.65 130.13 11431
1.5 112.19 21286 11381 15439 13474 16042 116.54 137.83 117.75
1.5 05 10749 14724 108.15 12698 118.05 12833 109.01 118.75 109.30
1 10933 168.07 110.23 136.17 123.54 13826 11145 124.61 111.87
1.5 110.69 187.12 111.89 144.16 12841 147.56 113.65 130.13 114.31
0.5 05 05 10634 14943 107.34 126.79 117.99 129.72 10899 119.62 109.68
1 108.30 17890 109.87 139.48 126.13 14573 112.85 129.63 114.32
1.5 109.56 204.05 111.62 14945 132.67 159.82 116.02 13853 118.51
1 05 10489 13272 105.60 119.06 113.12 120.86 106.71 114.15 107.16
1 10634 14943 107.34 12679 117.99 129.72 10899 119.62 109.68
1.5 107.44 16477 108.73 13354 12230 13799 111.02 12477 112.06
1.5 05 10430 126.81 10492 11622 11136 117.77 10590 11225 106.29
1 10542 13845 10622 121.76 114.81 123.88 107.50 116.01 108.01
1.5 10634 14943 107.34 126.79 11799 129.72 108.99 119.62 109.68
0.7 05 05 10326 12458 103.88 113.99 109.70 115.83 105.00 110.82 105.51
1 104.54 140.16 10549 12134 11451 12473 107.34 116.54 108.26
1.5 10549 15437 106.76 127.68 118.70 13296 109.41 121.87 110.83
I 05 10245 11620 10291 10985 107.02 111.12 103.71 107.80 104.07
1 103.26  124.58 103.88 113.99 109.70 11583 105.00 110.82 105.51
1.5 10395 13256 10473 117.81 112.19 12037 10621 113.73 106.91
1.5 05 102.15 11331 102.55 10839 106.08 109.50 103.26 106.77 103.58
1 102.74 119.04 103.25 111.27 107.94 112.71 104.15 108.82 104.56
1.5 10326 124.58 103.88 113.99 109.70 115.83 105.00 110.82 105.51
09 05 05 10095 106.99 101.16 104.13 10294 104.74 101.56 103.33 101.75
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1 101.42  111.69 101.73 106.54 104.53 107.52 10235 105.16 102.65
1.5 101.84 116.24 102.26 108.82 106.05 110.23 103.10 106.95 103.54
1 05 100.70 104.59 100.85 102.88 102.11 103.33 101.15 102.40 101.29
1 10095 106.99 101.16 104.13 10294 10474 101.56 103.33 101.75
1.5 101.19 109.36 101.45 10535 103.74 106.14 101.96 104.25 102.20
1.5 05 100.61 103.78 100.75 102.46 101.83 102.85 101.01 102.09 101.13
1 100.79 105.39 100.96 103.30 102.39 103.80 101.28 102.71 101.44
1.5 10095 10699 101.16 104.13 10294 10474 101.56 103.33 101.75

Table 2. Percent relative efficiencies of the estimator 4,, with respect to the estimator (ﬂ;u ) ,
t

P 0.6 0.6 0.7 0.7 0.8 0.8
P, 02 02 0.15 0.15 0.1 0.1
2 P, 0.2 0.2 0.15 0.15 0.1 0.1
U, U, ‘
0) 0.1 0.4 0.1 04 0.1 04
/1,,\‘ 0, 045 0.3 045 0.3 045 03
0, 0.45 0.3 0.45 0.3 045 0.3
0.5 12022 14698 11322 12450 10772 111.59
0.5 1 12855 16577 119.06 13510 11132  116.94
15 13571 181.98 12431 14464 11468 121.94
0.5 11552 13641 11005 11874 10583  108.78
0.5 1 1 12022 14698 11322 12450 107.72  111.59
1.5 12455 15674 11622 12994 109.55 11431
0.5 113.87 132.68 108.95 11674 10518  107.82
0.7 1.5 1 117.14 14003 11113 12069 10646  109.73
1.5 12022 14698 11322 12450 107.72  111.59
0.5 11006 12332 10820 114.64 10576  108.24
0.5 1 11441 13288 11191 121.09 10847  112.08
03 15 118.12 14111 11522 12688 11099  115.66
0.5 107.60  117.94 10618 111.14 10433  106.22
1 1 11006 12332 10820 114.64 10576  108.24
15 11233 12829 11011 11795 107.13  110.19
0.5 10673 11604 10547 10993 103.84 10553
1.5 1 10844 11978 10686 11233 10481  106.90
1.5 11006 12332 10820 114.64 10576  108.24
0.5 16197 38875 133.94 19398 11695 13236
0.5 1 181.81 48028 14673 22894 12418  146.02
1.5 197.15 55164 15739 25820  130.63 15823
0.5 149.68  332.54  126.53 17382 11299  124.89
0.5 1 1 16197 38875 133.94 19398 11695 13236
1.5 172.57 43754 14064 21227 12067 139.39
0.5 145.14 31186 123.88 166.63 111.62 122.30
15 1 153.99 35221 129.09 18076 114.34  127.43
1.5 161.97 38875 13394 19398 11695 13236
03 0.5 11948 178.17 11546 139.92 11045 118.80
0.5 1 12600 20326 12142 15495 11496  126.80
1.5 13096 22273 12634 16750 11896  133.95
0.5 11539 16270 11198 13123  107.98  114.42
0.3 1 1 11948 17817 11546 13992 11045 118.80
1.5 12298 19156  118.59 14779 11278  122.92
0.5 11386 15699 11073 12813 107.12  112.90
1.5 1 11683  168.12 113.18 13422 108.82  115.91

1.5 119.48 17817 11546 13992 11045 118.80



oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Pi=03and P03

Measure of privacy protection

Fig. 3. Measures of privacy protection of different models

P,=04 and P05

40

—1L
%l — LY
—0L

Measure of privacy protection

Fig. 4. Measures of privacy protection of different models

percent relative efficiencies increase and decrease
for decreasing values of U, and U, , respectively.
(v) From Figures 1 and 2, the values of percent relative
efficiencies increase as the values of k decrease.
(vi) Figures 3 and 4 clearly show that the level of
privacy protection of the proposed randomized response
model is better than the contemporary randomized

response models of Singh and Tarray (2014; 2017).
7. Conclusions and recommendations

The proposed two-stage randomized response model and
subsequent estimation procedures have shown exceptional
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performance in comparison to similar types of models
and estimation procedures. It is worthwhile to mention
that the suggested model and resultant estimators are
much more efficient than the contemporary estimators,
and at the same time, provide more safeguards in terms
of privacy protection. The theoretical and empirical
results also reveal that the proposed model is more
adequate in terms of ascertaining truthful responses from
respondents, and subsequent estimation procedures are
more effective at estimating the mean number of persons
in the population who possess a rare sensitive attribute.
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