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Abstract

In this paper, we obtain the explicit solutions of a three-dimensional system of
difference equations with multiplicative terms, extending some results in literature.
Also, by using explicit forms of the solutions, we study the asymptotic behaviour of
well-defined solutions of the system.
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1. Introduction

Difference equations and their systems have been argued in the literature for several
decades (Kulenovi¢ & Nurkanovi¢, 2005; Papaschinopoulos & Schinas, 1998;
Diamandescu, 2009; Papaschinopoulos & Stefanidou, 2010; Elabbasy et al., 2011,
Taskara et al., 2011; Tollu et al., 2013; Yazlik, 2014 and references therein). The
dominant trend in the theory of difference equations is actually to obtain the solutions
of difference equation systems in the meaning of explicit or closed form. The solution
forms are both an interesting and an elegant approach to study the existence and
asymptotic properties of solutions of these systems (Yalcinkaya ef al., 2008; Yazlik
et al., 2014). Sedaghat (2009) determined the global behaviours of all solutions of the
rational difference equations

ax ax x
X - Tl X —“nnol a b > O. (1)
n+l > Mn+l s Uy
xx  +b x, +bx ,

n"'n-1

Stevi¢ (2004) gave a theoretical explanation for the formula of solutions of the
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difference equation

x
— -1
””_1+):x , neN,. 2

n*"n-1

X

Later, the author showed that the following two-dimensional system of difference
equations

axn—l _ ayn—l neN (3)

n+l 0°

= 5 5
bynxn—l +c ﬂxnyn—l + 7/

can be solved (Stevié, 2011). Stevi¢ (2012) studied the three-dimensional system of
difference equations

a\xX, o BV - a2, ,

X = y = =
n+l H n+l > “n+l
bzznxnflynf2 + c2 b}'xnynflznfl + C3

, heNy, 4
blynznfl'xan +cl ( )

and showed that the system in (4) can be solved as the two-dimensional system in (3)
(see also Stevi€ et al., 2012). Then, El-Metwally (2013) obtined the solutions form for
the following systems of rational difference equations:

_ yn‘xn—l _ ‘xnyn—l
- s S+l T
i‘xn—l T yn—2 i.yn—l T ‘xn—Z

n+l

. ne NO' (5)

Stevic et al. (2014) solved in closed form the system of difference equations

xn—kyn—l _ yn—k'xn—l
yn - d
n yn—k + cn 'xn—l—k

X, = , , neN,, 6)
bnxn—k + anyn—l—k ’

by generalizing systems in (5), and so considerably extended the results of El-

Metwally’s paper.

They used formulas in the investigation of the asymptotic behaviour of the well-
defined solutions when the sequences (4, ), .y, »(6,),.x, - (¢,),.y, and (d,), ., are all constant
and k =2/ in (6). They presented the domain of undefinable solutions of the system.

Remark 1. While system (3) is an extension of the first equation in (1), the system in
(4) is a three-dimensional extension of the system in (3). Similarly, the system in (6) is
an extension of both the second equation in (1) and the system in (5).

Another extension of the second equation in (1) is the following three-dimensional
system of difference equations:

_ 'xnyn—l _ ynZn—l _ ann—l N 7
- b H yn+1 - b H Zn+l - b H ne 0> ( )
ayX, +0,Y,_» ay,thz,, a,z, +0,x, ,

n+l
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where the parameters a,, b, and the initial values x_;, y_,,z_, (i = 0,1,2) are real
numbers.

Note that the system in (7) can be written in the form

X
n—-1 __
—_b2

V4

_ _ zZ zZ X _
yn 1 =b0 yn 2+a0’ n-—1 =b] n 2+a|, n-2
X X

n+l n yn+l yn

+a,, neN, (8

n+l n

Therefore, the system in (7) reduces to first-order linear equations and so is solvable
in explicit form. Using this approach, in this paper we get explicit solutions of the
system in (7) and determine the forbidden set of the initial values x_,, y_,,z_, (i =
0,1,2) and also study asymptotic behavior of the solutions using their explicit forms.

2. Explicit solutions of the system

In this section we show that system (7) is solvable in explicit form. Here eight possible
cases rise according to parameters a, and b :

Case 1: b, =1, b, #1and b, #1

In this case, we obtain the system

~ ~ zZ zZ X, _ X,
yn 1 :yn 2+a0’ n—1 :bl n2+al, n-1 :b2 n 2+a2, nENO,
X X z

n+l n yn+l yn n+l n

from which it follows that

y;—’f:);—;+ a,n, Z;’}—nzzj}—ozbl” +a, ll:bbl}: ,x;—nZ:);—ozbZ” +a, 11:]2 )
From (9), we have
X = ! Y, = ! z,
Co(ran)T (ran)(ab T )
~ (10)
(e (g )b )
Yu = nl a Zyn = P 1 2 . o Xn-a
(a0 + %) (qllbl )b+ o

(g7 +4% ) (g3 +1%, ) (2 +a, (n—4)) Yo
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and
B ! ,
Co(abi )T (4 ) (B e (n-2))
. (12)
= Z
(q2b2"+]fzz)(fc—;z+a0(n—2))(qlblﬂ—4+]%I) 6
where g, zzy;;—%and q, :xz;oz_ 1372 . By decomposing (10), (11) and (12), we
get the following non autonomous equations
X = ! X,
6(n+1)-j (/‘;;02+a0 (6(n+1)_j))(qlb16n+4—j+ lizlbl)(qzbzémz—j_'_%) on—j> (13)
Y = 1 Y
6(n+1)—j (qlbf’(m)_j+1%1)(q2526”+4_j+%)(%+ao(6n+2—j)) 6n—j° (14)
and
1
Zé("'”)‘f - 6(n+1)—j a, Vo . 6n+2—j a Zé"_j’ (15)
(612192 +15 )(X—”+a0 (6n+4—]))(q1b1 +ﬁ)

where qlzi’f;—:—‘h,qzz’c’z & je{—3,—2,—1,0,1,2} and neN,.

E )

Equations (13), (14) and (15) easily can be solved as the following

Xgpj = st >
6n- i=1_£1();02+a0 (6(i+1)_j))(qlbl6i+4fj+1111bl)(q2b26i+2*j +1%2)
_ Yo
Yon-j =1 6(+1)-j |, a 6ivd—j | a \[ ¥, ; )
g(%bl +ﬁ)(42b2 %) (5 ray (6142 ) (16)
z, .= i, )

j]:([i(qzbf(m)f + 132)(%2"‘“0 (6i+4—j))(qlb16i+z—j n lizlbl)

) )

where ¢, 227)2_1371 G =TT je{—3,—2,—1,0,1,2} andneN,.
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Case2:b =1, by #1and b, #1

In this case, the system becomes

z z X X
V-1 — bO Y2 +a,, n-l _ “n-2 +a,, n-1 _ b2 n-2 +a,, ne No,
Xn+1 xn yn+1 yn Zﬂ+1 Zﬂ
from which it follows that
1-b, z z X x 1-p"
oz Vo by +a,—~, 2 =—2+qn—"2="2pb+a,—=*.
R I=by " v, z, z, 1-b,
From (17), the general solution follows as
_ ‘x—j
xénfj "ol 6(i+1)- 6ie s
)= 4 Z . . i+2—j a
[ (gt ™"+ 5% ) (5o @ (6 +4-7)) (925" 4%
_ Y_;
yénij = 6itd— i 6o s
Z 1 r i+4-j a i+2—j a,
i=0(y°2 +a1(6(1+1)—]))(q2b2 + 1722)(q0b0 + 1720)
Z
Zén*j e ,

(%bzé(iﬂ)ij + 1[372 )(%boéiﬂij + 1i10bo )(2)702 +q (6i +2 _J))

I
(=}

V2

where g, = lf—‘;o, q, =xz;: 132 , j € {—3,—2,—1,0,1,2} andneN,.

Case3:b, =1, by #land b, #1

In this case, the system is

z z
yn—l :b() yn—2 +a0, n—1 :bl n—2 +a1, n—1 — n—2 +a2’ nENO,
‘xn+l ‘xn yn+1 yn n+l Zn

from which it follows that
1-5 =z z 1-b" x X
RS RERE N S ST RS A i = NS B )
X, X, 1-b, v, Yo 1-b, z, Z,

The solution can be obtained from (19) as

a7

(18)

(19)
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X

Fon-y = i i o >
(gt ™ ) (908 + % ) (5 (6642 7))

Yen-j =57 i Y- — ,
[(ab +4% ) (5 +ar (64 4-7)) (a5 +1%) o)

Zén*j = Zﬁj ,

(xz;; ta, (6(i +1)- j))(qobgiwij + 1%, )(qlblémij +i5

)

where g, = — :Zo , 4, zﬂ—%, Jj e{—3,—2,—1,0,1,2} andne N, .

Case4: by #land b, =b, =1

In this case, we get the following system

z
yn—l b() yn—2 +a0; n—1 — n—2 +a1’ n—1 — n—2 +a2’ ne N();
xn+1 xn yn+1 yn n+l Zn
from which it follows that
1-5" =z z X X
oz Vo by +a,—%, =" t+gn "2 ="2+q,n. 1)
xn xO 1 - bO yn yO Zn ZO

From (21), the solution of system (7) takes the form

X
o ;;(qob(f("“)"' + lfgo)(zy;jJral (6i+4—j))(’;;02+a2 (6i+2—j)),
Yorj =3 = ;
‘ ,-=o(zy;02+al (6(i+1)—j))("7;2+a2(6i+4—j))(q0b§”2"" +lf—go) 22)
Zonj = — ;

M5 +a (6(+1)=7))(anbd ™ +%) (52 +a(6i+2- 7))

i=

where g, =22 -2, j e {—3,—2,—1,0,1,2} andn e N, .

Xo 1=by °
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Case 5: b, #land b, =b, =1

In this case, the system is expressed as

zZ z X X
yn_l — yn—Z + a(); n-1 — bl n-2 + a]; n—1 — n—2 + az) ne N()’
X X

n+l n yn+l yn Zn+l Zn

from which it follows that

-4 x,, x,
f ,———=—=+a,n. (23)
Yo 1-b =z 2

n

z z
oz Voo an, 22 ="2ph"+a
x X,

n n

From (23), we obtain the solution of system (7) as follows

Xen-j = nz a >
" l_lj(yxoz+a0(6(i+1)—j))(qlbf”4f + it ) (2 +a, (6i+2- )
Yen-j = N s ,
[:O(qlbf(’“)” +lf—'h)(%+a2(6i+4—j))(%+ao(6i+2—j)) (24)
Z
Zon—j = )

(5 +an(6(+1) =) (2 + o (61 4=)) (> + 7

I§
(=}

where ¢, ZZT:—%, je{—3,—2,—1,0,1,2} andn e N, .
Case 6: b, #land b, =b, =1

The case yields the following system

z z X X
yn—l — yn—2 +(10, n—1 — n—2 +a1, n—1 — b n—2 +a2’ ne N07
‘xn+l ‘xn yn+1 yn Zn+1 Zn
from which it follows that
z z X X 1-b7
Juz Vo +an, L= taqn"2="2p"'+q,—=.  (25)
X, X, v, Yo z, z, 1-b,

The solution can be obtained from (25) as
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X .

x nJ = = . . ?
" i_;({qf+a0 (6(i+1)=j)) (52 +a, (6i+4—j))(q:b5> +:%)
Yon-j = — 26
6n-j ~ n-1 ] ] s
TG (6 ) ) (@b ) (2 va(6ie2-)
zZ .
z .= —J

9

‘ (qzbf(”l)’-’ +1‘_1—§,2)(yx—j+aO(6i+4—j))(zy;;+a1 (6i+2—j))

ay .

where g, =22 -5, je{-3,-2,-1,0,1,2}and n € N,.

Case7: by=b,=b, =1

In this case, the system is

h=£+ao, fS S +a, 1S ) +a,, neN,
xn+1 xn yn+1 yn Z/1+1 Zn
from which it follows that
h:h+aon, £:£+aln,x”—’2:£+a2n. 27)
xn xO yn yO Zn ZO
From (27), the solution of system (7) takes the form
X_ .
xG"*.f = n—1 ! B} ’ >
izo(%+a0(6(i+1)—j))(ﬁ+al (6i+4—j))(%+a2 (6i+2—j))
Yon-j = s
onmd . A\ x . . . N2
g(ﬁ+al(6(z+l)—]))(fj+az (61+4—J))(y7;2+a0 (6l+2—j)) (28)
Z_;
Zfmfj = n-1 ’ H

H(%:Jraz(6(i+1)—j))(%ﬂ2+a0(6i+4—j))(zy%02+a1 (6i+2—j))

where j € {—3, —2,—1,0,1,2} andn e N,
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Case 8: b, #1, b, #1and b, #1

In this case, the solution of each equation in system (8) is as follows

1-b 1-b" 1-b)
o Yo T S Zapey g 70 T JXapn g T peN (29)
Xy Xo l_bo Y Yo l_bl <, <y 1 _bz

From (29), we get the solution of the system (7) as

xj
Kon-j = 7 ’
6(i+1)-j a 6i+4—j q 6i+2-j a
1 (%bo i, )(%bl T+ ﬁ) (%bz T+ b, )
Y-
y(’n*/ = n—1 >
6(i+1)—j a 6i+d—j a 6i+2—j a (30)
I (0" i )b 4% ) (@b +45,)
Zgpj = =
6n—j n-1 B
6(i+)-j |, a 6i+4-j | a 6i+2-j , a
H}(Qsz( s b, )(%bo e b, )(%bl T h )

ay Z_, a,

where g, =22 —%-, ¢, =2 —, ¢, = 215, j€{-3,-2,-1,0,1,2} and
neN,.

Corollary 2. Assume that g, +5, =1 (i=0,1,2)and y_, =X, z, = Y, X, = Z.
Then every solution of system (7) is six-periodic.

The next theorem establishes the forbidden set of the initial values x_,,y_,,z_;
(1=0,1,2) of (7).

Theorem 3. Let =(X,,X_,X_y, Vs V_1»V_25Z9>Z1,Z_, ) . Then the forbidden
set F of (7) is given by

y::U{geR" : xi:O}UU{geR() : y,-:o}

i=0

UU{56R9 Z,ZO}UO{5€R9 Y= —}/,(70)}

i=0 =0 Xo

UO{QERQ : Q:yil)}UO{geRg =2 —}/752)},
n=0 yo n=0 ZO

where
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Proof. We observe that ifx ,y z,#0,i€{0,1}, andx,=00ry,=0o0r
z_, =0, then the solution {xn s Vs Z, }n:—Z can be determined for somen € N, , while
the solution can not be determined for the casex_,y .z, =0,i€e {0, 1}. Thus we can
incorporate the case x_,y_,z_, =0,i€ {0,1}, into the forbidden set. If x_,y _,z_, #0,

i€ {0 1} then we define new variables u( )= 2 ”S) = ;2 andu(z) =22 In this

case, (8) can be written in the form of the linear ﬁrst order difference equatlons

u? —bu()+a ,i€{0,1,2}, ne N, (31)

n+1 in

which is independent of each other. Now, we indicate that the solutions of system
(7) are not defined if and only if

ayx, +b,y, ,=0oray, +bz, ,=0o0ra,z, +bx, ,=0.

That is, the termsx, , ¥, and z, cannot be calculated for some#n € N, after finite
number of terms are calculated. So we can establish our proof on the fact that the solutions
of the system are not well-defined in the cases x,y,z, =0 for somen € N . Let

fiw)=bu+a, i {0,1,2}.
Then we can write equation (31) as the following

u® = £y, i€{0,1,2}, ne N,

n+1

which have the solutions

uil) — ﬁn (u()i))ﬂ ie {O’ 1, 2}, ne NO'
Suppose that

=0, ie{0,1,2}, n,e N,,
which implies

£7(0) =u,. (32)

The inverses of the functions f, can be calculated as follows

)= V__ L, ie{0,1,2}.

Now note that difference equations associated with inverse functions fl._1 are

MO,
MO _T’, i€{0,1,2}, ne N,. (33)

n+1
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From (32) and (33), it follows that
= [ (0)=—~—1 7 ( _ ) ,ie{0,1,2}, ne N,
for b, #1.1f b, =1, then from (32) and (33), we have

uéi) =—a (n+1), i€ {0,1,2}, ne N,.

Consequently, we have the eight possible cases in the theorem. So the proof is
complete.

From the above theorem, it can be said that if initial valuesx_,,y_,,z_, € F,
{i =0,1, 2}, then every solution of system (7) is well-defined.

Theorem 4. Assume that b, #1, (i =0,1, 2), and (xn s VurZ,) 5, isawell-defined
solution of system (7). Then the following statements hold.

a) If |b|>1 and g, #0 or |b|>l and ¢, #0 or |b2|>1 and g, #0, then
Xen; =0, Yg,.;, >0 and z,, , =0 as n—> oo,

() (%))

b) If [b| <1, [b] <1, |B,| <1 and e

<1, then ‘xén j‘ —> 00

6n—j|_)°° as N —> oo,

and |Z

o) If |b| <1, b| <1,

> 1, then ‘xﬁnﬁ“ -0, ‘yénfj‘ -0

() (5 (%)

and|Z .|%0 asn — oo,

s [p| <1 and (12 )(5-) (1%

and ( z ) are convergent,
6n-j nEN,

d) If b| <1,

) 1, then (xén f)nEN (y6n_ i )nEND

e) If|b0|<l, |b1|<1, |b2|<1 and(

1720)(10117 )(lab ) ~1, then ('xlzn—j >n€N0 )

X ) ( ) ( ) (z ) and(z )
( 120n46-7 ) en, 2 Vion-j N, Viznse-j s, * \F12n-j ) en, 12n46-) ) e,

are convergent,

) 4y Z2 4

where ¢, =->—13-, ¢, =-*—1 and %ZXZO lb,]e{—3 -2,-1,0,1,2},
ne N;.
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Proof. We will present the proof for each cases seperately. For the proofs of (a)
and (b): Let

>

XO | g pomoi 4 a, b6m+4 j+ b6m+2—j+ a,
m qO 0 l—bo ql b q 1—1)2

=

YO —| g pomtoi 4 a, b6m+4 j + a, b6m+2 j +i

Z(l) = b6m+6—j+ a2 b6m+4 J 40 b6m+2—j+ al
m 4,9, 1-b, q0Y 1 b 9,5, 1-h,

After that the result follows from the asumptions in (a). Thus, we obtain

11m|x6n_j|:}111_)n3|y6n_j =lim|z,, J| 0.

n—>o0 n—>o0

As a similar approximation, by the facts in (b) and using formula (30), we have

= oo,

lim |x6n_].| =lim | ye,7__;| =lim Zﬁn—j|

n—oo n—oo n—oo

For the proof of (¢c): By reconsidering the assumptions in the beginig of the proof,
a simple calculation

|a0aa2|
|(1 b )(1-5,)(1-b,)’

gives the result. For the proofs (d) and (e): In fact it will be given only the proof of (d)

lim

n—oo

n—>o0 n—>o0

since (e) can be obtained with the same manner. Again reconsidering the assumptions,
it is seen that

X(l) _ b6m+6 j + b6m+4 j L4 a, b m+2—j+ a,
! ( 1- bj{q T 1-b,

+ (1 _ bO )qO b6m+6—j + (1 — bl )ql b6m+4—j + (1 _b2 )qZ b6m+2—j
0 1 2

a, a a, (34)
+ (1 —b, )(1 —b, )qoql pome-ipbmsa=j 4 (1 —b, )(l —b, )qoqz o= 62
ava o | aa, o )

1-b)(1-b . .
+ ( 1 )El - 2 )q1q2 b16m+47‘/b26”1+27_] + O(bé’mblﬁmb;m),
172
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YO —| g pomoi 4 q, b6m+4—j+L b6m+2—j+L
m [% | -, 4,0, 1-b, 449 1-h,

+ (1 —b, )% b16m+6—j + (l —b, )qZ b26m+4—j + (1 —by )qo bé’"”z—f
al az aO (35)
n (1 —b, )(1 —b, )%% b16m+6—jb26m+4—j n (1 —b, )(l —b, )%% b06m+2—jb16m+6—j

a,a, a,a,

1-5,)(1-> . .
+ ( 0 )( 2 )quZ bO6m+2—]b26m+4—] + O(bgmblémb;m ),

aya,

and

AL b6m+6 I+ b6rn+4 S0 o pom+2-i +L
" [ - b][q 1—p, | I -5

+ (1 - b2 )‘b b26m+67j + (1 _bO )qO b(?m“Fj + (1—_ bl )ql b16m+27j (36)
a, 4 4

N (1 —b, )(l —b, )qoqz pome-ipmsa=j | (1 —b, )(1 -b, )qul o) pom+2=j
aa, ) 0 aa o )

1-b)(1-b A ,
+ ( 1 )El - 2 )qlq2 b16m+27_1b26m+67/ + O(b06mbl6mb26m )’
172

for every j € {—3,—2,—1,0, 1,2} and sufficiently large m. From (34), (35), (36),

on the convergence of products.

Theorem 5. Let at least one of parameters b, , (i =0,1, 2), be one and (xn V2, )

n=-2

be a well-defined solution of system (7). Thenx,, , =0, y,, , =0, z,, . —0.

6n—j

Proof. Let

X = &+a0(6m+6—j) Z;z+a1(6m+4—j) £+a2(6m+2—j) ,

Xo Yo Z

S

YO =| Z2tq (6m+6-) | 2 +a, (6m+4—-7) | 22 +a, (6m+2-j)

0 0 0

70 =| 2ha, (6m+6—j) | Z24a,(6m+4— ) | Z+a,(6m+2-) |,

0 X0 Mo



=22 =2 +aq,(6m+6— ])j(qlbé"”4 ’+1 b ][qzbfm” ]+1il—2bz ,

=| q,b"""" ’+1 ; J(qzbz””4 ’+1il—sz[y = +a,(6m+2-j) |,

= q,by" " +—2— % }(y 2 +q,(6m+4-j) qlbf’””‘wi ,

= %%““’4%}[2;2”1 (6m+4-j) | gbf"> 7+ |
0

= 2"'“1 (6m+6_j)J(qzbz6m+4_j +Cl_2 %bgm”_j +L )
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i e | v ) | Dva o2 )
1-b, | » Z

0 0

ﬁ+al (6m+6- ) £+a2 (6m+4=7) | g0 e
Ve z, 1-b,

22ty (6m+6- ) | qpbf" T+ | 2t g, (6m+2- )

y2+(l0(6M+6 J) ab™ T + = h""12(67’”‘"2_1')
Xy 1_b1 2y

qlbl()m+6*j+ a, j(h—FGQ (6m+4—]) y2+a0 (6m+2 ])
1-b, |\ z,

Xo

£+a2 (6m+6—j)]

0

[&4'610 (6m+4_j)][qlbl6m+2j + a
. 1-b,

2+a1(6m+4 J) q2b6m+2’+
I,

X2 4 a,(6m+6- )
X, Yo

0

o 0

2 4gq (6m+6—j)J q2b§m+4‘f+%][y2+ao (6m+2—j)
]

0 0

qzbf'”+6"+—la2b J[y2+ao(6m+4 ])](—+a1(6m+2 J)
-b, VY

X0

0

1-0,

0

Yo 1-b, 1=,
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Z0 = | @by = | qb Y+ | 22t (6m 42— ) |
1= b 1-b, | »
and
X(S) — 6m+6—j a, 6m+d—j a, X, .
m qOb + q1b1 +— _+a2 (6m+2—]) ,
—b, 1-b | z
®) ._ 6m+6—j X, . 6m+2—j 0
Y, = g +— —+a2(6m+4—]) q,b, +—0 |
1- bl 2y 1-b,
Z(S) = 2 +a (6m+6— b6m+4 j 40 b6m+2—j + 1
m z, 2 ( ]) 400 - b 9,9, —1 _bl

Since lim, | X\°|=lim,__|v®|=lim, _|Z|=co,(k=2.3.....8), and by
(14), (18), (20), (22), (24), (26) and (28), this completes the proof.

3. Conclusion

In this paper, we investigate an extension of the second equation in (1), that is,
the system given in (7). After that we reduce this system to the first-order linear
equations and then we obtain explicit solutions of the related system. Additionally,
we determine the forbidden set of the initial valuesx_;, y_;,z (l 0,1 2)and also
study asymptotic behavior of the solutions using their exphclt forms. Thus, we extend
some recent results in the literature.

In the future studies on systems of difference equations, we except that the following
topics will bring new insight:
1) The system in (7) can be extended to higher-dimensional systems;
2) The system in (7) can be extended to higher-order systems;

3) and finally, one can investigate behaviors and solubility of these extended
systems.
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