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ABSTRACT

Let G be a group and w(G) be the set of element orders of G. Let k € w(G) and s, be the
number of elements of order k in G. Let nse (G) = {si|k € w(G)}. In Khatami et al and
Liu’s works, the groups L3;(2), L3(4) and L;3(5) are unique determined by nse (G). In
this paper, we prove that if G is a group such that nse (G)= nse(L3(7)), then G = L3(7).

Keywords: Element order; projective special linear group; Thompson’s problem;
number of elements of the same order; simple group.

INTRODUCTION

In 1987, J. G. Thompson posed a very interesting problem related to algebraic
number fields as follows (Shi, 1989).

Thompson’s Problem. Let 7(G) = {(n, s,)|n € w(G) and s, € nse(G)}, where s, is
the number of elements with order n. Suppose that 7(G) = T(H). If G is a finite
solvable group, is it true that H is also necessarily solvable?

A finite group G is called a simple K, -group, if G is a simple group with
7(G)] = n.

It was proved that: Let G be a group and M some simple K;-group, i = 3,4,
then G = M if and only if | = |M| and nse (G) = nse(M) (Shao et al., 2009; Shao
et al., 2008). And also the group A, is characterizable by order and nse (Liu &
Zhang, 2012). Recently, all sporadic simple groups have been proved to be
characterizable by nse and order (Asboei et al., 2013).

Comparing the sizes of elements of same order but disregarding the actual
orders of elements in 7(G) of the Thompson’s Problem, in other words, it
remains only nse (G), whether can it characterize finite simple groups? Up to
now, some groups especial for L,(q), where ¢ € {7,8,9,11,13}, can be
characterized by only the set nse (G) (Khatami ez al., 2011; Shen et al., 2010).
The author has proved that the groups L3(4) and L3(5) are characterizable by
nse (Liu 2013). In this paper, it is shown that the group L;(7) also can be
characterized by nse.
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Here we introduce some notations which will be used. Let a.h denote the
product of an integer a by an integer b. If n is an integer, then we denote by m(n)
the set of all prime divisors of n. Let G be a group. The set of element orders of
G is denoted by w(G). Let k € w(G) and s; be the number of elements of order k&
in G. Let nse (G) = {sx|k € w(G)}. Let 7(G) denote the set of prime p such that
G contains an element of order p. L,(q) denotes the projective special linear
group of degree n over finite fields of order ¢. U,(q) denotes the projective
special unitary group of degree n over finite fields of order ¢. The other
notations are standard (Conway et al., 1985).

SOME LEMMAS

Lemma 1. (Frobenius, 1895) Let G be a finite group and m be a positive integer
dividing |G|. If L,,(G) = {g € G|g" = 1}, then m||L,,(G)|.

Lemma 2. (Miller, 1904) Let G be a finite group and p € 7(G) be odd. Suppose
that P is a Sylow p-subgroup of G and n = p*m with (p,m) = 1. If P is not cyclic
and s > 1, then the number of elements of order » is always a multiple of p*.

Lemma 3. (Shen er al., 2010) Let G be a group containing more than two
elements. If the maximal number s of elements of the same order in G is finite,
then G is finite and |G| < s(s*> — 1).

Lemma 4. (Hall, 1959) Let G be a finite solvable group and |G| = mn, where
m=p{t-- p% (myn)=1.Let m={p1,--,p,} and h,, be the number of Hall 7-
subgroups of G. Then #,, = qf '... g% satisfies the following conditions for all
ie{l,2,--- s}

(1 qf" = I(mod p;) for some p;.

(2) The order of some chief factor of G is divided by qf-} n

Lemma 5. (Shao & Jiang, 2010) Let G be a finite group, P Glfyl (G), where
p € 7(G). Suppose that G has a normal series K<L <G and p||K]|, then the

following statements hold:
(1) Ngjx(PK/K) = Ng(P)K/K
(2) If P <L, then|G: Ng(P)| = |L: N.(P)|, namely, n,(G) = n,(L)

(3) If P<L, then |L/K:N;k(PK/K)|t=|G:Ng(P)|=|L:N.(P),
namely, n,(L/K)t =n,(G) = n,(L), for some integer ¢. In particular,
[Nk(P)[t = |K]

To prove G = L3(7), we need the structure of simple Ky-groups.
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Lemma 6. (Shi, 1991) Let G be a simple Ky-group. Then G is isomorphic to one
of the following groups:
(1) A7,As, Ay or Ajp.
(2) My, My, orJ,.
(3) One of the following:

(@) Ly(r), where r is a prime and »—1=2%-3".y¢ with
a>1,b>1,c>1,and visa prime greater than 3.

(b) Ly(2™), where 2" — 1 =u,2" + 1 = 31* with m > 2,u, t are primes,
t>3,b>1.

() Lx(3™), where 3" +1=4£,3""1=2u or 3" +1=413"" =24,
with m > 2, u, t are odd primes, b > 1,¢ > 1.

(4) One of the following 28 simple groups: L,(16),L,(25),
Ly(49), Ly(81), L3(4), L3(5), L3(7), L3(8), L3(17), L4(3), La(4), S4(5),
S4(7), 84(9), S6(2), 05 (2), G2(3), Us(4), Us(5), Us(7), Us(8)

Us3(9), Us(3), Us(2), Sz(8), Sz(32),2 D4(2) or 2F4(2)'.

Lemma 7. Let G be a simple Ky-group and {19} C 7(G) C {2,3,7,19}. Then
G =~ L3(7).

Proof. From Lemma 6(1)(2), order consideration rules out this case.
So we consider Lemma 6(3). We will deal with this with the following cases.
Case 1. G = Ly(r), where r € {3,7,19}.
Let r = 3. Then |7 (r? — 1)| = 1, which contradicts |7(r? — 1)| = 3.
Let r = 7, then |7 (r? — 1)| = 2, which contradicts |7 (r? — 1)| = 3.
Let r = 19, then |7(r? — 1)| = 3. Hence G = L»(19), but 5 | |G|, a contradiction.
Case 2. G = L,(2™), where u € {3,7,19}.

Let u = 3, then m = 2 and so 5 = 3¢*. But the equation has no solution in N,
a contradiction.

Letu=7thenm=23,and 2>+ 1 =3/ Thusr=3and b=1. But >3, a
contradiction.

Let u = 19, then 2" — 1 = 19. But the equation has no solution in N.
Case 3. G = L,(3™).
We will consider this case by the following two cases.

Subcase 3.1. 3" + 1 = 4t and 3" — 1 = 2u‘.
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We can suppose that z € {3,7,19}.

Let t = 3,19, the equation 3" + 1 = 4¢ has no solution. So we rule out the
case.

Let t=7, then m=3 and so 3> —1=2.11 , which means 11||G|, a
contradiction.

Subcase 3.2.3" + 1 =4/"3" + 1 =4¢>and 3" — 1 = 2u.
We can suppose that u € {3,7,19}.

Let u=3,7,19, then the equation 3” — 1 = 2u has no solution in N, a
contradiction.

In review of Lemma 6(4), order consideration, G = L;(7).

This completes the proof of the Lemma.

MAIN THEOREM AND ITS PROOF

Let G be a group such that nse (G)=nse (L3(7)), and s,be the number of
elements of order n By Lemma 3, we have that G is finite. We note that
sy = k(n), where k is the number of cyclic subgroups of order n. Also we note
that if n > 2, then ¢(n) is even. If m € w(G), then by Lemma 1 and the above
discussion, we have

o(m) | S
m| Y s (1)

d|m

Theorem 1. Let G be a group with nse (G) =nse L3(7))= 1,2793, 52136,117306,
117648, 134064, 156408, 234612, 469224, 59270, where L;(7) is the projective
special linear group of degree 3 over finite field of order 7. Then G = L3(7).

Proof. We prove the theorem by first proving that 7(G) C {2,3,7, 19}, secondly
showing that |G| = |L3(7)|,and finally conclude that G = L3(7).

By (1), m(G){2,3,5,7,17,19,117307,234613} If m > 2, then ¢(m) is even,
then s, = 2793,2 € 7(G).

In the following, we prove that 17 ¢x(G) .If 17 € 7(G), then by (1),s17 = 592704. If
217 € w(G), then by Lemma 1, 217|145y + 517 + 8578217 €nse(G). Therefore
2.17 w(G). Tt follows that the Sylow 17-subgroup Py7 of G acts fixed point freely on the
set of elements of order 2 and |Py7]| | 5», a contradiction. Similarly by (1), we can prove
that the primes 117307,234613 ¢n(G).
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Hence we have w(G){2,3,5,7,19}. Furthermore, by (1)
53 = 52136, 55 = 134064,469224 or 592704, s7 = 117648 and s19 = 592704.
If 24 € w(G), then p(2%) = 247! | sa and s0 0 < a < 7.
By Lemma 1, |Py| | 1 452 + 52 + ... + 5,7 and so | P| | 27.
If 3 € w(G), then 1 <a < 4.
Let exp (P3) = 3. Then by Lemma 1, |P;| | 1 + s3 and | P3| | 3°.

Let exp (P3) = 3% Then by Lemma 1, |P3| | 1 + 53 + 53 and |P;] | 3* (when
59 = 592704).

Let exp (P3) = 3°. Then by Lemma 1, |P3| |1+ s3 + 532 + 533 and |Ps] | 3¢
(when sy — 117306, 527 — 134064).

Let exp (P;) =3* Then by Lemma 1, |Ps||1+s3+ 53 + 535 + 534 and
|P3]3 A4 (when sg = 117648 , 557 = 469224 and sg; = 592704).

Therefore | P3| | 3.

If 22.3 € w(G), then by (Shao & Jiang, 2014), s,, ; = 2.s3.¢ for some integer 1.
But the equation has no solution since s, ; € nse (G). Therefore 22.3 ¢w(G).
Similarly 2.3* €w(G).

If 5 € w(G), thena = 1.

If 2.5 € w(G), then by (Shao & Jiang, 2014), 555 = 5.t for some integer # and
SO $2.5 = 55. But by Lemma 1, 2.5 | 1 4 55 + 55 4 525 (270922, 941242, 1188202),
a contradiction. Therefore 2.5 ¢w(G). Similarly 3.5 ¢w(G).

If 7% € w(G), then 1 < a <4.
Let exp (P7) = 7. Then by Lemma 1, |P7| | 1 + s7 and | P;| | 7°.

Let exp (P7) = 7%. Then by Lemma 1, |P;| | 1 + 57 + 52 and |P;] | 7° (when
s72{117306, 156408, 234612, 469224,592704}).

Let exp (P7) =7°. Then by Lemma 1, |P7| |1+ s7+ 52 + 553 and |P7] | 73
(when s € { 117306, 156408, 234612, 469224592704}).

Letexp (P7) = 7*. Then by Lemma 1, |P7| | 1 + 57 + 552 + s73 + 554 and | P7] | 7.
Therefore |P7| | 7°.

If 3.7 € w(G), then by (Shao & Jiang 2014), s37 = 2.s7.t for some integer ¢.
But the equation has no solution since s37 € nse(G). Therefore 3.7 € w(G).
Similarly 4.7 € w(G).

If 19 € w(G), then 1 < a < 2. Since 5,92 ¢nse(G), then a = 1. By Lemma 1,
|P19| | 1+ 519 and |P19| | 19.
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If 2.19 € w(G), then by (Shao & Jiang 2014), 5519 = s19. By Lemma 1,
2.19 | 1 4+ 55+ 519+ 52,19, a contradiction. Hence 2.19 € w(G). Similarly
3.19,5.19,7.19 & w(G).

To remove the prime 5, we assume that 7 € 7(G).

If 3,5,19 & 7(G). Then G is a 2-group. Since w(G) = 8 and there are exactly
ten numbers in nse (L3(7)) and consequently, we have a contradiction.

Let 19 € 7(G). Then since |Pyo| = 19,119 = 519/0(19) = 2°.3.7° and 7 € 7(G),
a contradiction.

Let 5 € 7(G). We know that s5 = 134064, 469224, 592704.

Let ss =134064. Then by Lemma 1, |Ps||1+ss and |Ps| =35 Since
ns = s5/¢(5) = 22.32.72.19, a contradiction.

Let ss = 469224. Then | Ps| = 5.
If | Ps| = 5, then ns = 2.32.7%.19,7, 19 € 7(G), a contradiction.

If |Ps| = 5%, then we can assume that {2,3,5} C 7(G). Therefore 1876896+
52136k; + 117306k, + 117648k; + 134064k, + 156408ks+ 234612k + 469224k7+
592704k = 29.3*.5> where ky,ks ..., kya,b are non-negative integers and

8

0 < > k; <2, then the equation has no solution in N.
k=0

Let ss = 592704. Then |Ps| = 5. Since ns = s5/p(5) = 2433737 € n(G), a
contradiction.

Let 3 € n(G).

Let exp (P3) = 3. Then | P3| | 3°.

If | P3| = 3, then since n3 = 53/¢(3) = 22.7°.19,7,19 € 7(G), a contradiction.

If |P5| =32, then 1876896+ 52136k + 117306k, + 117648k + 134064k4+
156408k +234612ks + 469224k; + 592704ks = 23 where kiks, ....ks, a are

non-negative integers and 0 < > k; < 0, then the equation has no solution in N.
k=0
Similarly we can rule out the other case | P3| = 33.

Let exp (P3) = 3% Then | P3| | 3* (when s9 = 592704).
f|P;| = 32, then 7 or 19 € 7(G), a contradiction.
If |P5] =33 then 1876896 + 52136k + 117306k, + 117648k3+ 134064ks+
156408ks + 234612ke+469224k7 + 592704kg = 2°.3%, where ky,ka,...,ks,a are
8

non-negative integers and 0 < ) k; < 1, then the equation has no solution in N.
k=0
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Similarly we can rule out the case | P3| = 3*.

Let exp (P3) = 3°. Then |P;| | 3% (when s9 = 117306, 527 = 134064).

If | P3| = 3%. Then since n3 = 533/¢(3*), 7 or 19 € 7(G), a contradiction.
If | P3| > 3%, we also can rule out.

Let exp (P3) = 3%

If |P3] = 3% then since sg = 592704),n3 = 534/0(3*) = 2°.73,7 € ©(G), a
contradiction.

If | P3| > 3%, then by Lemma 2, s34 = 3.7 for some integer 7. But the equation
has no solution since sy € nse(G)

Therefore 7 € 7(G).

If 5.7 € w(G), then by Lemma 1, 5.7 | 1 4+ 55 + 57 4 557. But 557 & nse(G). So
5.7 ¢ w(G). Tt follows that the Sylow 5-subgroup of G acts fixed point freely on
the set of elements of order 7 and | Ps| | s7, a contradiction. So 5 & 7(G).

If 19 € 7(G), then since njg = s19/¢(19) = 2°.3.73,3,7 € 7(G), then we only
have to consider two proper sets {2,7},{2,3,7} and finally the whole set
{2,3,7,19}.

Case a. 7(G) = {2,7}.

We know that exp (P;) = 7,7%,7°,7%.

Let exp (P7) = 7. Then |P;| | 1 + s7 and so |P| | 7.

Let |P;| = 7. Then since n7 = s7/¢(7) = 117648/6 = 23.3.19.43,19 € 7(G), a
contradiction.

Let |P7| = 7%. Then 1876896 + 52136k + 117306k, + 117648k3 + 134064k,4+
156408ks + 234612k + 469224l§7 + 592704kg = 2¢.49, where ki, k»,...,kg,a are

non-negative integers and 0 < > k; < 0. So the equation has no solution in N.
k=0
If |P;| > 7% , similarly we can rule out as the case “‘exp(P7) =7 and
|P7| = 7%".

Let exp (P;) = 7%. Then |P;| | 7°.

Let |P7| = 72. Then sy € {117306, 134064, 156408, 234612, 469224, 592704}
Since n7 = 572 /(7%), 3 or 19 € 7(G).

If |P;] =7 Then 1876896 + 52136k + 117306k, + 117648ks + 134064k4+
156408ks + 234612kq + 469224k + 592704kg = 24.7°
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8
where ki, ks, ...,ks,a, are non-negative integers and 0 < > k; < 1. So the
equation has no solution in N. k=0

Let exp (P;)=7. Then |P;]=7. Since s; € {117306, 134064,
156408, 234612, 469224, 592704} and n7 = 55 /o(7°), 3 or 19 € 7(G).

Let exp (P;) =7* Then |P;] =7* Since s, € {117306,156408, 234612,
469224, 592704} and n7 = 553 /(7%), 3 or 19 € 7(G).

Case b. 7(G) = {2,3,7}.

Let exp (P7) = 7. Then |P;| | 1 + s7 and so |P| | 7.

Let |P7] = 7. Then since n; = s7/¢(7) = 117648/6 = 22.3.19.43,19 € 7(G),a
contradiction.

Let |P7]= 72 Then 1876896 4 52136k; + 117306k, + 117648k; + 134064k,
+156408ks + 234612ks + 469224k7 + 5892704k8 = 2349 where ki, ky, ..., kg, a, b are
non-negative integers and 0< ) k; <5. Since 1876896 < |G| = 2030 72 <
1876896 + 5.592704, the equation haskgg solution in N.

If | P;| > 72, similarly we can rule out as above.

Let exp (P;)=7> Then |P;||7 and 1876896 + 52136k, + 117306k,+
117648ks + 134064ky + 156408ks + 234612ke + 469224k7+4 592704kg = 2¢.30.49
8

where ki, k,...,ks,a,b are non-negative integers and 0 < > k; < 6. Since

1876896 < |G| = 29.3°.7% < 1876896 + 6.592704 It follows thalgzghe number of
Sylow 2-subgroups of G is 1, 3, 7, 9, 15, 21, 27, 49, 63, 81, 147, 189, 243, 441,
189, 243, 441, 567, 729, 1323, 1701, 3969, 5103, 11907, 35721 and so the number
of elements of order 21is 1, 3, 7,9, 15, 21, 27, 49, 63, 81, 147, 189, 243, 441, 189,
243, 441, 567, 729, 1323, 1701, 3969, 5103, 11907, 35721, but none of which
belongs to nse (G).

Let exp (P;) =7 Then |P;||7° and 1876896 + 52136k;+ 117306k,+

117648k, + 134064ky + 156408ks+ 234612ke+ 469224k, + 592704kg = 2.37.49
8

where ki, ks, ..., ks, a, b are non-negative integers and 0 < ) k; < 8. We can rule

k=0
out this case as “exp(P7) = 7*".

Let exp(P;) =7* Then |P;||7* and 1876896 + 52136k + 117306k,+

117648k3+ 134064ks + 156408ks + 234612kq 4 469224k, + 592704k = 29.30.74
8

where k1, ks, ..., ks, a, b are non-negative integers and 0 < > k; < 9. We can rule

k=0
out this case as “‘exp(P7) = 7*".
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Case c. m(G) = {2,3,7,19}.

In the following, we first show that |G| = 2°.32.7°.19, 0r|G| = 26.32.7°.19,
secondly prove that G =2 L3(7).

Step 1. |G| = 2°.32.7%.19 , or|G| = 20.32.73.19
From the above arguments, we have that |Pjg| = 19.

We know 7.19 € w(G). It follows that the Sylow 7-subgroup of G acts fixed
freely on the set of elements of order 19 and so |P;| | si9. Therefore |P;| | 7°.
Similarly 2.19 € w(G) and |P,| | 23.7 ¢ w(G) and |P;] | 3%.

Therefore we have |G| =2".3"77.19. But 1876896 = 25.32.73.19 <
2m 3779 19. Therefore |G| = 2°.32.73.19, |G| = 25.3%.73.19, |G| = 26.32.73.19, or
G| = 26.33.73.19.

Step 2. G = L3(7)

First show that there is no group such that |G| =2632.73.19, and
nse(G)= nse(L3(7)). Then get the result by (Shao ef al., 2008).

Let |G| = 2°.32.73.19 and nse (G)= nse(L3(7)).

Let G be soluble. Since sj9 = 592704, then nj9 = s19/¢(19) = 2°.3.73. By
Lemma 4, 3 = 1 (mod 19), a contradiction. So G is insoluble.

Therefore we can suppose that G has a normal series 1 < K < L < G such
that L/K is isomorphic to a simple K;-group with i= 3,4 as 19 / |G]|.

If L/K is isomorphic to a simple K3 -group, then from (Herzog, 1968),
L/K =~ L2<7), Lz(g).

From (Conway et al., 1985), n7(L/K) = n7(L,(7)) = 8, and so n7(G) = 8¢ for
some integer ¢ and 7 x . Hence the number of elements of order 7 in
G™s7 = 81.6 = 48¢. Since s7 € nse(G), then s7 = 117648 and so = 2451.
Therefore 3.19.43 | |K]| | 22.3.7%.19, which is a contradiction. For L,(8), similarly

we can rule out.
If L/K is isomorphic to a K4-group, then by Lemma 7, L/K = L;(7).
Let G = G/Kand L = L/K. Then
Ly(7) < L= LCG(L)/C(L) < G/Cg(L) = Ng(L)/Cg(L) < Aut(L)

Set M= {xK|xKe Cgz(L)}, then G/M=G/Cg(L) and so L3(7) <
G/M <Aut Ly(7)

Therefore G/M% L3(7), G/M =~ 2L3(7),G/M% 3L3(7) or G/M% S3L3(7)
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If G/M = L;(7), then order consideration |M| = 2. It follows that M is a
normal subgroup generated by a 2-central element of G. So there exists an
element of order 2.19, which is a contradiction.

If G/M =3.L5(7), or G/M = S5.L3(7), order consideration rules out these
cases.

If G/M = 2.L5(7), then M = 1. But nse (2.L3(7)) #nse (G)

Therefore |G| =2°327.19=|L;(7))]and by assumption, nse
(G) = nse(L3(7)), then by (Shao ez al., 2008), G = L3(7)

This completes the proof of the theorem.
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