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ABSTRACT

Two-parameters function H(n, A; z) involving the Feltt multiplier operator is
introduced. Subordination properties as well as sufficient conditions for starlikeness are
also obtained.
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INTRODUCTION

Let 4 denote the class of functions of the form:
fD)=z4> a* (1.1)
k=2

which are analytic in the open unit disc U = {z € C: |z| < 1}. Let S, $*(«) and
C(a) (0 < a < 1) be the subclasses of functions in 4 which are, respectively,
univalent, starlike of order o and convex of order o in U. Denote by S$*(0) = S*
and C(0) = C. Suppose also that P denotes the class of functions k(z) given by

k(z) =1+ e, (1.2)
k=1

which are analytic in Uand satisfy the inequality
Re(k(z)) >0 (ze U).

If f and g are analytic in U , we say that f is subordinate to g, written
f(z) < g(z) if there exists a Schwarz function w(z), which (by definition) is
analytic in U with w(0) =0 and |w(z)| <1 for all z€ U, such that
f(z) = g(w(z)), z € U. Furthermore, if the function g is univalent in U, then we
have the following equivalence (Miller & Mocanu, 2000; Bulboaca, 2005):
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Mz) <g(z) < f0) = g(0) and f{U) C g(U).
For a function f{z) given by (1.1) and g(z) defined by

glz) =z+> b, (1.3)
k=2
the Hadamard product (or convolution) of f{z) and g(z) is defined by
(f * &) =z+ Y abiz* = (g * /)(2). (1.4)
k=2

For an analytic function f{z) given by (1.1) and for n € Ny, Flett (1972)
defined the multiplier transformations /”'f by

I'fiz) =z+ > k' (z€ UsneNy). (1.5)
k=2

Clearly, the function I"f(z) is analytic in U . We note that for n € Ny, we have
() Iz) =2+ 3 Kk = DY),
and .
()  z(I"fz)) = D" Uf(z),
where the operator D"f was introduced by Saldgean (1983). We also note that
r'rfiz)) =1"fz) (zeU)

for all integers n and m. Further, the operator I" can be seen as a convolution of
two functions. That is

I'f(z) = (hxh*...x hxf)(z),

1 — .
where the function A(z) = log =z+ E k~'z% occurs n times. It follows
11—z
from (1.5) that k=2

(I'fz)) =1"fz)  (neZ) (1.6)

and

Pfiz)=fz), T'fl)=2f(z) , Iflz) ==z(f(2) + o/"(2)).

We now define a two-parameters function H(n, A; z) by
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-1, n—2 (7
H(n, i z) = (1=2) %)) * Aﬁﬂf‘ﬁzi

(zeUXeRneZ fed). (17)

Finally, we denote by K(n, A\, o) the class of functions f{z) € A, which satisfy
the following condition:

Re(H(n, \;z)) >a (zeU;0<a<l;NeRyneZ).
We note that :

1 KO,Aa)=MAXa) (A>0,0<a<]l), is the class of A— convex
functions of order « (Srivastava & Attiya, 2007);

(i)  K(0, A\, 0) = M(\)(X > 0), is the class of A— convex functions (Miller e?
al.,1973; Mocanu, 1969; Mocanu, 1994):

(i)  K(0, 0, @) = S*(a) and K(0, 1, &) = C(«x) (Srivastava & Owa, 1992).

Consider the first-order differential subordination

H(p(2), 2 (2); 2) < h(2).

A univalent function ¢ is called its dominant if ¢(z) < ¢(z) for all analytic
functions ¢ that satisfy this differential subordination. A dominant ¢ is called
the best dominant, if ¢(z) < ¢ (z) for all the dominants ¢. For the general
theory of the first-order differential subordination and its applications, we refer
the reader to Bulboaca (2005) and Miller & Mocanu (2000).

DIFFERENTIAL SUBORDINATION
ASSOCIATED WITH H(n, ); z)

To establish our main results we shall require the following lemma.

Lemma 1 (Miller & Mocanu, 1985 and Miller & Mocanu, 2000). Let the
function ¢(z) be univalent in U, and let the functions # and ¢ be analytic in a
domain D containing ¢(U), with ¢(w) # 0 when w € ¢(U). Set

0(z) = z¢'(z)p(g(z)) and h(z) = 0(q(z)) + O(z)
and suppose that

(i) Q(z)is a starlike function in U,

(i) Re (Zg ((;))) >0 (ze U).

If p is analytic in U and p(0) = ¢(0), p(U) C D and

0(p(2)) + 21/ (2)p(p(2)) < 0(q(2)) + 24 (2)p(4(2)), 2.1
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then p(z) < ¢(z), and ¢ is the best dominant of (2.1).

Theorem 1. Let A € R\{0}, n € Z and f(z) € A. Suppose also that the function
¢(z) univalent in U, with ¢(0) = 1 and ¢(z) # 0 (z € U), and satisfies each of the
following inequalities:

Re(l +ZZ/;<ZZ)) = ZZ;E?) >0 (zeU) (2.2)
and
Re(l +Zq",,;(zz)) = ZZ;(Z? +%q(z)> >0 (zeU). (2.3)
If
. )24
HOn 2 2) < () + A2 (4)
then
~14-
ey <0

and ¢(z) is the best dominant of (2.4).

Proof. We choose
)
8\z) =
& =T
Then 6(w) and ¢(w) are analytic in the domain C* = C\{0}, which contains

q(U), q(0) =1, and p(w) #0 when w € ¢(U). Next, we define the functions
Q(z) and h(z) by

, O(w)=w and p(w) = %

z) =zq'(z z)) = 24 (2)
0(2) = 2 (Ielal2) = A5 23)
and
h(z) = Blg(a)) + 0(2) = a2) + A2 E. 26)

It follows from (2.2) and (2.3) that Q(z) is starlike in U and
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Re <Zg<(zz))> >0 (zeU).

We note also that the function g(z) is analytic in U, with g(0) = ¢(0) =1,
since 0¢¢q(U). Therefore g(U) C C*. Thus, the hypotheses of Lemma 1 are
satisfied and we find that, if

0(g(2)) +28'(2)p(g(2)) = H(n, X; z) < h(z), (2.7)
then
r'1z)
e

and ¢(z) is the best dominants.

Remark 1. If ¢(z) € P and X > 0, then we can omit the condition (2.3) in
Theorem 1.

Remark 2. If ¢(z) € P and X\ <0, then we can omit the condition (2.2) in
Theorem 1.

Theorem 2. For A >0, n € Zand 0 < a < 1,if f(z) € 4 and

(1 —2a)*2242[(1 —2a) + A(1 —a)]z+ 1

H(n, X; 2.8
(n7 9 Z) = (1 —Z)[l _|_ (1 _ 204)2] ) ( )
then the operator I"f(z) is a starlike function of order « in U, that is,
I '1z)
R : .
e ) >a (zeU)
Proof. For 0 < a < 1 and z € U, we first put
1+ (1 —2a)z
= P
q(2) [~ €
in Theorem 1. Then, since
zq"(z) _zq'(2) 1 !
Re( 1 - =R -1
C< +q’(z) q(z) ¢ 1—Z+1—|—(1—2a)z >0 (zel),

the proof of Theorem 2 is completed.
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Remark 3. Letting A — 0" in (2.8) , we have

I''1(z) B 14+ (1 -20)z

I'f(z) -z ’
which implies that the operator I"f(z) is a starlike function of order « in U,
. =
that is, Re{#()z)} >a (0<a<l,zel).
"f(z

By taking o = 0 in Theorem 2, we obtain the following result.
Corollary 1. For A\ > 0 and n € Z,if f(z) € A and

2Z24+2(1+ Nz +1

H(n, \; z) < [~ =2 ;

(2.9)

then the operator I"f(z) is a starlike function in U, that is,

i)
Re( i)

) >0 (zeU).
Theorem 3. Let A < 0, 0 < a < 1, n € Z, such that
AN, a; z)Re(z) + B\, a;2) >0 (z € U),
where
AN, a; 2) = =A(1=2a)1 = zP+ A+ 2(1 — a)]|1 + (1 = 2a)z)>,  (2.10)
and

B\, a;2) = |1 = 2[(14 A= 20)]1 + (1 = 20)z <A = A+ 2(1 = )]l + (1 = 2a)z[*. (2.11)

If f(z) € A and H(n, A; z) satisfies the subordination (2.8), then the operator
I'f(z) is a starlike function of order «v in U, that is,

) e
Re< ) ) >a (zeU; 0<a<).

1+ (1-2 .
Proof. For 0 <a <1, A <0 and z € U, we first set q(z):u in

. 1 —
Theorem 1, to obtain, -
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zq"(z) zq'(z) 1 . :1+[)\+(17204)]z 1
70 a1 M —2) 1+ (202

Then, after some calculations, we observe that

Re(l +zqu(z) zq(z) |1 (Z)> (N, ; 2)Re(z) + B(), o 2)

- >0 (zeU),
A1 =z 1+ (1 = 20)z) zel)

7@ g Y

which completes the proof of Theorem 3.
By taking a = 0 in Theorem 3, we obtain the following result.

Corollary 2. For A < 0, such that
A+ D1+ |z*) +2Re(z) <0 (z € U). (2.12)

If f(z) € A and the function H(n, \; z) satisfies the subordination relation
(2.9) , then the operator " f(z) is starlike in U .

1
Proof. For A < 0 and z € U, we first set ¢(z) = 1—+Z, in Theorem 1, to obtain,

z¢"(z) z¢'(z) 1 I+ A+ 1)z 1
4(2) = A1 —z) +l+z'

Then, after some calculations, we observe that

Re<1+zq”(2) 7q(z) 1 (Z)>:(1—Ile)[(H1)(1+|Z|2)+2R6(Z)}

— >0 (zeU),
A1 =21 + 2] el

¢ g !

which completes the proof of Corollary 2.

Finally, by taking & = 0 and A < —2 in Theorem 3, we obtain the following
sufficient condition for starlikeness.

Corollary 3. For A < -2 and z € U, if the function H(n, \; z) satisfies the
subordination relation (2.9), then the operator I"f(z) is starlike in U.

Proof. Since Re(z) < |z| < 1, z € U, then from (2.12) for A < —2, we have
A+ 1)(142]*) +2Re(z) < 0 (z € U),

which proves Corollary 3.
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