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ABSTRACT

In this paper, we introduce the concept S“j— statistical convergence of order a. Also
some relations between S‘} -statistical convergence of order o and strong Wﬁ(u) -
summability of order (3 are given. Furthermore some relations between the spaces
W) [\,/] and S§ are examined.
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INTRODUCTION

The idea of statistical convergence was given by Zygmund (1979) in the first
edition of his monograph published in Warsaw in 1935. The concept of
statistical convergence was introduced by Steinhaus (1951) and Fast (1951) and
later reintroduced by Schoenberg (1959) independently. Over the years and
under different names statistical convergence has been discussed in the theory of
Fourier analysis, ergodic theory, number theory, measure theory, trigonometric
series, turnpike theory and Banach spaces. Later on it was further investigated
from the sequence space point of view and linked with summability theory by
Connor (1988); Dutta (2009, 2010); Dutta & Bilgin (2011); Dutta et al. (2010);
Et & Nuray (2001); Giingor et al. (2004); Fridy (1985); Kolk (1991); Miller &
Orhan (2001); Mursaleen (2000); Rath & Tripathy (1994); Salat (1980); Savas
(2000); Tripathy & Dutta (2012) and many others. In recent years,
generalizations of statistical convergence have appeared in the study of strong
integral summability and the structure of ideals of bounded continuous
functions on locally compact spaces. Statistical convergence and its
generalizations are also connected with subsets of the Stone-Cech
compactification of the natural numbers. Moreover, statistical convergence is
closely related to the concept of convergence in probability.

Let w denote the set of all real sequences x = (x,) . By ¢ and ¢, we denote
the Banach spaces of bounded and convergent sequences x = (x,) normed by
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[Ix|| = sup,|x,|, respectively. A linear functional L on /., is said to be a Banach
limit if it has the properties
i) L(x)>0ifx >0 (i.e. x, > 0 forall n),
i) L(e) =1,wheree = (1,1, ...),
iii) L(Dx) = L(x),
where D is the shift operator defined by (Dx,) = (x,+1) Banach (1955).

Let B be the set of all Banach limits on /.. A sequence x is said to be almost
convergent to a number L if L(x) = L for all L € B. Lorentz (1948) has shown
that x is almost convergent to L if and only if

b =t () = Xm+]1C i 2 + Xtk

Subsequently Banach limits and almost convergence have been studied by
Colak & Cakar (1989).

— L as k — oo, uniformly in m.

Let f denote the set of all almost convergent sequences. We write
f—limx = Lif x is almost convergent to L. Maddox (1978) and (independently)
Freedman et al. (1978) has defined x to be strongly almost convergent to a
number L if

1 k . .
K+ I_Z |Xitm — L] — 0 as k — oo, uniformly in m.
i=0

Let [f] denote the set of all strongly almost convergent sequences. If x is
strongly almost convergent to L, we write [f] — limx = L. It is easy to see that
[f] CfC lx.Das & Sahoo (1992) defined the sequence space

l n
(p)] = {X ew: m; [tim(x) — LIP* — 0 asn — oo,uniformlyinm}

and investigated some of its properties, where p = (px) is a sequence of positive
real numbers.

The order of statistical convergence of a sequence of numbers was given by
Gadjiev & Orhan (2002) and after then statistical convergence of order o and
strong p—Cesaro summability of order « studied by Colak (2010); Colak (2011)
and generalized by Colak & Bektas (2011).

The statistical convergence of order « is defined as follows. Let 0 < o < 1 be
given. The sequence (xy) is said to be statistically convergent of order « if there
is a real number L such that
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1
lim —[{k <n:|xx— L[ >¢e}[=0,

n—oon

for every € > 0, in which case we say that x is statistically convergent of order «,
to L. In this case we write S* — lim x; = L. The set of all statistically convergent
sequences of order o will be denoted by S“.

Let A = (\,) be a non-decreasing sequence of positive real numbers tending
to oo such that A\, ; < A, +1, A; = 1. The set of all such sequences will be
denoted by A. The generalized de la Vallée-Poussin mean is defined by
th(x) = ikg xx ,where I, = [n — A\, + 1, n], Leindler (1965).

Throughout the paper, unless stated otherwise, by "for all n € N,,,” we mean
"for all ne N except finite numbers of positive integers" where
N,, = {ny,n, + 1,n, +2,..} forsomen, € N={1,2,3,...}.

MAIN RESULTS

In this section we give the main results of this paper. In Theorem 2.3 we give the
inclusion relations between the set of §§—statistically convergent sequences of
order o and the set of Sﬁ—statistically convergent sequences of order 3. In
Theorem 2.6 we give the relationship between the strong w7 (\) —summability of
order o and the strong W[j (p)—summability of order 8. In Theorem 2.9 we give
the relationship between the strong Wﬁ(u)—summability of order B and the
S¢ —statistical convergence of order a.

Definition 2.1 Let A= ()\,) € A and 0 <a <1 be given. The sequence
X = (xx) € wis said to be S{—statistically convergent of order « if there is a real
number L such that

1 . .
lim * Hk €I, : |tim(x) — L| > €}| = 0, uniformly inm,
n—oo

where I, = [n— )\, + 1,n] and \* denote the o power (\,)" of )\, that is
A= (A2) = (A, A9, ..., A2, ...). In this case we write S§ — limx; = L. The set of
all Sf—statistically convergent sequences of order o will be denoted by S‘;. For
M\, = nfor alln € N, we shall write S* instead of S’f\Y and in the special case o = 1
we shall write S instead of S§ and also in the special case o = 1 and \, = n for

alln € N we shall write S instead of S§.
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The S§—statistical convergence of order «a is well defined for 0 < o < 1, but it
is not well defined for o > 1 in general. For this let A\, = n for all n € N and
x = (xx) be defined as follows:

1, ifkis even
X, =

0, ifk is odd
then both
nleroloAi;;‘|{k €l tim(x) — 1] > ¢} < ’}ngcp\;]% =0, uniformlyinm
and
}Lr{)lo%g Hk €L, |tim(x) — 0] > e}| < lim [)\;])\—;; I 0, uniformlyinm

for @ > 1 and so x = (xy), S’ﬁ{—statistically converges of order «, both to 1 and
0, i.e §‘/{' —limx; =1 and §‘§ —limxz =0, where #,(x) = x,,. But this is
impossible.

Definition 2.2 Let A = (\,) € A be given, « € (0, 1] be any real number and let p
be a positive real number. A sequence x is said to be strongly vi"p*(/\)—summable
of order «, if there is a real number L such that

1
}711_%10%2 |tim(x) — LI’ =0, uniformlyinm,

n kel,

where I, = [n — A, + 1,n]. In this case we write vy () — limx, = L. The strong
W3 (A)—summability of order a reduces to the strong ¥, ()\)—summability for
a = 1. The set of all strongly W}f()\)—summable sequences of order o will be
denoted by 1) (A).

Theorem 2.3 Let A = ()\,) and u = (u,) be two sequences in A such that A\, <y,
foralln € N,, and let a and S be such that 0 < o < G < 1.

(i) If

«

liminf)\—';j,>0 (1)

n—oo //Ln

then Sﬁ C 59,
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(if) I

A ;
lim =1 and  lim =1 2)
n—o0o 'U, n—oo ,U,n

n

then S‘i = S’ﬁ .

Proof (i) Suppose that A\, < u, for all n € N,, and let (1) be satisfied. Since
1, C J,, for given £ > 0 we have

{keJ,:|tim(x)—L| >e} D{kel,:|tim(x)—L| > ¢}

and so

Sk € Ty [t (%) — L|>s}|>ﬂ——|{kel ltjom(x) — L| > €}

Hn n A

for all n € N,,, where J,, = [n — u, + 1,n] . Now taking the limit as n — oo in
the last inequality and using (1) we get §: C S“A".

(ii) Let (xx) € S and (2) be satisfied. Since 1, C J,, for € > 0 we may write
1
_dl{k €Jy tim(x) = L| > e}| = |{n — i+ 1<k <n—X\:|tim(x) — L| > e}

_3|{k61n |tim(x) — L| > €}

(e
2

- (7_ ) /\(,,er]n |tkm(X)—L| 25}‘
Hn M

) g|{k61n ‘lkm(x)—L‘ ZEH

) |{k €y |tkm(x) — L > €}
Mn

«

)\
for all n € N,,. Since hmu—ﬂ =1 and hm =1 by (2) the first term and since
n n

Hn

x=(xx) € Sj” the second term of right hand side of above inequality tend to 0

/vbn_ﬁ
o pn

Since (2) implies (1) we have the equality $¢ = S‘ﬁ .

as n — oo (Note that > 0 for all n € N,,)). This implies that S‘/{ C Sﬁ

From Theorem 2.3 we have following results.
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Corollary 2.4 Let A = ()\,) and p = (u1,) be two sequences in A such that \, < p,
foralln € N,,.

i) If (1) holds with 3 = «, then S‘f; C S’j“ for each o € (0, 1],
it) If (1) holds with 5 = 1, then S‘,L C S84 for each a € (0, 1].

Corollary 2.5 Let A = ()\,) and p = (u1,) be two sequences in A such that \, < p,
foralln € N,,.

i) If (2) holds with 8 = «, then S§ C S% for each o € (0, 1],
ii) If (2) holds with 8 = 1, then % C Su for each a € (0, 1].

Theorem 2.6 Given for A= ()\,), u= (u,) € A suppose that A, < pu, for all
ne N, andlet0 < a < < 1. Then

(/) If (1) holds then Wﬁ(u) TN,
(i) If (2) holds then £ N5 (A) C W}f(u).
Proof (i) Omitted.

(i) Letx = (xx) € £oc N} (A) and suppose that (2) holds. Since
x = (xx) € I then there exists some M > 0 such that |#g,(x) — L| < M

1 1
for all k. Now, since A\, < u, and so that — < o and 7, C J, for all
in

n
n € N,,, we may write

1 1 1
S )~ L = S )~ L S () — LP
Hn iy, " kedn—1y Hn o e,
< Hn )\n Mp+_2|t (X) _L|[7
>~ 8 3 km
Hin " kel
< /Jn - )\zt Mp V4
< (B2 a4 =Y ) — 2
Hin " kel
e A 1 »
S — 5 Mp—F—K |tkm(x)—L|
(mz )

for every n € N,,. Therefore £o Ny (A) C W}f(,u).

Corollary 2.7 Let A = ()\,) and p = (u,) be two sequences in A such that A, < p,
foralln € N,,.

i) If (1) holds with 8 = a,then W (1) C w5 (A) for each o € (0, 1],
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ii) If (1) holds with 3 = 1,then v, (u) C w5 (A) for each a € (0, 1].

Corollary 2.8 Let A = ()\,) and p = (1) be two sequences in A such that \, < p,
foralln € N,,.

i) If (2) holds with 8 = «, then £, MW (A) ) (u) for each o € (0, 1],
ii) If (2) holds with 8 = 1, then £o M5 (A) C ¥y (p) for each o € (0, 1].

Theorem 2.9 Let o3 € (0, 1] be fixed real numbers such that o < 3, 0 < p < o0
and A = (\,), = (un) € Asuchthat \, < p, foralln € N,,.

(i) Let (1) holds, if a sequence is strongly Wﬁ (11)—summable of order S, to L,
then it is S‘;—statistically convergent of order «, to L,

(it) Let (2) holds, then if a sequence is bounded and Sﬁ—statistically
convergent of order «, to L then it is strongly Wf(u)—summable of order
B, to L.

Proof. (i) For any sequence x = (x;) and € > 0, we have

Yo ltkm(x) = LIP = 3 () =L+ 3 tkm(x) = LI
kedy kedy ke,
[tk (x)—L|>e [tk (x)—L|<e
> > ) =L+ X tem(x) = L
kely Ael,,
|t ()= L[> |t (X)— L] <e

> Z |[km(x> - L|p
kel
|t (x)—L| >

> [{k € I, : [tgm(x) — L| > €}] .

and so that

1
ﬂZpkm — L' > [k € L, : |trm(x) — L| > €} &

Hn ke n

X’ 1

d)\a {kel,: |tym(x)— L] >e}| &.
Since (1) holds it follows that if x = (xx) is strongly W, J(1)—summable of

order 3, to L, then it is S“—statlstlcally convergent of order «, to L.

(ii) Suppose that Sf\“ —limx; = L and x = (x;) € /. Then there exists some
M > 0 such that |, (x) — L| < M for all k, then for every ¢ > 0 we may
write
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LS o) =2 =L S o) 28+ ) -

P yey, Hn ey, HBn ker,
iy — A 1
: < " ) M0+ LS ) - L
Hn Hn ker,
Hn = A A P 12
< M+ — Z |t (%) — L]
'u’” Hn ker,
/l/ A()t l
= (S-S5 )Mt — > () - L
Hn Hn n kel,
‘[km L‘> }
1
+= Y o) =L
Mn  ker,

‘[Im L‘<

n A MP A
< M—ﬂ——ré)Mp—l-Fl{kEIn : \tkm(x) —L| > €}| +—)9 el

n n n n

for all ne N,,. Using (2) we obtain that yJ()\) —limx, = L, whenever
S“—hmxk L.

Corollary 2.10 Let A = ()\,) and p = (u,) be two sequences in A such that
A < py foralln e N,

i) If (1) holds with 8 = a, then 1#% (1) C S% for each a € (0, 1],
ii) If (1) holds with 3 = 1, then v, () C S§ for each a € (0, 1].

Corollary 2.11 Let A = ()\,) and p = (u,) be two sequences in A such that
M < py foralln e N,

i) If (2) holds with 8 = a, then £ N 8§ C 15 (1) for each o € (0, 1],
ii) If (2) holds with 8 = 1, then £, N S§ C v, (u) for each o € (0, 1].

RESULTS RELATED TO MODULUS FUNCTION

In this section we give the inclusion relations between the sets of S‘*—statistically
convergent sequences of order a and strongly w [A f]—summable sequences of
order o with respect to the modulus function f.

The notion of a modulus was introduced by Nakano (1951). We recall that a
modulus fis a function from [0,00) to [0,00) such that

1) f(x) =0ifand only if x = 0,
i) flx +y) <flx) + /) for x,y > 0,
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iii) f'is increasing,
iv) fis continuous from the right at 0.

It follows that f must be continuous everywhere on [0, 00). Maddox (1986)
and Ruckle (1973) used a modulus function to construct some sequence spaces.
Later on using a modulus function different sequence spaces have been studied
by Altin (2009); Bhardwaj & Bala (2008); Colak (2003); Et (2003, 2006); Gaur &
Mursaleen (1998); Nuray & Savas (1993) and many others.

Definition 3.1 Let f be a modulus function, p = (px) be a sequence of strictly
positive real numbers and let « € (0, 1] be any real number. Now we define

Wiy A = {x = (xy) hm —Z [(|txm(x) — L])]’* = O uniformly in m, for some L}.

)7 ke In

In the following theorems we shall assume that the sequence p = (pi) is
bounded and 0 < /i = infy pr < pr < sup, pr = H < o0.

Theorem 3.2 Let «, 5 € (0, 1] be real numbers such that « < 5, fbe a modulus
function and A = ()\,) be a sequence in A. Then W) A f] C S/\’ .

Proof. Let x € ({,[A,/] and £ >0 be given and }_, and }_, denote the sums
overk € I, |tim(x)—L|>eandk €1,, |txn(x)— L|< e, respectively. Since
A2 < N for each n we may write

_Z [f |tkm L| pk = )\a |:Z [f |tkm L|)]pk + Z [f(ltkm(x) - mek
2

ZF |:Z [f(|tkm( L| 1)/( +Z[f‘lkm |)]

=Y. \{k € I+ Jtin(x) = L| = e} min([f(e)]", [/(e)]")-

n

Since x € W‘(}) [\, /], the left hand side of the above inequality tends to zero as
n — oo uniformly in m. Therefore the right hand side tends to zero as n — oo
uniformly in m and hence x € Sf .
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Theorem 3.3 Let «, 5 € (0, 1] be real numbers such that o < fand A = ( x) be a
A
sequence in A. If the modulus f'is bounded and hm)\— = 1,then S“ C W [)\ /.

n

Proof. Let o, 5 € (0, 1] be real numbers such that o < 3, A = (),) be a sequence
in A, xe S‘f and suppose that f is bounded and € > 0 be given. Since f is
bounded there exists an integer K such that f{x) < K, for all x > 0. Then since
A2 < A for each n we may write

ﬂZ[flfAm - pk <7ZV|tkm - )]

n kel ” kel

S (Z 1) — LD+ 3 [t (x) LW)
2

n

< 5 > max(K, K7) + 1 S I
n 2

n 1

< max (K, KM) <k € By () — L) > )]

S (o) A1)

Since x € S“/\” the first term of the right hand side of above inequality tends to
zero as n — oo uniformly in m, and the second term can be made as small as
desired. Therefore the left hand side of above inequality tends to zero as n — oo
uniformly in m. Hence x € w A
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