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ABSTRACT

Maiji et al. (2001) introduced the concept of a fuzzy soft set, which is an extension to the
concept of a soft set. The concepts of (Ew €,y \/qé)-fuzzy soft left A-ideals (right A-ideals,
h-interior-ideals) in I'-hemirings are introduced. Some new characterization theorems of
these kinds of fuzzy soft A-ideals of a I'-hemiring are also given. Finally, we show that /-
hemiregular and /-semisimple I'-hemirings can be described by (€, €, Vgs)-fuzzy soft h-
ideals and (€, €, Vgs)-fuzzy soft i-interior-ideals.

Keywords: I'-hemirings, Fuzzy soft set; (6,,6V \/q(s)—fuzzy soft (left, right) A-
ideal; (EW,GW Vq5)—fuzzy soft /A-interior-ideal; (A4-hemiregular, h-
semisimple) I'-hemiring.

INTRODUCTION

Uncertainties, which could be caused by information incompleteness, data
randomness limitations of measuring instruments, etc., are pervasive in many
complicated problems in biology, engineering, economics, environment, medical
science and social science. Alternatively, mathematical theories, such as
probability theory (Zadeh, 1965), fuzzy set theory, vague set theory, rough set
theory and interval mathematics, have been proven to be useful mathematical
tools for dealing with uncertainties. However all these theories have their
inherent difficulties, as pointed out by Molodtsov (1999). Nowadays, works on
the soft set theory are progressing rapidly. Maji et al. (2003) discussed soft set
theory. Ali et al. (2009) proposed some new operations on soft sets. Qin & Hong
(2010) investigated soft equality. In particular, fuzzy soft set theory has been
investigated by some researchers, for examples, (Maji et al., 2001; Majumdar &
Samanta, 2010). In the same time, this theory has proven useful in many
different fields such as decision making (Cagman & Enginoglu, 2010; Feng et al.,
2010; Maji et al., 2002), data analysis, forecasting and so on. Recently, the
algebraic structures of soft sets have been studied increasingly. Aktas & Cagman
(2007) defined the notion of soft groups and derived some related properties.
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Feng et al. (2008) investigated soft semirings by using the soft set theory. Jun
(2008) introduced and investigated the notion of soft BCK/BClI-algebras. Jun
(2008) discussed the applications of soft sets in ideal theory of BCK/BCI-
algebras. Zhan & Jun (2010) characterized the (implicative, positive implicative
and fantastic) filteristic soft BL-algebras based on €-soft sets and g-soft sets.
Yin & Zhan (2012) introduced the concepts of (67, €, \/q(s) -fuzzy soft left (right)
h -ideals, (€., €, Vqgs)-fuzzy soft h-bi-ideals and (€, €, Vgs)-fuzzy soft h-quasi-
ideals and investigated their fundamental properties and mutual relationships.
They also investigated the characterization of (left) A-hemiregular and (left) duo
hemirings in terms of (GA,,EW \/q(s)—fuzzy soft f-ideals. The other important
results can be found in (Inan & Ozturk, 2012; Sezgin & Atagun, 2011; Yang,
2011; Yin et al., 2011).

We note that, the ideals of semirings play a crucial role in the structure theory
and ideals in semirings do not in general coincide with the ideals of a ring. For
this reason, the usage of ideals in semirings is somewhat limited. Jun et al. (2004)
considered the fuzzy h-ideals of hemirings. The h-hemiregular hemirings were
described by Zhan & Dudek (2007) by using the fuzzy h-ideals. Furthermore,
Yin & Li (2008) introduced the concepts of fuzzy h-bi-ideals and fuzzy h-quasi-
ideals of hemirings. As a continuation of these investigations, Ma & Zhan
(2009) introduced the concepts of (67, €, \/qg) -fuzzy h-bi-ideals (resp., h-quasi-
ideals) of a hemiring and investigated some of their properties. Recently, Ma et
al. (2012) introduced the concepts of (6,, S \/q[;)-fuzzy h-bi-(h-quasi-) ideals of
hemirings. In particular, some characterizations of the A-intra-hemiregular and
h-quasi-hemiregular hemirings were investigated by these kinds of fuzzy h-
ideals. The general properties of fuzzy h-ideals have been considered by Dudek,
Dutta, Jun, Ma, Zhan, Yin and others. The reader is refereed to (Dudek et al.,
2009; Dudek et al., 2010; Jun, 1995; Ma & Zhan, 2007; Ma et al., 2011; Yin et
al., 2009; Zhan & Davvaz, 2007).

The concept of I'-rings was first introduced in 1964 by Barnes (1996).
Further, Kyuno et al. (1987) discussed regular I'-rings. Also, the notion of fuzzy
ideals in a I'-ring was introduced by Jun (1995) and Jun & Lee (1992). They gave
some properties of fuzzy ideals of I'-rings. Furthermore, Ozturk et al. (2003);
Ozturk et al. (2002) characterized the Artinian and Noetherian I'-rings. In
particular, Dutta & Chanda (2005) studied the fuzzy ideals of a I'-ring and
characterized the I'-fields and Noetherian I'-rings by considering the fuzzy ideals
via operator rings of I'-rings. The concept of I'-semirings was then introduced
by Rao (1995) and some properties of such I'-semirings have been studied, for
example, Dutta & Sardar (2002) and Sardar & Mandal (2009). Recently, Ma &
Zhan (2010) and Zhan & Shum (2011) described the characterizations of I'-
hemirings.
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The present paper is organized as follows. In section 2, we recall some
concepts and properties of I'-hemirings, fuzzy sets and fuzzy soft sets. In section
3, we introduce the concept of (GV, €y Vq,s)—fuzzy soft h-ideals (A-interior-ideals)
of I'-hemirings and investigate some related properties. In section 4, we describe
the characterizations of A-hemiregular I'-hemirings and /A-semisimple I'-
hemirings in terms of (67, €, \/q,s)-fuzzy soft h-ideals and (EV, €, v%)—fuzzy
soft h-interior-ideals.

PRELIMINARIES

In this section, we recall some basic notions and results about I'-hemirings,
fuzzy sets and fuzzy soft sets (Jun et al., 2004; Ma & Zhan, 2010; Maji et al.,
2003; Yin et al., 2009; Yin & Zhan, 2012; Zhan & Dudek, 2007; Zhan & Shum,
2011).

2.1 I'-hemirings

Let S and I' be two commutative semigroups. Then S is said to be a I'-semiring
if there exists a mapping SxI'xS—.S (images to be denoted by aab for ab € S
anda € I) satisfies the following conditions:

(i) ac(b + ¢) = aab + aac;
(ii) (a + b)ac = aac + bac;
(i) a(a + B)c = aac + afc;
(iv) aa(bBc) = (aab)fe.

By a zero of a I'-semiring S, we mean an element 0 € S such that
Oax=xa0=0and 0+ x=x+0=x for all x€ S and o € I". A I'-semiring
with a zero is said to be a ['-hemiring.

Throughout this paper, S is a I'-hemiring and we use Og to denote the zero
element of S.

A left (resp., right) ideal of a I"-hemiring S is a subset 4 of .S which is closed
under addition such that STACA (resp., AI'SC A), where
ST A = {xay|x,y € S,a € T'}. Naturally, a subset A4 of S is called an ideal of S,
if it is both a left ideal and a right ideal of S.

A subset I of S'is called an interior ideal of S if I is closed under addition such
that IT'7 C Jand STIT'S C I.

A left ideal (right ideal, ideal) A4 of S, is called a left A-ideal (right A-ideal, i-ideal)
of S, respectively, if forany x,z € Sanda,b € A, x+a+z=b+z— x € A.

The h-closure A of 4 in S is defined by
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A={x€S|x+a+z=a,+zforsomeay,a € A,z € S}.

Clearly, if A4 is a left ideal of S, then A is the smallest left A-ideal of S
containing 4. We also have 4 = A4 for each 4 C S. Moreover, A C BC S
implies A C B.

An interior ideal I of S is called an /-interior ideal of S if 7 is closed under
addition such that /T7 C I, STIT'S C I and for any x,z € S and a,b € I, then
from x +a + z = b + z it follows that x € I.

Definition 2.1 (Ma & Zhan, 2010; Zhan & Shum, 2011) (i) Let x and v be fuzzy
sets of S. Then the A-sum of 1 and v is defined by

(1 +nv)(x) = U min{yp(a1), plaz), v(br), v(b2)}-

x+ay+by+z=ay+by+z

(i1) Let x4 and v be fuzzy sets of S. Then the h-product of p and v is defined by

(uLpv)(x) = U min{p(ar), p(az), v(by), v(b2)}
X+ayy1by+z=ayyrby+z
(ulpv)(x) = 0 if x cannot be expressed as x + a1v1b1 + z = axy2by + z.
A fuzzy subset u of X of the from

uy)=A{r(#0) ify=x,0 otherwise
is said to be a fuzzy point with support x and value r and is denoted by x,, where
re (0,1].

In what follows, let v, 6 € [0, 1] be such that v < 6. For any Y C X, define xiy
be the fuzzy subset of X by Xfyy(x) > ¢ for all x € Y and XiS/Y(x) < ~ otherwise.
Clearly, XiY is the characteristic function of Yif v =0 and 6 = 1.

For a fuzzy point x, and fuzzy subset p of X, we say that
(1) xr ey pif p(x) >r>n.
2)  xpqspif p(x) +r > 26.
(3)  x, €, Vgsif x. €, por x.qsp.
(4) x,€, Vgsp if x, €, Vgsp does not hold.

Let us now introduce an ordered relation on F(X), denoted as “C V(65 as
follows.

For any p,v € F(x), by u C Vg, v we mean that x, €, p implies x, €, Vgsv
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for all x € X and r € (v,1]. Moreover, u and v are said to be (v,)-equal,
denoted by i =) v, if 1 C Vg(5v and v C Vg, 5 p.

The following is similar to Proposition (3.5) in Zhan & Shum (2011).
Lemma 2.2 Let S be a I'-hemiring and X, Y C S. Then we have

(1) X C Yifand only if X} € Vq(y,5Xy-

(2) styX N XE,Y =(7,9) Xi(XﬁY)'

3) Xf,X +n XgY =(7,6) Xim-

4) Xf,xrhxgy =(6) Xim-

2.2 Fuzzy soft sets

Let U be an initial universe set and E the set of all possible parameters under
consideration with respect to U. As a generalization of soft set introduced,
Molodtsov (1999) and Maji et al. (2001) defined fuzzy soft set in the following
way.

Definition 2.3 (Maji et al., 2001) A pair (F, A) is called a fuzzy soft set over U},
where A C E and F is a mapping given by F: A — F(U).

In general, for everye € A4, F(e) is a fuzzy set of U and it is called fuzzy value
set of parameter €. The set of all fuzzy soft sets over U with parameters from E
is called a fuzzy soft classes, and it is denote by FJ(U, E).

Definition 2.4 (Ali ef al., 2009; Maji et al., 2001; Yin & Zhan, 2012) (1) Let (F, A)
and (G, B) be two fuzzy soft sets over U. We say that (F, A) is an fuzzy soft
subset of (G, B) and write (F, 4)(G, B) if

(i AcCB

(i) For any € € 4, F(e) C G(¢). (F,A) and (G, B) are said to be fuzzy soft
equal and write (F, 4) = (G, B) if (F, 4)(G, B) and (G, B)(F, 4).

The extended intersection of two fuzzy soft sets (F, A) and (G, B) over U is a
fuzzy soft set denoted by (H, C), where C = A U B and

F(e) ifee A— B,
H(e) = ¢ G(e) ifee B— A,
Fle)NG(e) ife € AN B,

for all e € C. This is denoted by (H, C) = (F, A)N{(G, B).
(3) Let (F, A) and (G, B) be two fuzzy soft sets over U such that 4 N B # ().



20 Xueling Ma and Jianming Zhan

The restricted intersection of (F, A) and (G, B) is defined to be the fuzzy soft set
(H,C), where C= AN B and H(e) = F(¢) N G(e) for all ¢ € C. This is denoted
by (H,C) = (F, 4)(G, B).

(4) Let V' C U. A fuzzy soft set (F, A) over V is said to be a relative whole
(v,6) -fuzzy soft set (with respect to universe set V and parameter set A),
denoted by Y (V, 4), F(e) = x}, foralle € 4.

Definition 2.5 (Yin & Zhan, 2012) Let (F, A) and (G, B) be two fuzzy soft sets
over U. We say that is an (v,6)-fuzzy soft subset of (G,B) and write
<F7A>(“/6)<G7 B> if

()4 C B;

(ii) For any € € 4, F(e) C Vq(,5G(¢). (F, A) and (G, B) are said to be (v, 6)-
fuzzy soft equal and write (F,A4)=<(,45(G,B) if (F,A4)s(G,B) and
(G, B)(,6)(F, A).

We point out that ¢5 means (, 5y does not hold.

Definition 2.6 (i) The /4-sum of two fuzzy soft sets (F, A) and (G, B) over S is a
fuzzy soft set over S, denoted by (F+; G, C), where C = 4 U B and

F(e) ife e A— B,
(F+,G)(e) =4 G(e) ifee B— A,
F(e)+,G(e) ife € AN B,

for all e € C. This is denoted by (F+, G, C) = (F, A) +, (G, B).
(it) The h-product of two fuzzy soft sets (F, A) and (G, B) over S is a fuzzy
soft set over S, denoted by (FT';,G, C), where C = 4 U B and

F(e) ifee A— B,
(FT'1,G)(e) = < G(e) ifee B— 4,
F(e)I')G(e) if e € AN B,

for all ¢ € C. This is denoted by (FI',G, C) = (F, A)T',(G, B).

(Gy, €, ng)-F UZZY SOFT h-IDEALS(A-INTERIOR-IDEALS)

In this section, we will introduce the concept of (€., €, Vq(s)—fuzzy soft h-
ideals (/ -interior-ideals) over a I'-hemiring and investigate their fundamental
properties.

Definition (3.1)A4 fuzzy soft set (F,A) over S is called an (67, €, \/q,g)-fuzzy soft
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left (resp., right) h-ideal over S if it satisfies:
(Fla) <F7A> +h <F7A>(%5) <F7 A>’
(F1b) 32(S, A)Tn(F, A) (1.5 (F, A) (vesp., (F, )T 3 (S, A)(F, 4)),

(Flc) x+at+z=b+za,bs €y Fe) = Xpinfrsy €, VqsF(e) for all
a,b,x,z€ S,e € Aand r,s € (v, 1].

A fuzzy soft set over S is called an (67, €., Vqs)-fuzzy soft h-ideal over S if it
is both an (€,, €, Vgs)-fuzzy soft right h-ideal and an (€., €, Vgs)-fuzzy soft
left h-ideal over S.

It is worth attending that for every (&,, €, Vgs)-fuzzy soft left (right) h-ideal
(F, A) over S, we obtain max{F(¢)(0),v} > min{F(e)(x),6} for all € € 4 and
xes.

Example 3.2 Let (S,+) and (I', +) be two semigroups, where S and I' are the
sets of all non-negative integers and the operations are the usual additive
operations. Define a mapping SXI'x S — Sbyayb=a-~v-b forall a,be S
and v € I', where ““-” is the usual multiplication. Then it can be easily verified
that S, under the above multiplication and the structure I'-mapping, is a I'-
hemiring. Define a fuzzy soft set (F, A) over S, where 4 = S, by

0.6 if x € (4),
Fle)(x) =4 08 ifxe(2)—(4),
0.2 otherwise,

for all exeS where (2)={2nneN}, (4 ={4nnec N},
(2) — (4) ={4n—2|n € N*}. Here, N and N' are an set of all non-negative integer
numbers and an set of all positive integer numbers, respectively. Then one can easily
check that (F, 4) is an (€6, €06 Vqo.s)-fuzzy soft h-interior-ideal over S.

Theorem (3.3) A fuzzy soft set (F,A) over S is an (67, €, \/q(g)-fuzzy soft left

(resp., right) h-ideal over S if and only if it satisfies:

(F2a) max{F(e)(x+y),7} = min{F(e)(x), F(e)(y), 6} for all }x,y €S and
€€ A.

(F2b) max{F(e)(xay),7} = min{F(e)(y), 6} (resp., max{F(e)(xay),7} > min{F(e)(x),0})
forallx,y € Sa el ande € A.

(F2c¢) x+a+z=>b+z— max{F(e)(x),v} > min{F(e)(b),6} for all
a,b,x,z € Sande € A.

Proof. Let (F,A) be an (67,67 VQ5)-fuzzy soft left A-ideal over S. For any

x,y€S, e€ A If max{F(x)(x+y),v} <t <min{F(e)(x), F(e)(y),6}, then
F(e)(x) > t, F(e)(y) > tand F(e)(x +y) < 1 < 8, that is, (x 4 y),&, VgsF(€). On
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the other hand, we have max{F(¢)(0),7} > min{F(e)(x),6} and so
F(e)(0) > min{F(e)(x), 6} since v < min{F(e)(x), 6} Thus

(F(e) +n F(e))(x + )

- min{UX+}r+al+b]+z:a2+b2+z min{F(e)(ar), F(e)(a), F(e)(b1), F(E)(bz)}}
> min{F(e)(0), F(e)(x), F(e)(»)}

> min{F(e)(x), Fe)(»), 6}

> min{z, 0} = ¢,

Which implies, (x + y),€, F(e) 4+, F(e), and so (x + y),€, VgsF(e). This is a
contradiction. This implies that (F2a) holds.

Now, if there exist x,y € S, a € T, ¢ € 4 such that max{F(e)(xay),y} < t < min{F(e)(y), 6},
then F(e)(y) > ¢, and F(e)(xay) < t < ¢, thatis, (xap),€, VgsF(e). On the other hand,

(F(e)TwF(e))(xay)

= min{Uxa)7+a1+b1 +z=ay+by+z min{xf/(g) (al)’ Xﬁ’(é—) (Clz), F(S) (bl)’ F(E) (bz) }}
> min{F(e)(0), F(e)(»)}

> min{F(e)(x), F(¢)(»), 6}

> min{t, 6} =1,

which implies, (xay),€, F(e) 4+, F(e), and so (xay),&, qgsF(e). This is a
contradiction. This implies that (F2b) holds.

Finally, if there exist a,b,x,z € Swithx+a+z=b+z,e € Aand r € (v, 1]
shch that max{F(e)(x),vy} < r < min{F(e)(a), F(c)(b), 6}, then F(e)(b) > r and
F(e)(x) < r < 6, this implies a,,b, €, F(e¢) but x,€, VqsF(c), which contradicts
with the condition F(1c). Hence the condition (F2c) is valid.

Conversely, assume that the given conditions (F2a), (F2b) and (F2c¢) hold. If
(F, A) +; (F, A)(7,6)(F, A), then there exist ¢ € 4 and x, €, F(¢) +; F(¢) such that
Xr€, VgsF(e). Hence F(e)(x) < r and F(e)(x) +r < 26, which gives F(e)(x) < 6. If
there exist aj,ap,by,byx,z € S with x+a;,+b;+z=a,+ by +z, then by the

conditions F(2a) and F(2c), we have
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6 > max{F(e)(x),7} > max{min{F(e)(a1 + br), F(e)(a2 + b2), 6}, 7}
=min{max{F(e)(ai + b1),7} max{F(e)(az + b2), 7}, 6}
> min{min{F(e)(a1), F(e)(b1), 6}, min{ F(e)(a2), F(e)(h2), 6}, 6}
= min{F(e)(a1), F(e)(ar), F()(b1), F(e) (ba), 6}

which implies max{F(e)(x),~v} > min{F(e)(a), F(e)(ar), F(€)(b1), F(e)(b2)}.
Hence we have

r < (F(e) +5 F(€))(X) = Uiy 4ty 42=ay 1y - M0 F(E) (1), F(€)(a2), F(€) (b1), F(€) (b2)}
S Ux+al+b1+z:a2+b2+z maX{F(e)(x), 7} = maX{F(E) (x)7 V}a

a contradiction. Therefore, (F1a) holds.
Similarly, we can prove (F1b) holds.

Finally, if there exist a,b,x,z€ S, e¢€ 4 and r,s€(y,1] with
x+a+z=b+z and a,b; € Fle) such that Xp.4€, VgsF(e), then
Fle)(a) > r>n, Fle)(b)>s>v but F(e)(x) < min{r,s} and
F(e)(x) + min{r,s} <26, it follows that F(e)(x)<é. Hence
max{F(e)(x),v} < min{F(e)(a), F(e)(b), 6}, a contradiction. Thus the condition
(Flc) is valid.

For any fuzzy soft set (F, A) over a I'-hemiring S, ¢ € 4 and r € (v, 1]. Denote
F(e),= {x € S|x, €, F(¢e)}, (F(e)),= {x € S|x,q5F(e)} and
[F(e)],= {x € S|x; €, VgsF(¢)}. The next theorem presents the relationships
between (67, =N Vq,s)—fuzzy soft left (resp., right) A-ideals and crisp left (resp.,
right) h-ideals of a I'-hemiring S.

Theorem 3.4 Let S be a T-hemiring and (F, A) a fuzzy soft set over S. Then

(1) (F,A)is an (GW, €,y \/qé)-fuzzy soft left (resp., right) h-ideal over S if and
only if non-empty subset F(e), is a left (resp., right) h-ideal of S for all ¢ € A
and r € (v, 6].

(2) If 26 =1+~, then (F, A) is an (€,, €, Vqs)-fuzzy soft left (resp., right) h-
ideal over S if and only if non-empty subset (F(¢)), is a left (resp., right) h-
ideal of S for alle € A andr € (v, 6.

(3) (F,A) is an (67, €, Vq(s)jfitzzy soft left (resp., right) h-ideal over S if and
only if non-empty subset (F(¢)), is a left (resp., right) h-ideal of S for all
e € Aandr € (v, min{26 — ~, 1}].

Proof. We only prove (2) and (3). The conclusion (1) can be easily proved.
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(2) Assume that 26 = 1 +. Let (F, 4) be an (€, €, Vgs)-fuzzy soft left h-
ideal over S and assume that (F(e)),# 0 for some ¢ € 4 and r € (6, 1]. Let
X,y € (F(e)),. Then x,qsF(¢) and y,qsF(e), that is, F(e)(x) +r > 26 and
F(e)(y) +r > 26. Since (F, A) is an (v, §)-fuzzy soft h-left ideal over S, we
have max{F(e)(x + y),7} > min{F(e)(x), F(e)(y), 6}. Hence, by r > 6,

max{F(e)(x +y) +r,y+r} =max{F(e)(x+y),7} > min{Fe)(x), Fe)(y), 6} +r
=min{F(e)(x) +r, Fe)(y) + r,6 + v} > 26

From r <1 =26 —~, thatis r+ v < 26, we have F(¢)(x + y) +r > 26 and so
X+y € (F(e)),. Similarly, we can show that xay,yax € (F(e)), for all
x € (F(e)),, acl and y€ S and that x+a+z=5b+z for x,z€ S and
a,b € (F(e)), implies x € (F(¢)),. Therefore, (F(¢)), is a left h-ideal of S.

Conversely, assume that the given conditions hold. If here exist € € 4 and
x,y €S such that max{F(e)(x+y),7} < min{F(e)(x), F(e)(y),6}. Take
r=26—max{F(e)(x+y),y}. Then re(l], FleE)(x+y) <26-r,
F(e)(x) > max{G(e)(x+ y),y} =26 —r and F(e)(y) > max{G(e)(x +y),v} =26 —r,
that is x, y € (F(e)), but x 4+ y ¢(F(¢)),, a contradiction. Hence (F, A) satisfies condition
(F2a). Similarly we may show that (F, 4) satisfies conditions (F2b) and (F2c). Therefore,
(F, A)is an (€,, €, Vgs)-fuzzy soft left h-ideal over S.

(3) Let (F, A) be an (€, €, Vgs)-fuzzy soft left h-ideal over S and assume that
[F(e)],# 0 for some € € A4 and r € (y,min{26 —~,1}]. Let x,y € [F(e)],.
Then x. €, VgsF(e) and y, €, VgsF(e) that is F(e)(x) >r >~ or
Fle)(x)>20—r>20—(26—~)=v and FlE)y)>r>y or
F(e)(y) > 26 —r>26— (20 —~) =~. Since (F,4) is an (€,, €, Vgs)-fuzzy soft left h-
ideal over S, we have 26 — r > 26 — (26 — y) = 7. Since (F, A) is an (€,, €, Vgs)-fuzzy
soft left h-ideal over S, we have max{F(¢)(x + y),7} > min{F(¢)(x), F(¢)(y), 6} and so
F(e)(x+y) > min{F(e)(x), F(e)(»), 0} since y < min{F(e)(x), F(e)(y),0} in any case.
Now we consider the following cases.

Case 1: 7 € (v,6] Then 26 — r > § > r.
(1) If F(e)(x) > ror F(e)(y) > r, then

Fe)(x +y) = min{F(e)(x), F(¢)(y), 6} > r. Hence (x + y), €, F(e).
(2) If F(e)(x) +r > 26 and F(¢)(y) + r > 26, then

Fle)(x +y) > min{F(e)(x), F(e)(y),6} = 6 > r. Hence (x + y),&, F(e).
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Case 2: r € (6, min{26 —~,1}]. Thenr > 6 > 26 —r.
(1) IfF(e)(x) > rand F(e)(y) > r, then

Fle)(x +y) > min{F(e)(x), F(e)(y),6} = 6 > 26 — r. Hence (x + y),qsF(e).
(2) IfF(e)(x) +r>260r F(e)(y) +r > 26, then

F(e)(x +y) > min{F(e)(x), F(e)(y), 6} > 26 —r. Hence (x + y),qsF(e).

Thus, in any case, (x +y),€, VgsF(e), that is, x +y € [F(e)],. Similarly, we
can show that xay, yax € [F(¢)], for all x € [F(e)],, a € I" and y € S and that
X+a+z=>b+z for x,z€ S and a,b € [F(e)], implies x € [F(¢)],. Therefore,
[F(e)], is a left h-ideal of S.

r

Conversely, assume that the given conditions hold. If there exist € € 4 and
x,y € S such that max{F(e)(x +y),v} <r=min{F(e)(x), F(e)(y),6}. Then
Xr, Vr €4 F(e) but (x +y),€, VgsF(e), that is, x,y € [F(¢)], but x + y€[F(e)],, a
contradiction. Hence (F, A) satisfies the condition (F2a). Similarly we may show
that (F, A) satisfies the conditions (F2b) and (F2c). Therefore, (F,A) is an
(€4, €, Vgs)-fuzzy soft left h-ideal over S.

The case for (67, €y \/q(s)—fuzzy soft right /-ideals over S can be similarly
proved.

Ddfinition 3.5 A fuzzy soft set (F,A) over S is called an (€., €, Vqs)-fuzzy soft
left (resp., right) h-ideal over S if it satisfies (Fla), (Flc) and

(F3a) (F, A)T)(F, A) (.6 (F, A),
(F3b) Z(S’ A)FI1<F7 A>F/1 Z(Sv A)(v,é) <F7 A>

Example 3.6 Let S be a hemiring with the multiplicative identity 1. Then S is a
I'-hemiring, where I' = S and aab denotes the product of elements a, a, b in S.
Now any (€,,€, Vgs)-fuzzy soft h-interior-ideal of the hemiring S is an
(€4, € Vgs)-fuzzy h-interior-ideal of the I'-hemiring S.

From Definitions 3.1 and 3.5, we can obtain:

Theorem 3.7 Every (6,, €y Vq(s)—fuzzy soft h-ideal over S is an (6,, €y Vq(s)—fuzzy
soft h-interior-ideal over S.

Theorem 3.8 A fuzzy soft set (F, A) over S is an (€, €, Vqs)-fuzzy soft h-interior-
ideal over S if and only if it satisfies (F2a), (F2c) and

(F4a) max{F(e)(xay),v} > min{F(e)(x), F(e)(y),6} for all x,y €S, a« €T
ande € A.

(F4b) max{F(e)(xaypBz),v} > min{F(e)(y), 6} for all x,y,z € S, a, € T and
€€ A
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Proof. The proof is similar to the proof of Theorem 3.3.
Theorem 3.9 Let S be a T-hemiring and (F, A) a fuzzy soft set over S. Then

(1) (F,A) is an (€, €, Vgs)-fuzzy soft h-interior-ideal over S if and only if
non-empty subset F(e), is an h-interior-ideal of S for all e € 4 and
r e (v,06).

(2) If26 =1+, then (F,A)isan (€, €, \/q(s)-fuzzy soft h-interior-ideal over
S if and only if non-empty subset (F(¢)), is an A-interior-ideal of S for all
e€dandr € (6,1].

(3) (F,A) is an (GW, €, Vq5)—fuzzy soft /-interior-ideal over S if and only if
non-empty subset [F(e)], ia an h-interior-ideal of S for all ¢ € 4 and
r € (v, min{26 — ~, 1}].

Proof. The proof is similar to the proof of Theorem 3.4.

Characterizations of I'-hemirings

In this section, we describe the characterizations of s-hemiregular (4-semisimple)
I'-hemirings in terms of (67, S \/q(g)-fuzzy soft h-ideals and (EW, €y ng) -fuzzy
soft h-interior-ideals.

Definition 4.1 (Ma & Zhan, 2010; Zhan & Shum, 2011) A I'-hemiring S is said to
be h-hemiregular if for each x € S, there exist a,a’,z € S and a, o/, 3,3 € T such
that

X+ xaafBx +z=xdd3x+z.

Example 4.2 (Ma & Zhan, 2010) Let S and I" be two sets of all non-negative
integers Ny with an element oo > x for all x € Ny. Define the operation “+” by

a+b=avbforalabecST.
Then S and T are additive semigroups.

Now, define a mapping SxT'x S — S by ayb=aANb for all a,b €S and
vyel.

Then, by routine verification, we can easily see that S is an h-hemiregular T-
hemiring.

Lemma 4.3 (Ma & Zhan, 2010) A I'-hemiring S is h-hemiregular if and only if for
any right h-ideal A and any left h-ideal B, we have ATB = A N B.

Theorem 4.4 A T-hemiring S is h-hemiregular if and only if
(F, A)N(G, B) U (v, 6)(F, A)T(G, B) for any (€, €, Vqs)-fuzzy soft right h-ideal
(F, A) and any (67, €, Vq5)-fuzzy soft left h-ideal (G, B) over S.
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Proof. Let S be an h-hemiregular I'-hemiring, (F, A) any (67, €, \/q(s)—fuzzy soft
right h-ideal and (G,B) any (€,,€, Vqgs)-fuzzy soft left h-ideal over S,
respectively.

Thus, we have

(F, A)L1(G, B) () (F, A)Lh 3 (S, A) (7,6 (F, 4)

and (F, A)T'%(G, B) (5,6 2_(S, A)T(G, B) (1,6)(G, B).
This proves that (F, A)T',(G, B)(, 5 (F, A)N(G, B). (*)

Now let x be any element of S, e € 4U B and (F, A)N(G, B) = (H, AU B). We
consider the following cases.

Case l:¢ € 4 — B. Then H(e) = F(e) = (FI',G)(¢).

Case 2: € € B— A. Then H(e) = G(e) = (FI';,G)(e).

Case 3: e € ANB. Then H(e) = F(e) N G(e) and (FT',G)(e) = F(e)T',G(e).
Now we show that F(g) N G(g) C Vg5 F(e)ThG(e).

Since S is i-hemiregular, there exist o, o/, 3,3 € I" and a,d’,z € S such that
X+ xoaBx +z=xa'dFx+ z.

Then we have

max{(F(e)T4G(2))(x), 7}
= XUy gt = M LF(E) (@), F(E)(@2), G(E) (b1), G(e) (b2) 1,7
> max{min{ F(&) (xaq), F(&) (xa’), G(&) ()}, 7}

— min{max{F(e) (xaa), 7}, max{ F(e) (xa'a’), 7}, max{G(e) (), 7}}

> min{min{F(e)(x), 6}, min{G(e) (x), 6}} = min{(F(e) N G(£))(x), 6}

It follows that F(e) N G(e) € Vg6 F(e)T4G(e).
Thus, in any case, we have

(F, A)N(G, B) (.6 (F, A)L'(G, B). ()

Combling (*) and (**), we have (F, A)N(G, B)<(, s (F, A)T'4(G, B).

Conversely, let R and L be any right /-ideal and any left A-ideal of S,
respectively. Then > (L, 4) and ) (R, 4) are an (&,, €, Vqs)-fuzzy soft right A-
ideal and an (&, €, Vgqs)-fuzzy soft left h-ideal over S, respectively. Hence by
Lemma 2.2, we have
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) _ ) 6 ) 6 )
Xy(RAL) =(.6) X4R (VXAL =(1,6) XvRF hXyL =(v.6) X\ RrL"

It follows from Lemma 2.2 that RN L = RU'L. Therefore S is A-hemiregular
by Lemma 4.3.

Definition 4.5 (Ma & Zhan, 2010) Let S be a I'-hemiring. Then the following
statements are equivalent:

(1) Sis h-semisimple;

(2) a€ STal'STal'S, for alla € S;

(3) A C STATSTALS, forall A C S.
Theorem 4.7 Let S be an h-semisimple T'-hemiring, (F, A) a fuzzy soft set over S.
Then (F,A) is an (€., €, Vqs)-fuzzy soft h-ideal over S if and only if it is an
(67, €, \/q,s) -fuzzy soft h-interior ideal over S.
Proof. If (F, A) is an (67, €, \/q(s)-fuzzy soft /i-ideal over S, then it follows from
Theorem 3.7 that it is an (€., €, Vgs)-fuzzy h-interior-ideal.

Conversely, Let (F, 4) be an (€,, €, Vgs)-fuzzy h-interior-ideal over S. For
any x,y € S and € € 4. Since S is h-semisimple, by Lemma 4.6, there exist
ai,d;,z€ S(i=1,2,3,4)and g;, 5, € I'(i = 1,2, 3,4, 5) such that

/

X + a1 fixBrar B3a3 axPsas + z = d\ By xPByasB5ds By x B5dy + z,

and so

/

xay + a1 fi1xfhaxBsaz BaxBsasay + zay = ay B x3yd5 fyds By x Bsazay + zay.
Thus, we have

max{F(¢)(xay), 7}

2max{min{F(e)(alﬂlxﬁ2a2[33a3ﬂ4xﬁ5a4ay),F(e)(a/]ﬂ/lx a5 Oy Qxﬁgagay),é},ﬂ/}

> min{max{F(e)(al51xﬁga2ﬁ3agﬁ4xﬁ5a4ay),7},maX{F(5) (a’lﬁ’lx éagﬁgagﬂgxﬁ’sagay),7},max{6, 'y}}
> min{F(e)(x), 0}

It follows that (F, A)I'; > (S, A)(y6) (F, A) holds. Thus, by Definition 3.1, we
know that (F, A) is an (67, €, Vq5)-fuzzy soft right s-ideal over S. Similarly, we
can prove it is also an (€,, €, Vgs)-fuzzy soft left h-ideal over S. Therefore,
(F, A) is an (€., €, Vqs)-fuzzy soft h-ideal over S.

Theorem 4.8 A I'-hemiring S is h-semisimple if and only if for any (67, €, Vq5)—
fuzzy soft h-interior-ideals (F,A) and (G,B) over S, we have
(F, A)N(G, B)=<(5)(F, A)T',(G, B).
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Proof. Let S be an h-semisimple I'-hemiring, (F,4) and (G,B) be any
(€4, €y Vgs)-fuzzy soft h-ideals over S. Thus, we have

(F, A)T1(G, B) (1,5 (F, A)T) > (S, A) (.5 (F, A)

and (F, A)T1(G, B) ;. X2(S, A)TA(G, B) (.)(G B).
This proves that (F, A)T',(G, B)(, 5 (F, A)N(G, B). *)
Now let (F, 4A)N(G, B) = (H, AU B). We consider the following cases.
Case l: € € 4 — B. Then H(¢) = F(e) = (FT';,G)(e).
Case 2: ¢ € B— A. Then H(e) = G(e) = (FT',G)(¢).
Case 1: £ € AN B. Then H(e) = F(e) N G(e) and (FT';,G)(e) = F(e)T',G(e).

Now we show that F(e) N G(e) C Vq(,5F(e)['4G(e). For any x,y € S, since S
is h-semisimple, there exist a,d,ze€Si=1,2,3,4) and
Bi, 3, € T(i=1,2,3,4,5) such that

X + a1 fixBrar B3a3 faxPsas + z = d\ By xPByabByds Byx Bsdy + z.
Then we have

max{(F(e)T'3G(e))(x), 7}

= Uy L) @), F(E) 2) GLE)(B1), G (). .

> max{min{F(e)(a1f1xB2a2), F(e) (a) B, x053 ), G(e) (BaxBsas), Gle) (BpxBsay) §, 7}

— min{min{ F(2) (x), 8}, min{G() (x),6}}

= min{(F(e) N G(e))(x), 0}

It follows that F()NG(e) CVgneF(e)lhGe), that is,
H(e) C V(+.6) (FT';,G)(€). Thus, in any case, H(e) C V(+.6) (FFh )(e).

This proves that (F, A)(G, B)(, 5 (F, A)T4(G, B). *)

Combling (*) and (**), we have (F, A)N\(G, B)=<(, s (F, A)T'4(G, B).

Conversely, let I be any h-ideal of S, then it is h-interior-ideal. Then ) (7, 4)
is an (67, €, \/q5)—fuzzy soft A-ideal over S. Now, by the assumption, we have
ST, AN S, A)=(y5) > (1, A)L), > (1, A). Hence by Lemma 2.2, we have

X1 =) Xor VX1 =0 XD =) X

It follows from Lemma 2.2 that /= . Therefore S is /i-semisimple by
Definition 4.5.
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CONCLUSION

In this paper, our aim is to promote the research and development of fuzzy soft
technology by studying fuzzy soft I'-hemirings. The goal is to explain new
methodological development in I'-hemirings which will also be of growing
importance in the future.

In the future study of fuzzy I'-hemirings, perhaps the following topics are
worth to be considered:

(1) To describe roughness soft I'-hemirings;
(2) To establish an (ewew \/q(s)-fuzzy spectrum of I'-hemirings and its
applications;

(3) To discuss fuzzy rough soft I'-hemirings and some of its applications in
computer science.
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