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ABSTRACT

The aim of this paper is this paper is to introduce Z*-open, Z*-closed, pre-Z*-open and
pre-Z*-closed functions and investigate properties and characterizations of these new
types of functions.
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INTRODUCTION

The topological spaces have been investigated from different aspects in the
recent past Such as mixed fuzzy topological space by Tripathy & Ray (2012,
2013, 2014), from bitopological space by Tripathy & Sarma (2011, 2012, 2013)
Tripathy & Debnath (2013) and others.

A subset A of a topological space (X, 7) is called regular open by Velicko
(1968) (resp. regular closed) if A= int(cl(A)) (resp. A= cl(int(A)).The delta
interior by Velicko (1968) of a subset A of X is the union of all regular open sets
of X contained in A is denoted by ints(A). A subset A of a space X is called 6-
open if A = ints(A). The complement of é-open set is called é-closed.
Throughout this paper (X, 7) and (Y, o) (Simply, X and Y) represent non-empty
topological spaces on which no separation axioms are assumed, unless otherwise
mentioned. The closure of subset A of X, the interior of A and the complement
of A is denoted by cl(A), int(A) and A° or X\A, respectively. A subset A of a
space (X, 7) is called preopen by Mashhour et al. (1982) or locally dense by
Carson & Michael (1964) (resp. a-preopen by Raychaudhuri & Mukherjee
(1993), 6-open by Njastad (1965), b-open by Andrijevi’c (1996) or y-open by El-
Atik (1997), semi-open by Levine (1963), e-open by Ekici (2008), e*-open by
Ekici (2009), Z*-open by Mubarki (2012) if A C int(cl(A)) (resp. A C int(cls(A)),
A C int(cl(int(A))), A C cl(int(A)) int(cl(A)), A C cl(int(A)), A C cl(ints(A))
int(cls(A)), A C cl(int(cls(A)), A C cl(int(A)) int(cls(A))). The complement of 6-
preopen (resp. a-open, semi-open, y-open, e-open, e*-open, Z*-open) set is
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called 6-preclosed (resp. a-closed, semi-closed, vy-closed, e-closed, e*-closed, Z*-
closed). The family of all é-preopen (resp. semi-open, y-open, e-open, e*-open,
Z*-open) is denoted by 6-PO(X) (resp. SO(X), v-O(X), e-O(X), e*-O(X),
7*0(X)). The intersection (resp. union) of Z*-closed (resp. Z*-open) sets
containing (resp. contained in) A is called Z*-closure (resp. Z*-interior) and is
denoted by Z*-cl(A) (resp. Z*-int(A)). The family of all Z*-closed subsets of (X,
7) will be denoted by Z*C(X).

PRELIMINARIES

In what follows, spaces always mean topological spaces on which no separation
axioms are assumed unless explicitly stated and f: (X, 7)— (Y, o) or simply f:
X—Y denotes a function f of a space (X, 7) into a space (Y, o).

We recall the following definitions by Mubarki (2012) which are useful in the
sequel.

Definition 1. For a space (X, 7), a point p X is called a Z*-limit point of A if
for every Z*-open set G containing p contains a point of A other than p. The set
of all Z*-limit points of A is called Z*-derived set of A and is denoted by Z*-
d(A).

Definition 2. For a space (X, 7):

(1) A subset N of a space (X, 7) is called a Z*-neighbourhood (briefly, Z*-nbd)
of a point p if there exists a Z*-open set W such that p W C N,

(i) Z*-b(A) = Z*-cl(A)\Z*-int(A),
(iii) Z*-Bd(A) = A\Z*-int(A).

The set of Z*-boundary (resp. Z*-border) of A is denoted by Z*-b(A) (resp.
Z*-Bd(A)).

Proposition 1. Let (X, 7) be a topological space and AC X. Then, the
following statements hold:

(1) Ais Z*-closed if and only if Z*-d(A) C A,
(i) A is Z*-open if and only if it is Z*-nbd for every point p € A,
(ili) Z*-cl(A) = A Z*-d(A).

Definition 3. A function f: (X, 7) — (Y, o) is called semi-open by Biswas (1969)
(resp. 6-preopen Raychaudhuri & Mukherjee (1993), y-open by Mashhour et al.
(1983), v-open by El-Atik (1997), e-open by Ekici (2008), é-open by Velicko

(1968), e*-open by Ekici (2009)) if, f(V) € SO(Y, o) (resp. 6-PO(Y, o), a-O(Y, o),
~O(Y, 0), e-O(Y, o), 6-O(Y, o), e*-O(Y, o)) for each open set V of (X, 7).
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Z*-OPEN AND Z*-CLOSED FUNCTIONS

In this section, we define and study the concept Z*-open function as the
generalizations of open functions. Also, some of its properties are discussed.

Definition 4. A function f: (X, 7) — (Y, o) is said to be:
(1) Z*-open if the image of each open set of (X, 7) is Z*-open in (Y, o),
(i1)) Z*-closed if the image of each closed set of (X, 7) is Z*-closed in (Y, o).

Remark 1. The implication between these types of functions and those as
introduced above is given by the following diagram.

open —» O-open——» semi-open —— y-open

A \ / \
preopen ——» Z—open\ Z*-open —» e*-open

d-open ——» d-preopen —» M-open —» e-open

Fig.1. The relationship between the sets

The converse of these implications is not true in general as established by
Biswas (1969); Raychaudhuri & Mukherjee (1993); Mashhour et al. (1982);
Mashhour et al. (1983); El-Atik, (1997); Ekici (2008); Ekici (2009); Velicko
(1968); EL-Magharabi & Mubarki (2012); EL-Magharabi & AL-Juhani (2013)
and by the following examples.

Example 1. Let X = Y = {a, b, ¢, d} with topologies 7 = {X, ¢, {b},{d},{b,
d}, {c,d}, {a, b,d}, {b,c,d}} and 0 = {Y, ¢, {a, c}, {b, d}, {d}, {a, ¢, d}}. Then
the identity function f: (X, 7)—(Y, o) is Z*-open but not y-open. Since, f ({b}) &
~O(Y).

Example 2. Let X = Y = {a, b, ¢, d} with topologies 7 = {X, ¢, {a, d}} and
o = {Y, ¢, {b}, {d}, {b, d}, {c, d}, {a, b, d}, {b, ¢, d}}. Then the identity
function f: (X, 7)—(Y, o) is Z*-open but not e-open. Since, f ({a, d}) € eO(Y).

Example 3. Let X = Y = {a, b, ¢, d} with topologies 7 = {X, ¢, {a, ¢}, {a, c,
d}} and o = {Y, ¢, {b}, {d}, {b, d}, {c, d}, {a, b, d}, {b, c, d}}. Then the identity
function f: (X, 7)—(Y, o) is e*-open but not Z*-open. Since, f ({a, c}) ¢
Z*O(Y).
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Proposition 2. Let A be a subset of space (X, 7). Then the following
statements are held:

(i) Z*O(A) & eO(A) if int(A) = ¢,
(i) Z*O(A) & ZO(A) if int(A) = ints(A).

Theorem 1. For a function f: (X, 7) —(Y, o), the following statements are
equivalent :

(i) fis Z*-open,

(i) For each x € X and each neighbourhood U of x, there exists Ve Z*O(Y)
containing f(x) such that VC f(U),

(iii) f(int(A)) C Z*-int(f(A)) for each A C X,

(iv) int(f '(B)) C f'(Z*-int(B)) for each BC Y,
(v) f7(Z*-Bd(B)) C Bd(f '(B)) foreach BC Y,
(vi) f1(Z*-cl(B)) C cl(f '(B)) foreach BC Y.

Proof.

(i) =(i1). Let U be neighbourhood of x in X. Then there exists an open set G
such that x € G C U and hence f(x) €f(G) C f(U). Since f is Z*-open, then
f(G) is Z*-open in Y. Put f(G) = V, then f(x) eVC f(U).

(i) =-(1). Let U be an open set containing x in X for every f(x) € f(U). Then U
is neighbourhood of each xeU. By hypothesis, there exists VEZ*O(Y) such
that f(x) €eVC f(U). Hence, f(U) is Z*-neighbourhood of each f(x) € f(U).
By Proposition 1.1, f(U) is Z*-open in Y. Therefore, fis Z*-open.

(i) = (iii). Since int(A) C A C X which is open and f is Z*-open, then f(int(A))
is Z*-open in Y. Hence, f(int(A)) C Z*-int(f(A)) and since, f(int(A)) C f(A),
then f(int(A)) C Z*-int(f(A)) C f(A).

(iii)) = (iv). By replacing f 'I(B) instead of A in (iii),we have f(int(f 'I(B)) C Z*-
int(f(f "'(B))) and then int(f "'(B)) C f ""(Z*-int(f(f '(B)))) C f '(Z*-int(B))

(iv) = (i). Let Ae 7. Then f(A) C Y and by hypothesis, int(f "'(f(A))) C f (Z*-
int(f(A))). This implies that, int(A) C f ~'(Z*-int(f(A))). Thus f(int(A)) C
Z*-int(f(A)). Therefore, fis Z*-open.

(iv) =(v). Let B C Y. Then by hypothesis, f '(B)\f "'(Z*-int(B)) C f '(B)\int(f -
'(B)) and hence, f '(B\Z*-int(B)) C f ~'(B)\int(f ~'(B)).Therefore, f ~'(Z*-
Bd(B)) C Bd(f '(B)).
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(v) =(iv). Let B C Y. Then by Definition 2, we have f “'(B\Z*-int(B)) C f "'(B)\int(f
“I(B)) and hence f '(B)\f '(Z*-int(B)) C f "'(B)\int(f "'(B)). Therefore, int(f "'(B))
C f1(Z*-int(B)).

(i) = (vi). Let B C Y and xe f "'(Z*-cl(B)). Then f(x) € Z*-cl(B). Assume that
U is an open set containing x. Since f is Z*-open, then f(U) is Z*-open in
Y. Hence, B f(U) (| # ¢. Thus U f '(B) (| # ¢. Therefore, x € cI(f "'(B)).
So, £ /(Z*-cl(B)) C cl(f "'(B)).

(vi) =(@). Let B C Y. Then Y\B C Y. By hypothesis, f "'(Z*-cl(Y\B)) C cl(f
'(Y\B)) and hence X\f '(Z*-int(B)) C X\int(f "'(B)) that implies int(f ~'(B))
C f!(Z*-int(B)). Then by (iv), f is Z*-open.

Theorem 2. Let f: (X, 7) o) be a Z*-open function. f W C Yand FC X isa
closed set containing f "!(W), then there exists a Z*-closed set H of Y containing
W such that f '(H) C F.

Proof. Let H = Y\f(X\F) and F be a closed set of X containing f "'(W). But f
is Z*-open function, then f(X\F) is Z*-open set of Y. Therefore, H is Z*-closed
and f '(H) = X\f '[f(X\F)] € X\(X\F) = F.

Remark 2. The converse of above theorem is not true in general. Suppose that
X =Y = {a, b, c, d} with topologies 7 ={X, ¢, {a}, {c}, {a, b}, {a, ¢}, {a, b,
ch{a,c,d}} and 0 ={Y, ¢, {a},{b},{a, b}, {a, b, c}}. Hence the identity function
f: (X, 7) o) is satisfying the condition but it is not Z*-open. Since {b, ¢} C Y and
{b, ¢, d} C Xis a closed set containing f "'({b, ¢}) = {b, ¢}, hence there exists {b,
¢} € Z*C(Y) containing {b, ¢} such that f '({b, ¢}) C {b, ¢, d} but, {c} € 7 and
f({c}) = {c} € Z*O(Y).

Theorem 3. For a function f: (X, 7) o), the following statements are
equivalent :

(1) fis Z*-open,
(ii) £ ' (cl(intsemyy) A r(int(cl(B))) C cl(f '(B)) for each BC Y,
(ii1) If f is bijective, then cl(ints(f(A))) [ int(cl(f(A))) C f(cl(A)) for each A C X.

Proof. (i) = (ii). Let B C Y and f be a Z*-open function. Then by Theorem 2,
there exists a Z*-closed set V of Y containing B such that f "!(cl(ints(B))) Nf°
!(int(cl(B))) C f "'(cl(ints(V))) O £ "(int(cl(V))) C £ '(B) C cl(f "'(B)) and hence, f
“(cl(ints(B))) N £ " (int(cl(B))) C cl(f '(B)).

(i1) =(iii). Let f be a bijective function and f(A) C Y. Then by (ii), we have f~
'(cl(ints(f(A))) N £~ (int(cl(f(A)))) C cI(f "'(f(A))) = cl(A). Hence, cl(ints(f(A)))
(N int(cl(f(A))) € f(cl(A)).
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(iii) = (i). Let A€ 7. Then X\A is a closed set of X. Hence by hypothesis,
cl(ints(f(X\A))) N int(cl(f(X\A))) C f(cl(X\A)) = f(X\A). By bijection of f, we
have, f(A) C int(cls(f(A))) cl(int(f(A))). Therefore, f is Z*-open.

Theorem 4. Let f: (X, 7) — (Y, o) be a Z*-closed function. Then the following
statements hold:

(i) If f is a surjective and f "'(B), f "/(C) have disjoint neighbourhoods of X,
then B and C are disjoint of Y,

(i) Z*-int(Z*-cl(f(A))) C f(cl(A)) for each A C X.

Proof. (i) Let M, N be two disjoint neighbourhoods of f '(B), f '(C). Then
there exist two Z*-open sets U, V such that f '(B)C U C M, f'(C) C VCN.
But, f is a surjective, then f f '(B) = B C f(U) C f(M), ff (C) = C C f(V) C
f(N). Since M, N are disjoint, then also f(MNN) = ¢ and hence BN C C f(U NV)
C f(M N N)= ¢. Therefore, B and C are disjoint of Y.

(ii) Since A C cl(A) C X and f is a Z*-closed function, then f(cl(A)) is Z*-
closed in Y. Hence, f(A) C Z*-cl(f(A)) C f(cl(A)). So Z*-int(Z*-cl(f(A))) C
f(cl(A)).

Theorem 5. For a function f: (X, 7) o), then the following are equivalent :
(1) fis Z*-closed,
(i1) Z*-cl(f(A)) C f(cl(A)) for each AC X,

(ii1) If f is surjective, then for each subset B of Y and each open set U in X
containing f ~'(B), there exists a Z*-open set V of Y containing B such that f -
1

(V) CUu.

Proof. (i)=-(ii). Let cl(A) C X be a closed set. Since f is Z*-closed, then
f(cl(A)) € Z*C(Y). Hence, Z*-cl(f(A)) C f(cl(A)).

(i))=-(1). Let A C X be a closed set. By hypothesis, Z*-cl(f(A)) C f(cl(A)) =
f(A). Hence, f(A) € Z*C(Y). Therefore, fis Z*-closed.

()=(iii). Suppose that V = Y\f(X\U) and U is an open set of X containing f~
!(B). Then by hypothesis, V is Z*-open in Y. But, f '(B) C U, then B C f(U) and
f(X\U) C Y\B, thatis, BC Vand f'(V) C U.

(iii)=(i). Let F C X be a closed set and y be any point of Y\f(F). Then f ~'(y)
€ X\F which is open in X. Hence by hypothesis, there exists a Z*-open set V
containing y such that f '(V) C X\F. But f is surjective, then yeV C Y\f(F) and
Y\f(F) is the union of Z*-open sets and hence, f(F) is Z*-closed. Therefore, f is
Z*-closed.

Remark 3. The restriction of Z*-open function is not Z*-open.
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Example 4. Let X = Y = {a, b, ¢, d} with topologies 7 ={X, ¢, {a}, {b, c},
{a, b, ¢}} and o ={Y, ¢, {a}, {b}, {a, b}} and {a, ¢, d} =A C X. Hence the
identity function f: (X, 7) — (Y, 0) is Z*-open. But, fa: (A, 7o) — (Y, o) is not
Z*-open. Since {c} € 74 but f({c}) = {c} & Z*O(Y).

The next theorem gives the restriction condition under which the intersection
of two sets one of which is Z*-open function will be Z*-open.

Theorem 6. In a space (X, 7), if A € a«-O(X, 7) and B €Z*O(X, 7), then AN B
€ Z*O(X, Ta).

Proof. Since A N B C int(cl(int(A))) N (cl(int(B)) int(é-cl(B))) =
(int(cl(int(A))) N cl(int(B))) (int(cl(int(A))) N int(s-cl(B))) C cl(int(cl(int(A))) N
int(B)) int(cl(int(A)) N 6-cl(B)) C cl(cl(int(A)) N int(B)) int(cl(int(A)) N é-cl(B)) C
cl(int(A) N int(B)) int(cl(int(A)) N 6-cl(B)) and hence A N B C (A N cl(int(A) N
int(B))) (A N int(cl(int(A))) N 6-cl(B)) C cla(int(A) N int(B)) inta(cl(int(A)) N 6-
cl(B)) C cla(int(A) N int(B)) inta(6-cl(cl(int(A)) N 6-cl(B))) C cla(int(A) N int(B))
inta(6-cl(cl(int(A)) N B)) C cla(int(A) N int(B)) inta(6-cl(int(A) N B)). Since
int(A) N int(B) C int(A) C A which is open in A, then cla(int(A) N int(B))
inta(A N é-cl(A N B)) C cla inta(A N B) inta 6-clp (A N B). Therefore, A N Be
Z*¥O(X, Ta).

Proposition 3. Let f: (X, 7) — (Y, 0) be Z*-open and A C X. Then
fa: (A, 7o) — (Y, 0) is also Z*-open, for every f(A) C Y is a-open.

Proof. For every U € 74, then there exists V€ 7 such that U = A NV Hence
by Theorem 6, fo(U) € Z*O(Y). Therefore, fa: (A, 74) — (Y, 0) is Z*-open.

Remark 4. The composition of two Z*-open functions may not be Z*-open.

Example 5. Let X = Y = Z = {a, b, ¢, d} with topologies 7, = {X, ¢,{a},
{b}, {a, b}}, 7y ={Y, ¢, {a, b},{c, d} and 7, ={Z,¢,{a},{c},{a, c}}. Hence the
identity functions f: (X, 74) — (Y, 7y) and g: (Y, 7y) (Z, 7,) are Z*-open but g o
fis not Z*-open. Since {b} € 7, and (g o f) ({b}) = {b}& Z*O(Z).

The following result gives some properties of the composition.

Theorem 7. Let f: (X, 7)— (Y, 7y) and g: (Y, 7y) — (Z, 7,) be two functions.
Then the following statements hold:

(1) If fis open and g is a Z*-open functions, then g o f'is Z*-open,
(i) If g o fis Z*-open and f is surjective continuous, then g is Z*-open,

(iii) If g o fis open and g is injective Z*-continuous, then fis Z*-open.



38 Mohammad Al-Juhani and Ali Mubarki
Proof. (i) Let Ue 7,. Then by hypothesis, f(U) € 7,. But g is Z*-open
function, then g(f(U)) € Z*O(Z). Hence, g o fis Z*-open.

(i) Let U € 7y and f be continuous function. Then f'(U) € 7. But g o fis Z*-
open, then (g o ) (f '(U)) € Z*O(Z). Hence by surjective of f, g(U) € Z*O(Z).
Hence, g is Z*-open.

(iii) Let U € 7, and g o f be open function. Then (g o f) (U) = g(f(U)) € 7.
Since g is injective Z*-continuous, hence f(U) € Z*O(Y). Therefore, f is Z*-
open.

Definition 5. A space (X, 7) is called:

(1) Z*-T, if for every two distinct points x, y of X, there exist two Z*-open sets
U, V such that xeU, y¢ U and x¢ V, yeV,

(ii) Z*-T, if for every two distinct points x, y of X, there exist two disjoint Z*-
open sets U, V such that xe U, ye V,

(iii) Z*-compact if for every Z*-open cover of X has a finite subcover,

(iv) Z*-connected if it can not be expressed as the union of two disjoint non-
empty Z*-open sets of X,

(v) Z*-Lindelo6iff if every Z*-open cover of X has a countable subcover.

Theorem 8. Let f: (X, 7) — (Y, o) be a bijective Z*-open function. Then the
following statements hold:

(1) If X is a Tj-space, then Y is Z*-T; where i =1, 2.
(1) If Y is a Z*-compact space, then X is compact,
(iii) If Y is a Z*-Lindeloff space, then X is LindelofT.

Proof. (i) We prove that for the case of a T;-space. Let y;, y, be two distinct
points of Y. Then there exist x;, x, €X such that f(x;) = y; and f(x,) = y,.
Since X is a Ti-space, then there exist two open sets U,V of X such that x;€U,
x, ¢ Uand x, €V, x1¢ V. But, fis Z*-open, then f(U), f(V) are Z*-open sets of
Y with y,€f(U), y, € f(U) and y,€ f(V), y1¢ f(V). Therefore, Y is Z*-T).

(i) Let {U;: 1 €]} be a family of open cover of X and f be a surjective Z*-open
function. Then {f(U;): i € I} is a Z*-open cover of Y. But, Y is Z*-compact
space, hence there exists a finite subset Iof I such that Y = {f(U;): i € I}. Then
by injective of f, {U;: i €l} is a finite subfamily of X. Therefore, X is compact.

(iii) Obvious.

Theorem 9. If f: (X, 7) — (Y, o) is a surjective Z*-open function and Y is Z*-
connected space, then X is connected.
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Proof. Suppose that X is a disconnected space. Then there exist two non-
empty disjoint open sets U, V of X such that X = U V. But fis a surjective Z*-
open, then f(U) and f(V) are non-empty disjoint Z*-open sets of Y with Y =
f(U) f(V) which is a contradiction with the fact that Y is Z*-connected.

Theorem 10. For a bijective function f: (X, 7) — (Y, o), the following
statements are equivalent:

(i) f ! is Z*-continuous,
(ii) f is Z*-open,
(iii) f is Z*-closed.

Proof. Obvious.

SUPER Z*-OPEN AND SUPER Z*-CLOSED FUNCTIONS

In the following, we introduce and study the concepts of super Z*-open and
super Z*-closed functions and some of their properties have been investigated.

Definition 6. A function f: (X, 7) — (Y, o) is called :
(1) super Z*-open if f(U) is open in Y for each Ue Z*O(X, 1),
(i) super Z*-closed if f(U) is closed in Y for each Ue Z*C(X, 7).
Proposition 4. Every super Z*-open function is Z*-open.

Proof. Let A C X be an open set and hence A is Z*-open. But, f is super Z*-
open, then f(A) is open in Y, hence f(A) is Z*-open in Y. Therefore, f is Z*-
open.

Remark 5. The converse of the above proposition is not necessarily true.

Example 6. In Example 1, f is Z*-open but not super Z*-open. Since {b}e
Z*0O(X) and f({b}) ={b}¢ 0.

Theorem 11. If f: (X, 7) — (Y, o) is a function, then the following statements are
equivalent:

(i) fissuper Z*-open,

(i) for each x € X and each Z*-neighbourhood U of x, there exists a
neighbourhood V of f(x) such that V C f(U),

(iii) f(Z*-int(A)) C int(f(A)) for each A C X,
(iv) Z*-int(f '(B)) C f !(int(B)) for each BC Y,
(v) f'(Bd(B)) C Z*-Bd(f "'(B)) for each BC Y,
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(vi) f'(cl(B)) C Z*-cl(f '(B)) foreach BC Y,

(vii) If f is surjective, then for each subset B of Y and for any set F €
Z*C(X) containing f "'(B), there exists a closed subset H of Y
containing B such that f "'(H) C F.

Proof. (i)= (ii). Let U be a Z*-neighbourhood of x in X. Then there exists W €
Z*0O(X) such that xe W C U and hence f(x) € f(W) C f(U), for all f(x) € f(U).
Hence by hypothesis, f(W) € ¢ and containing f(x). Put f(W) = V, then f(x) € V
C f(U).

(i1) = (i). Suppose that U is Z*-open set of X and containing x for all x €
X. Then f(x) € f(U). Hence by hypothesis, there exists V € o
containing f(x) such that f(x) € V C f(U). Hence, f(U) is
neighbourhood for all f(x) € f(U). Thus f(U) is open in Y and hence f
is super Z*-open.

(1) = (iii). Since Z*-int(A) C A C X is Z*-open set and f is super Z*-open,
then f(Z*-int(A)) C f(A) is open in Y. Hence, f(Z*-int(A)) C int(f(A)).

(iii) = (iv). By replacing f '(B) instead of A of (iii), we have f(Z*-int(f -
(B))) C int(f(f '(B))) C int(B) and hence, Z*-int(f "'(B)) C f "(int(B)).

(iv) = (v). Let B C Y. Then by hypothesis and Definition 2, we have f ~
'B)\f !(int(B)) C f '(B)\Z*-int(f "'(B)) and hence, f "'(Bd(B)) C Z*-
Bd(f '(B)).

(v) =(@v). Let B C Y. Then by hypothesis and Definition 2, we have f -
'(B\int(B)) C f "'(B)\Z*-int(f "'(B)) and hence f "'(B)\f '(int(B)) C f -
Y(B)\Z*-int(f "'(B)). Therefore, Z*-int(f "'(B)) C f "'(int(B)).

(iv) =(vi). Let B C Y. Then Y\B C Y, hence by hypothesis, we have Z*-
int(f '(Y\B)) C f '(int(Y\B)) and hence X\Z*-cI(f "'(B)) C X\f "'(cl(B)).
Therefore, ' (cl(B)) C Z*-cI(f "'(B)).

(vi) =(iv). Let B C Y. Then Y\B C Y. So by hypothesis, we have f ~
'(cl(Y\B)) C Z*-cI(f "'(Y\B)) and hence X\f '(int(B)) € X\Z*-int(f -
'(B)). Therefore, Z*-int(f '(B)) C f "'(int(B)).

(iv) =(). Let Ae Z*O(X). Then f(A) C Y and by hypothesis, Z*-int(f
(f(A))) C f '(int(f(A))). This implies that, Z*-int(A) C f ~(int(f(A))).
Thus f(Z*-int(A)) C int(f(A)). Therefore by (iii), f is super Z*-open.

(1) =(vii). Let H = Y\f(X\F) and F be a Z*-closed set of X containing f -
'(B). Then X\F is a Z*-open set. But f is a super Z*-open function,
then f(X\F) is open in Y. Therefore, H is a closed set of Y and f "'(H)
= X\f 'f(X\F) € X\(X\F) = F.
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(vil) =(i). Let U € Z*O(X) and put B = Y\f(U). Then X\U € Z*C(X) with
f “'(B) C X\U. By hypothesis, there exists a closed set H of Y such
that B C H and f "'(H) C X\U. Hence, f(U) C Y\H and since B C H,
then Y\H C Y\B = f(U). This implies f(U) = Y\H which is open.
Therefore, f is super Z*-open.

Theorem 12. Let f: (X, 7) — (Y, o) be a bijective super Z*-open function. Then
the following statements hold:

(1) IfXisa Z*-Ti-space, then Y is T;, wherei =1, 2.
(i) IfY is a Lindelspace, then X is Z*-Lindel
(iii) IfY is a compact space, then X is Z*-compact,

Proof. (i) We prove that for the case of a Z*-T,-space. Let y;, y, be two distinct
points of Y. Then there exist x;, x» €X such that f(x;) = y; and f(x,) = y..
Since X is a Z*-T,-space, then there exist two disjoint Z*-open sets U,V of X
such that x;€U and x, €V. But, f is super Z*-open, then f(U), f(V) are open sets
of Y with y;€f(U), y,€ f(V) and f(U) f(V) = ¢. Therefore, Y is T».

(i) Let {U;: i €I} be a family of Z*-open cover of X and f be a surjective
super Z*-open function. Then {f(U;): i € I} is an open cover of Y. But,
Y is a Lindeloft space, hence there exists a countable subset Iof I such
that Y = {f(Uj): i € I}. Then by injective of f,

{Uj: 1 €l} is a countable subfamily of X. Therefore, X is Z*-Lindel
(iii)) Obvious.

Theorem 13. If f: (X, 7) — (Y, o) is a surjective super Z*-open function and Y is
a connected space, then X is Z*-connected.

Proof. Obvious.

PRE-Z*-OPEN AND PRE-Z*-CLOSED FUNCTIONS.

In this section, we introduce the concepts of pre-Z*-open and pre-Z*-closed
functions and we study some of their basic properties and characterizations.

Definition 7. A function f: (X, 7) — (Y, o) is said to be:
(1) pre-Z*-open if f(V) € Z*O(Y) for each V € Z*O(X),
(ii) pre-Z*-closed if f(V) € Z*C(Y) for each V € Z*C(X).
Proposition 5. (i) Every super Z*-open function is pre-Z*-open,
(i) Every pre-Z*-open function is Z*-open.

Proof. (i) Let A C X be a Z*-open set and f be super Z*-open, then f(A) is open
in Y and hence f(A) is Z*-open. Therefore, f is pre-Z*-open.
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(i) Let A C X be an open set and hence A is Z*-open. But, f is pre-Z*-
open, then f(A) is Z*-open in Y. Therefore, f is Z*-open.

Remark 6. According to the above proposition, we have the following diagram
super Z*-open — pre-Z*-open — Z*-open
The converse of above implication is not true in general.
Example 7. Let X = Y = {a, b, ¢, d} with topologies 7 = {X, ¢, {a, b, d}} and

o = {Y, ¢, {b}, {d}, {b, d}, {c, d}, {a, b, d}, {b, c, d}}. Then the identity
function f: (X, 7) — (Y, o) is Z*-open but not pre-Z*-open. Since, {a}eZ*O(X)
and f({a}) ={a}¢& Z*O(Y).

Example 8. In Example 1, f is pre-Z*-open but not super Z*-open. Since {b}€
Z*0(X) and f({b}) ={b}¢ 0.

Theorem 14. For a function f: (X, 7) — (Y, o), the following statements are
equivalent :

1) fispre-Z*-open,
(1) P P

(i) For each x € X and each Z*-neighbourhood U of x, there exists
VeZ*O(Y) containing f(x) such that VC f(U),

(i) f(Z*-int(A)) C Z*-int(f(A)) for each A C X,
(iv) Z*-int(f '(B)) C f1(Z*-int(B)) for each BC Y,
(v) f(Z*-Bd(B)) C Z*-Bd(f '(B)) foreach BC Y,
(vi) f(Z*-cl(B)) C Z*-cl(f '(B)) foreach BC Y.
Proof. Obvious.

Theorem 15. If f: (X, 7) — (Y, o) is a surjective pre-Z*-closed function and f ~
'(B), f /(C) have disjoint Z*-neighbourhoods of X, then B, C are disjoint of Y.

Proof. Obvious.

Theorem 16. For a function f: (X, 7) — (Y, o), then the following statements are
equivalent:

(1) fispre-Z*-closed,
(i) Z*-cl(f(A)) C f(Z*-cl(A)) for each A C X,

(iii) If fis surjective, then for each subset B of Y and for each Z*-open set
U of X containing f "'(B), there exists a Z*-open set V of Y containing
B such that f '(V) C U.
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Proof. Obvious.

Theorem 17. Let f: (X, 7) — (Y, o) be a bijective function. Then the following
statements are equivalent:

(1) fis pre-Z*-closed,

(i) fis pre-Z*-open,

(iii) f'is Z*-irresolute.
Proof. Obvious.

Theorem 18. Let f: (X, 7) — (Y, 7y) and g: (Y, 7y) (Z, 7,) be two functions.
Then the following statements hold:

(1) gofispre-Z*-open function, if f, g are pre-Z*-open,
(i) go fis Z*-open function if fis Z*-open and g is pre-Z*-open,

(iii) If fis a surjective Z*-continuous function and g o f is pre-Z*-open,
then g is Z*-open.
Proof. (i) Let Ue Z*O(X) and f be pre-Z*-open function. Then f(U) € Z*O(Y).
But, g is pre-Z*-open, then g(f(U)) € Z*O(Z). Hence, g o f is pre-Z*-open.
(i) Let Ue 7 and f be Z*-open function. Then f(U) € Z*O(Y). But, g is
pre-Z*-open, then g(f(U)) € Z*O(Z). Hence, g o fis Z*-open.

(i) Let U € 7y and f be Z*-continuous function. Then f 1(U) € Z*0(X).
But, g o f is pre-Z*-open, then (g o f) (f "'(U)) € Z*O(Z). Also, by
surjective of f, g(U) € Z*O(Z). Hence, g is Z*-open.

Theorem 19. Let f: (X, 7) — (Y, 7y) and g: (Y, 7y) — (Z, 7,) be two functions
such that g o f: X— Z is Z*-irresolute. Then:

(1) fis Z*-irresolute, if g is an injective pre-Z*-open function.

(i) gis Z*-irresolute, if fis a surjective pre-Z*-open function.

Proof. (i) Let Ue Z*O(Y). Then g(U) € Z*O(Z). But, g o f is Z*-irresolute, then
(g o N'(g(U)) € Z*O(X). Since g is injective, then f '(U) € Z*O(X). Hence, f is
Z*-irresolute.

(ii) Let Ve Z*O(Z). Then (g o f)'(V) € Z*O(X). But, f is pre-Z*-open
function, then f [(g o £)'(V)] € Z*O(Y). Since f is surjective, then g -
Y(V) € Z*O(Y). Therefore, g is Z*-irresolute.

Theorem 20. Let f: (X, 7) — (Y, o) be bijective pre-Z*-open function. Then the
following statements hold:

(1) IfXisa Z*-Ti-space, then Y is Z*-T;, wherei = 1, 2.
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(i) IfY isa Z*-compact space, then X is Z*-compact,
(iii) IfY is a Z*-Lindelspace, then X is Z*-Lindel
Proof. Obvious.

Theorem 21. If f: (X, 7) — (Y, o) is a surjective pre-Z*-open function and Y is a
Z*-connected space, then X is Z*-connected.

Proof. Obvious.
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