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Abstract

The first integral method (FIM) is used to construct traveling wave solutions of 
perturbed Wadati-Segur-Ablowitz (pWSA) equation with time dependent coefficient in 
this manuscript. We obtained some different solutions by using Gauge transformation 
with time dependent coefficient of variable transformations. The method is an 
effective method to construct the different types of exact solutions of nonlinear partial 
differential equations (NPDE).
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1. Introduction

Mathematical modeling of scientific events generally is expressed by nonlinear evolution 
equations. It is crucial to reach general solutions of NPDE in applied mathematics. The 
solutions of these equations provide much information about character and structure of 
the equations for researchers. Therefore, studies for solutions of NPDE, using Maple 
and Mathematica, are increasing day by day. Hence, these equations are mathematical 
modeling of scientific events that have been occurred in Mechanics and Physics...
etc. Many efficient methods have been improved to provide much information for 
physicians and engineers. Most of these methods, which are tanh-function method 
studied by Parkes & Duffy (1996) and Sakthivel et al. (2010), G′/G expansion method 
studied by Wang et al. (2008) and Kim & Sakthivel (2012), Jacobi elliptic function 
method studied by Fu et al. (2001), Inverse scattering method studied by Drazin & 
Jhonson (1989), Hirota bilinear method studied by Hu & Ma  (2002), exp-function 
method studied by Wu & He (2007) and Sakthivel & Chun (2010), Kudryashov method 
studied by Kim et al. (2014), sub-equation method studied by  Ghany & Hydar (2014), 
q-differential transform method studied by Gang & Chanclani (2013) and first integral 
method studied by Feng (2002),  use ζ = x + ct wave variable transformation to reduce 
the NPDE to ordinary differential equations (ODE) to acquire the solution. All of these 
methods are effective methods for acquiring traveling wave solutions NPDE. 
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FIM initially has been presented to the literature by solving Burgers-KdV equation 
by Feng (2002). This method has been successfully implemented to NPDE and some 
fractional differential equations. The first integral method has the advantageous over 
existing methods as mentioned above, that is, to obtain various solutions to obtain a 
uniform solution with Tanh, G′/G expansion, Jacobi elliptic function, Exp-function 
methods etc. So in this respect the FIM is an effective one than the others.  In recent 
years, many studies on this method have been made. Raslan (2008) has used this 
method for the Fisher equation. Tascan & Bekir (2009) have used this method for 
Cahn-Allen equation. Abbasbandy & Shirzadi (2010) have investigated Benjamin 
Bona-Mohany equation by this method. Jafari et al. (2013) has researched for Biswas–
Milovic equation. For this paper firstly, we present the method and secondly the FIM 
has been applied to the pWSA equation, which is introduced by Wadati et al. (1992) 
and studied by Liu & Yang (2004), then we give some conclusions in the last section.

2. The first integral method (fim)

The principal structures of the FIM are as:

Step 1. Take into account a usual NPDE in: 

                                  (1)

then  the Equation (1) transforms the ODE as

                                       (2)

such that  and .

Step 2. It could be taken of ODE (2) as:

                                                  (3)

Step 3. A new independent variable is presented by

                                     (4)

that presents a new system of ODEs

                                         (5)

Step 4. In accordance with the qualitative theory of ODE is given by Ding & Li (1996), 
if it is possible to reach the integrals for system (5), it could be obtained the solutions 
of system (5) immediately. On account of a certain independent plane system, there is 
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no any approach that can guide how to reach its first integrals. The Division Theorem 
was given by Bourbaki (1972) for an idea that how to reach the first integrals.

3. Applications

In here, we illustrate the FIM for pWSA equation, which was introduced by Wadati 
and co-workers to study certain instabilities of the modulated wave trains, with time 
dependent coefficient as:

                            (6)

Firstly the Equation (6) turns to the following ODE by using 
 and the wave variable  then by separating 

the imaginary and real parts

                          (7)

   (8)

where . From the Equation (7) it is obtained that 

                                       (9)

where C is arbitrary constant and then by replacing (9) into Equation (8) we have

  (10)

Then, using (3) and (4) we have

  

(11)

In accordance with the FIM, it is supposed that  and  are non-trivial 
solutions of system (11) and  is an irreducible function in the 
complex domain  such that

                            (12)

where ,  are polynomials of  and . Equation (12) 
is the first integral for system (11), owing to the DT, there exists  in 

 as:
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                               (13)

In this study, we consider  and  cases in Equation (13).

Case 1.1 If we equate the coefficients of  on both sides of Equation 
(12) for , we have 

                                         (14)

                            (15)

             (16)

Since  is polynomial of ,  is a constant and  from 
(14). For convenience, it is obtained , and equalization the degrees of  
and  we conclude the degree of  is equal to zero. Then, we assume that 

, and we obtain from Equation (15) as follows

                                    (17)

Replacing  and  in Equation (16) then equating the coefficients 
of  to zero, we have:   

Case 1:

  (18)

setting (18) in (11), we have differential equations as follows

  (19)

If we solve the Equation (19) by using (3) and (4) respectively, we have the 
solutions of Equation (6)



Mustafa Inc, Bulent Kilic 88

  (20)

where C is arbitrary constant.

Fig. 1. The graphic of the solution (20) for .

Case 2:

setting the coefficients  and  in (11), we have Riccati differential equations 
as follows

                                          (21)

If we solve the Equation (21) by using (3) and (4) respectively, we have analytical 
solutions of Equation (6)

            (22)
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Fig. 2. The graphic of the solution (3.16) for .

or

           (23)

where .

Case 1.2 If we equate the coefficients of   on both sides of Equation 
(12) for , we have 

                                         (24)

                           (25)

  (26)

                                                             (27)

Since  is polynomial of , we conclude that  is a constant 
and  from (13). For convenience, it is obtained , and equalization 
the degrees of , ,  we conclude the degree of  is equal to one. 
Then, we suppose that , and we obtain from Equation (25) as 
follows

                                   (28)
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 (29)

where  is integration constant from Equation (26).

Replacing  and  in Equation (13) then equating the coefficients 
of  to zero, we have:   

                                   (30)

setting (28) and (29) in (11), we have differential equations as follows 

  
(31)

If we solve the Equation (31) by using (3) and (4) respectively, we have analytical 
solutions of Equation (6). Equation (31) admits the following rational solution,

                            

(32)

Fig. 3. The graphic of the solution (32) for .

where  and 

Equation (31) admits the following triangular solutions

                        

  (33)          

where .
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  (34)  

where .

Equation (31) admits the following hyperbolic solutions

 (35)       

where .

 (36)       

where .

Equation (31) admits the following Jacobi elliptic function solutions as:

 (37)       

  (38)       

where  is the mod. of cn and sn functions and .
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4. Conclusions

We used the FIM for finding some new exact solutions for the pWSA equation with 
the time dependent coefficient. We have obtained different types exact solutions of 
this equation. The types of acquired solutions are denoted in terms of trigonometric, 
triangular, algebraic, cnoidal, snoidal wave solutions and exponential functions. Some 
of our reached solutions are new, as our research from literature. Consequently, the 
FIM is so crucial one to construct different types of the exact solutions of the NPDE 
and studied by many other authors He et al. (2013); Yuan-Quan & Jun (2005); Bekir & 
Ünsal (2012); Taghizadeh & Najand (2012); Jafari et al. (2012) etc. Some graphics of 
the solutions are illustrated in figures 1-3. For the next studies we are going to seek the 
dynamics of solitons with parabolic and dual-power law nonlinearities with the FIM.

References

Abbasbandy, S. & Shirzadi, A. (2010) The first integral method for modified Benjamin-Bona-Mahony 
equation. Communications in Nonlinear Science and Numerical Simulation, 15:1759-1764.

Bekir A. & Ünsal, O. (2012) Analytic treatment of nonlinear evolution equations using first integral 
method. Pramana, 79:3-17.

Bourbaki, N. (1972) Commutative Algebra. Addison-Wesley, Paris.

Ding, T.R. & Li, C.Z. (1996) Ordinary differential equations. Peking University Press, Peking.

Drazin, P.G. & Jhonson, R.S. (1989) Solitons: An introduction. Cambridge University Press, 
Cambridge.

Feng, Z.S. (2002) The first integral method to study the Burgers-Korteweg-deVries equation. Journal 
Physics, A 35:343-349.

Fu, Z., Liu, S., Liu, S. & Zhao, Q. (2001) New Jacobi elliptic function expansion and new periodic 
solutions of nonlinear wave equations. Physics Letters, A 290:72-76.

He, Y., Li S. & Long Y. (2013) Exact solutions of the modified Benjamin-Bona-Mahoney (mBBM) 
equation by using the first integral method. Differential Equations and Dynamical Systems, 
21(3):199–204.

Hu, X.B. & Ma, W.X. (2002) Application of Hirota’s bilinear formalism to the Toeplitz lattice-some 
special soliton-like solutions. Physics Letters, A 293:161-165.

Ghany, H.A. & Hydar, A.A. (2014) Exact solutions for the wick-type stochastic time-fractional KdV 
equations, Kuwait Journal of Science, 41(1):75-84.

Gang, M. & Chanclani, L. (2013) Solution of the nonlinear q-schrodinger equation by two dimensional 
q-differential transform method, Kuwait Journal of Science, 40(2):17-30.

Jafari, H., Sooraki, A. & Khalique, C.M. (2013) Dark solitons of the Biswas–Milovic equation by the 
first integral method. Optik - International Journal for Light and Electron Optics, 124:3929-3932.

Jafari H., Soorakia A., Talebia, Y. & Biswas A. (2012) The First integral method and traveling wave 
solutions to Davey–Stewartson equation. Nonlinear Analysis: Modelling and Control, 17:182–
193.

Kim,  H., Bae, J.H. & Sakthivel, R. (2014) Exact travelling wave solutions of two ımportant nonlinear 
partial differential equations. Zeitschrift für Naturforschung, 69a:155-162.



The first integral method for the perturbed Wadati-Segur-Ablowitz equation with time dependent coefficient93

Kim, H. & Sakthivel, R. (2012) New exact traveling wave solutions of some nonlinear higher-dimensional 
physical models. Reports on Mathematical Physics, 70:39-50.

Liu, J. & Yang K. (2004) The extended F-expansion method and exact solutions of nonlinear PDEs. 
Chaos, Solitons and Frcatals, 22:111-121.

Parkes, E.J. & Duffy, B.R. (1996) An automated tanh-function method for finding solitary wave solutions 
to non-linear evolution equations. Computer Physics Communications, 98:288-300.

Raslan, K.R. (2008) The first integral method for solving some important nonlinear partial differential 
equations. Nonlinear Dynamic, 53:281-286.

Sakthivel,  R., Chun, C. & Lee, J. (2010) New travelling wave solutions of Burgers equation with finite 
transport memory. Zeitschrift für Naturforschung, 65a:633-640.

Sakthivel,  R. & Chun, C. (2010) New soliton solutions of Chaffee-Infante equations using the exp-
function method. Zeitschrift für Naturforschung A: A Journal of Physical Sciences, 65(3):197-202.

Taghizadeh, N. & Najand, M. (2012) Comparison of solutions of mKdV equation by using the first 
integral method and (G′/G )-expansion method. Mathematica Aeterna, 2:309-320.

Tascan, F. & Bekir, A. (2009) Travelling wave solutions of the CahnAllen equation by using first integral 
method. Applied Mathematics and Computation, 207:279-282.

Wadati, M., Segur, H. & Ablowitz, M.J. (1992) A new Hamiltonian amplitude equation governing 
modulated wave instabilities. Journal of the Physical Society of Japan, 61:1187-1193. 

Wang, M., Li, X. & Zhang, J. (2008) The ( )G
G

′  -expansion method and travelling wave solutions of 
nonlinear evolution equations in mathematical physics. Physics Letters, A 372:417-423.

Wu, X.H. & He, J.H. (2007) Solitary solutions, periodic solutions and compacton-like solutions using the 
Exp-function method. Computer Mathematics with Application, 54:966-986.

Yun-Quan, K. & Jun, Y. (2005) The First integral method to study a class of reaction-diffusion equations. 
Communications in Theoretical Physics, 43:597-600.

Submitted    :  21/04/2014

Revised       :  01/09/2014

Accepted     :  16/09/2014



Mustafa Inc, Bulent Kilic 94

 «– WH «d « e u √ – —uGO  – w «œ«Ë W œUF* ‰Ë_« q UJ « WI d

 s e « vK  bL F*« q UF*«

pOKO  XM u  ¨pM ≈ vHDB

UO d  ≠ Z “ö ≈ 23119 ≠ UO{U d « r  ≠ ÂuKF « WOK  ≠ «d  WF U

bulentkilic@firat.edu.tr ¨minc@firat.edu.tr ∫w Ëd J ù« b d «

minc@firat.edu.tr ∫w Ëd J ù« b d «

W�ö

 –  —uGO  –  w «œ«Ë W œUF* ‰uK  œU ù ‰Ëô« q UJ « WI d  Â«b U  Y « «c  w  ÂuI

 U u  ‰uK  qJ  vK  ‰uK(« Ác  ÊuJ  Ë s e « vK  bL F*« q UF*« «– WH «d « e u √

 s e «  vK  bL F*«  q UF*«  Ë–  ÃËU  q u% Â«b U  WHK  ‰uK  vK  qB  UL  ÆW «u

 W u C*« ‰uK(« s  WHK  Ÿ«u √  ¡UA ù W UF  WI d  UM I d  d F  Ë Æ «dOG *« ö u% s

ÆWOD)« dO  WOze'« WOK{UH « ôœUFLK


