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ABSTRACT

We investigate conditions needed for a weighted mean summable series to be
convergent by using Kloosterman’s method. The results of this paper generalize the
well known results of Landau and Hardy.
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INTRODUCTION

Let(a,) be a sequence of real numbers. Throughout this paper, N, will denote the set
of all nonnegative integers and the symbols a, =0(1) , a, = O(1) and a, = O, (1)
mean respectively thata, — 0asn — o, (4, ) is bounded and (@, ) is bounded below
for large enough 7. Assume that p = (p,) is sequence of nonnegative numbers with
Do > O’ such that

P=) p, —>o,n—>x (1)

k=0
For given sequences (a,) and (p, ) let
s, =a,+a, +..+a,

fn = PoSo +p1Sl +...+ DS,

The weighted mean of the sequence of the partial sums (s, ) is defined by

1 n
o, ()= > ps,
P'n k=0

forallmelN.

The sequence (s, ) is said to be summable by the weighted mean method determined
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by the sequence p ; in short, (N, p) summable to a finite number L if

limo,(s) = L. @

n—0

The (N, D) summability method is regular if and only if P, — 00 as n — oo.
If the limit
lims, =L A3)

n—0

exists, then (2) also exists. However, the converse part is not always true. Note that
(2) may imply (3) under certain conditions. Such conditions are known as Tauberian
conditions in the literature. Any theorem which states that convergence of sequences
follows from (/V, p) summability method and some Tauberian condition is said to be
a Tauberian theorem.

If p,=1forall ne N, , then (N, P) summability method reduces to Cesaro
summability method.

Tauberian theorems for (N, P) summability method were studied by a number of
authors such as Ananda-Rau (1930); Tietz (1990); Tietz & Zeller (1998); Moéricz &
Rhoades (1995) and Moéricz & Stadtmiiller (2001).

Recently, Canak & Totur (2011,2013) and Totur & Canak (2012) have obtained
Tauberian conditions for (N, p) summability method in terms of the weighted general
control modulo analogous to the one defined by Dik (2001).

In Kloosterman (1940), Kloosterman has used an elegant approach and obtained
simplified proofs of some well known Tauberian theorems as well as generalizations
of these theorems. Inspired by his approach, we prove that if Zw o G is (N, p)

summable to L, then one-sided boundedness of (a, ) with some conditions imposed
on(a,)and (p, ) yields convergence of the series Zw_o a, tol.

AUXILARY RESULTS
We need the following lemmas for the proof of our theorem.

Lemma 1 Forall 4> 0, we have
tn+h =tn +(pn+1 +pn+2 +"'+pn+h)sn +(anrl +2pn+2 +"'+hpn+h)a§

where a ¢ is a number such that

min akSagé max 4.

n<k<n+h n<k<n+h
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Proof. By the definition of 7, and s, , we have

n+h

Loon = Zpksk
k=0

n+h

n
= Zpksk + Z PiSk
k=0 k=n+1

=1, + (pn+lsn+l T PpoSpin Toot pn+hsn+h)
=1, + (pn+lsn F Punln T PuiaSy + Do (@, +0,5)+
et DS F P (G 4,0+ +an+h))
=1, (P T P+t Do), + ((p;m L) ZO SO o N T
F(Ppr ¥ Pz Tt D) + oot D, )

Now,
(pn+l + pn+2 +...+ pn+h)an+1 +(pn+2 + pn+3 +...+ pn+h)an+2 +'“+pn+han+h

< ((pn+1 F P2t ot Do) ¥ (P ¥ Pps oot D)+t pn+h) max d;

n<k<n+h

= (pn+1 +2pn+2 +"'+hpn+h) max ak’

n<k<n+h

and similarly

(pn+l +2pn+2 +"'+hpn+h) rnln ak

n<k<n+h

< (pn+1 + pn+2 +...+ erh)arHl +(pn+2 + pn+3 +...+ pn+h)an+2 +"‘+pn+han+h‘

So, the given lemma is valid.

Lemma 2 Forall k =—i <0, we have

t, =t + (Pt Poisr Tt D,)S, —((i -Dp, i +@=2)p, it )ay)
where @, is a number such that

min akSayS max ;.

n—i+l<k<n n—i+l<k<n
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Proof. By the definition of 7, and s, , we have

= Zpksk
k=0
_Zpksk + Z PiSk

k=n—i+1
=1+ (pn—i+lsn—i+l t Dy ii2Suiv Tt DS, )
=1, +(pn—i+lsn —Poin@, i, ta,  ,+..+a,)
+ DyiinSy ~Ppinn(@ s+ a, g+t @)+ pS n)
=t +t (Pt Ppjir +oet DS, — (pn—i+lan—i+2 F(Poiit F Puciin )l ins

+ (pn—i+l + pn—i+2 +ot pn—l )an )
Now,
pn—i+1an—i+2 + (pn—i+1 + pn—i+2 )anfi+3 +o.t (pnfiJrl + pn7i+2 t...t pnfl )an

(pn l+1+(pn 1+1+pn l+2)+ +(pn 1+1+pn l+2+ +pn1)) max ak

n—i+l<k<n

S((i_]‘)pnﬁ'+l+(i_2)pnﬁ'+2+"'+pn71) max a;

n—i+l<k<n
and in a similar way

((l._l)pn,lqu+(i_2)pn7i+2+"'+pn*1) min ak

n—i+1<k<n
SPuinlyiin Dyt Ppiin)y i+t (D + Dy in +et D4,

So, the given lemma is valid.

The next lemma which restricts p =(p,) were given by Moricz & Rhoades
(2004).

Lemma 3 If (P) is a nondecreasing sequence of positive numbers, then the
conditions

R,
liminf —— P "1 > 1 for every A>1 (4)

n—oo
n

and
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P
liminf —— >1 forevery 0 < A <1

n—o Lan]

are equivalent.

It is clear that condition (4) implies (1).

MAIN RESULT

Theorem 1 Let Zfzo a, = L(N, p) . If the conditions (4),

p
n—=0(1
P (D
and
P
a,—=0,(1)
Py

are satisfied, then z:_o a, =L.

®)

(6)

(N

Proof. We may assume that Z;O a, = O(N, p) since, if Z:zo a, = L(N, p),then
we can replace a, by a, — L. This implies that s, and o, will be decreased by L. Also
by the definition of o, we have f, = P,o, . Now, if we rewrite the equation in Lemma

1 in a form that isolates s, , we get

tn+h_tn _pn+1+2pn+2+"'+hpn+ha

S =

n

pn+l+pn+2+"'+pn+h pn+l+pn+2+"'+pn+h

wheren <& <n+h.
By (7), we get

s < b0, — b0, + h(F,.,—F,) C&
! P P P P P

n+h ~ Ln n+h ~ Tn &

n+h

_qu)o-n+h +Pn(o-n+h +hC&
P P

n+h ~ Ln 4

_O-n)

= O-n+h

P
T R S T Yol
n+h o I3

for some C'.

Since this inequality holds for all # >0, we choose & =[An]—n, for A >1 which

gives the following inequality
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P
5, <0+t (G —0,)+ (] -m)CLE.
[An]"li }?
Then we have

P, el
Sy SO +—— (0, —0,) +2C(A=1)—(£-5)
(4]~ *n § Pf

n
for sufficiently large 7. Since E <land & % =0(1), we get
4

P
P—"_(G[M] —Gn)+C1(/1—1)

[An] n

s, < Ot

for some C,.
Taking the limit of both sides of the inequality (10) as 7 —> o0, we have
. . . P .
lim s, <lim o, +lim —"—Ilim (o, —0,)+C (1 -1).
[An] ~ *n

By (4), we get

n

-1
P
mnsupL= {liminf %—1} <o

[An]

By taking into account (12) and the assumed summability (N, p) of (s,) , we
conclude from the inequality (11) that

lim s, <C,(41-1).
Taking the limit of both sides of the inequality (13) as A —> 1", we have

lim s, <O0.

®)

)

(10)

(11

(12)

(13)

(14)

Now we go through a similar process to obtain a lower bound for the limit of

s, . Rewriting the equation in Lemma 2 in a suitable form to group all the s, terms

together, we have

r -t

n n—i +((i_l)pn—Hl+(i_2)pn—i+2+"'+pn—l)a

s, =
Poinnt Ppisatet Dy Puinn T Ppisa Tt D,

wheren—i+1<y<n.

By (7), we get

}/7
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! P-P, P-P._. P

v

> Pno-n _Pn—io-"—i + (l_l)(Pn _R1_i) (—C &]

—_ (Pn B Pn—i)an + Pn—i (Gn - O-n—i) _
Pn _Pn—i

. p
i-HC—-L
@i-1) P

v

P . . p
=0 +—">“ (¢ -0 _)-(i-1)C—L,
0 P—Pf.( ,—0,)—(—1) P

n n—i ¥

for some C'.

Since 7 > 0 is arbitrary, we can cleverly take i = n—[An], for O < A <1 which gives

the following inequality

5,20+ (5 —O'Mn])—(n—[in]—l)C%.

n ] 14
Then we have

P n P
s 20 +—™M (6 —0,, )=2C(1-A)=(r-2L).
2Ot o, (o, Mn]) ( )y(?fp)

n [An] V4

n
for sufficiently large . Since — > 1 and ¥ % =0(1), we get
y

Fam
S, ZUH +W(UH —UM"])—ZCZ(l—ﬂ.)

n [An]

for some C, .

Taking the limit of both sides of the inequality (17) as n —> o0, we have

. : R
lim s, >lim o, +hmﬁ1nn(an ~o, )=C,(1=2).

n " Llan)
By (4), we get

-1

P P

limsup —24— = liminf —— -1} <oo
n_PMn] P

[4n]

By taking into account (19) and the assumed summability (N, p)of(s,), we

conclude from the inequality (18) that
lims, >—-C,(1-A4).

(15)

(16)

a7

(18)

(19)

(20)
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Taking the limit of both sides of the inequality (20) as A — 1™, we have
lim s, >0. (21)
Combining (14) and (21) yields convergence of (5, ) to 0. This completes the proof.

Our main result includes the following classical Tauberian theorems given for the
Cesaro summability method.

Corollary 1 (Landau (1910)) If Zio a, =L(C)andna, =0, (1), then
Zm a =L.

n=0 1N
Corollary 2 (Hardy (1910)) If Zj:o a, = L(C) and na, = O(1), then

Z:O:o a,=L.
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