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Abstract

The purpose of this paper is to find a description of the cyclic codes of length p™ over
Zy3, such that p is a prime. It is known that cyclic codes of length p™ over Z,3 are
ideals of the ring § := Z,3 [X]/(X P" — 1). In this paper we prove that the S is a local
ring with unique maximal ideal (p, X — 1). We also prove that cyclic codes of length
p™ over Z,3 are generated as ideals by at most three elements.
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1. Introduction

Let S be a commutative finite ring with identity. A linear code C over S of length n is
defined as an S — submodule of S™. An element of C is called acodeword. A cyclic
code C over S of length n is a linear code such that any cyclic shift of a codeword is
also a codeword, i.e whenever (cg, ¢y, ..., €p_1) is in C then so is (¢p_1, € - ) Cn—z)-
Cyclic codes of order n are ideals of the ring S™

LetZ,s denote the ring of integers modulo p3. Cyclic codes over ring Z,ym of length
n such that (n,p) = 1 are studied by Calderbank & Sloane (1995) and Kanwar &
Lopez-permouth (1997). Most of the work has been done on the generators of cyclic
code of length n over Z, such that 2|n. In Abualrub & Ochmke (2003), gave the
structure of cyclic codes over Z, of length 2%, Blackford (2003) classified all cyclic
codes over Z, of length 2n where n is odd, and Dougherty & ling (2006) gave the
generator polynomial of cyclic codes over Z, for arbitrary even length. The structure
of cyclic codes over Z,z2 of length p® is given by Minjia & Shixin (2008).

In this paper we prove that the ring § = Z,s % is a local ring with unique

maximal ideal (p, X — 1). Thereby implying that S is not a principal ideal ring (PIR)
Garg & Dutt (2012), also the generators of a cyclic code need not divide X?" — 1 over
Z,3 More over, we prove that cyclic codes of length p™ over Z,s are generated as
ideals by at most three elements.
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2. Primary analysis

In this part we want to find the ideals of the ring Ry (x) = Zp3 [X1/(XP" + pa(X)),
where a(X)€Z,z [X] of degree less than p™. Set A(X) := XP" + pa(X).We will show
that there exist an @ (X)€Zy,z [X] such that § = R, (x. Since two rings Ry, (xyand S
are isomorphic, we can get the ideals of the ring S by obtaining the ideals of the ring

Rao ey
Definition 1. Let f (X)€Ryxy, Where f(X)€Zys [X]. The degree of f(X) over Ry (x)
is equal to the degree of 7(X) over Z,3 [X], such that
f&X) = AX) q(X) + r(X),
where deg r(X) < deg A(X).

Lemma 1. If f(X) €Z,3[X], then degkf (X) < degf (X) over Z,3[X], such that
keZ .
P

Lemma 2. If f(X)€R,(x), thendegkf(X) < degf (X) over Ry(x), where keZs.

Proof. Since A(X) is a monic polynomial, the division algorithm by A(X) is valid
overZy:[X], and if

f&X) = AX)qX) + r(X),
where degr(X) < degA(X), and
kf(X) = AX)q'(X) + r'(X),

where degr'(X) < degA(X), are the division algorithms of f(X) and kf (X) by
A(X), respectively, then we will have

kf(X) = AX) kq(X) + kr(X)-

where degkr(X) < degr(X) < degA(X) (we conclude degkr(X) < degr(X)
by Lemmal/). Since deg kr(X) < degA(X), we conclude that

kf(X) = AX) kq(X) + kr(X),

where degkr(X) < degA(X), is the division algorithm of kf(X) by A(X).
Therefore, by using Definition 1 we have

degkf(X) < degf(X) over Ry(x).
The following result is similar to Proposition 1 in Woo (2013).

Proposition 1. The ring Ry (xy is a local ring with the maximal ideal (p, X). Every
nonzero ideal | of Ry (xy is primary with the radical rad (J) = (p, X).

Proof. Let m be a maximal ideal. Any nilpotent element is contained in every
prime ideal, Atiyah & Macdonald (1965). Since p is also nilpotent we see p and X
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belong to m. On the other hand, (p, X) is a maximal ideal since Ry (x) / (0, X) = F,
Therefore, m = (p, X).

Let J be an ideal of R, (x). Then p and X, being nilpotent, belong to the radical
rad(J) of J. Therefore rad (J) = (p, X). It is well known that if the radical of J is a
maximal ideal, then J is primary, (Atiyah & Macdonald (1965)) Proposition 4.2).

Lemma 3. (Atiyah & Macdonald, 1965) Suppose R is a commutative ring with
unity, and ueR is a unit of R. Then u + 7 is unit if n is nilpotent.

We will use Lemma 3 in this paper freely.
Proposition 2. Ry (x) is not PIR.
Let J refer to an arbitrary ideal of R and M denote the set of ideals of R. We can
partition M into three parts:
M <@
i JE@HY <D
(i) ] & @)
We analyze each of these three cases.
First case: J € (p?).

Theorem 1. If J is a nonzero ideal of Ry y) such that J  (p?), then | = (p*X™)
for some 7.

Proof .Let f(x) ¢/, then all of coefficients of f(X) belong to pZZps [X].
We assume f(X) = p? X ;o fiX", such that f; is equal to zero or is a unit in Z 3. Let
deg,f(X) = tthen f(X) = p?X*.u,such that u is aunit in Ry,

We conclude that p2Xte]. Suppose r is the smallest t that mentioned. It is clear that
J = (p?X7") because each nonzero polynomial in J takes the form of p?X®. u, where u
isanunitin Ryxyandr < a.

Definition 2. Let us call the element of the form p?X” an p?Xr form.
Second case: ] & (p?) & < (p)

Theorem 2. If J is a nonzero ideal of Ry such that ] & (p*) & S (p), then |
contains a nonzero element in form of pX* + p2K (X), where K (X) = Xk 1k, X" All
of coefficients of K (X) are zero or unit in Zs.

Proof. Suppose [ be the smallest integer such that X! = 0 in Rq(xy In addition,
since ] € (p?) &J S (p), there is a polynomial f(X) = pX;—, fiX" such that one of
its coefficients doesn’t belong to pZZps. Let s denote the smallest nonzero { which
fi & pZys. Therefore X I=s=1£(X) is the polynomial we desired.
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Definition 3. We call the element of the form pX* + p2K(X), where
K(X) =320 ki X', and k; & pZ,s ork; = 0,0 < i < k — 1 an pXkp? form.
Let us agree that the degree of the zero polynomial to be —co and X* = 0 if

k = —oo.

Theorem 3. If J is a nonzero ideal of Ry(x), where J & (p?) & S (p), then
J = (p?X7, g(X)), where g(X) and p?X" have the lowest degree between pXkp?
forms and p2Xr forms respectively.

Proof. As we proved in theorem 2 there is an pXkp? form in J. We call the
pXkp? form with the lowest degree g(X). Therefore g(X) = pX* + p2K(X),
where K(X) =XK1k, X!, and k; ¢ PZys or k; = 0,0 <i <k —1 Itis clear that
(p?X", g(X)) € J. We show that | € (p2X7, g(X)).

Suppose that T'(X) & T(X) € J,T(X) = p2i—oti X and T'(X) = X t;X'. Then
the division algorithm states that

T'X) = g'(X) q(X) + r'(X),
where degr'(X) < degg'(X) over Ry (x), and g'(X) = Xk + pK(X).

We conclude that
pT'(X) = pg'(X) g(X) + pr'(X)
=TX) = gX)qX) + pr'(X).

Lemma 2 Implies that deg pr'(X) < degr'(X). Let r(X) denote pr'(X), i.e.
r(X) = pr'(X). We will have

TX) = g(X) q(X) + r(X),wheredegr(X) < degg(X)
We will show r(X) € (p?).
In a proof by contradiction, we assume the opposite: 7(X) & (p?). suppose
r(X) =pion XL r'(X) =X n X"

First, we assume s is the smallest i such that 7; is unit. Therefore r(X) = pX-u
for some unit u.We see that pXS € J, an pXkp? form. It is a contradiction, because
s < degg(X).

Second, we assume s is the index of the leading coefficient of r(X). Then
r'(X) = 1.X* + ph(X). Therefore pXs + p?uh(X) € J, for some unit u. This is
contradiction, because s < deg g(X) and pX® + p?uh(X) is an pXkp? form.

Thirdly, we assume s is an arbitrary index of a coefficient of r(X), except the
smallest or the greatest one. Up to the end of the paper we consider a coefficient zero
if its index become negative.
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We define the sequence of 1;(X) of polynomials as the following:
k-1

PolX) = XK (X) = 1eg(X) = $o(X) = D plises = prekX.

=0

Y1 (X) = Xpo(X) — (1p—1 — Pkg—110)g(X)

t—-2

=P, (X) = Z(ri+t—k — p(kire + 11_))X* + pf.

i=0

Yo, (X) = X1 (X) — (re—z — p(kp—a1e + 1621)) g (X)

t—-2

= 1P,(X) = Z P(Tire—ie — P(kiTe + 1e_g + 1 ))X P2+ P2 (X)),

i=0
where deg f,(X) < 1.
We define 1, (X) inductively such as

¢Z(X) = X¢z—1(X) - 6zg(X):

where §, = (r,_, — p(ky—yTe + Temq1 + Teg + -+ + Tt—pe1))
k—z—-1

= P, (X) = Z P(Ti+t—k —plkire + 1+ T+t Tt—z))XHZ + £, 0,
i=0

wheredeg f,(X) <z— 1
By taking z = t — s — 1 we have

k—t+s

Y51 (X) = Z p(ri+t—k —plkire + 1+ o+ Ts+1))Xi+t_S_1 +p%fiisi1(X)
i=0

The leading coefficient of Y;__; (X) is equal to
B=p(rs —plkp_tssTe + Teo1 + ez + -+ To41))

Clearly, there exists a unit u in Ry (xy such that B = pu. Other coefficients of
Yi_s—1(X) are also in form of p?u (uisunit). Considering degy,_s_1(X) <k —1,
we see a contradiction. Since 7(X) € (p?). Therefore r(X) = p?X*u for some unit u,
where u is unit. It means T (X) € (p%X", g(X)), so ] = (p?X", g(X)).

Third case: J € (p).

Theorem 4. Let J be a nonzero ideal of Ry (x such that | & (p). Then ] contains a
nonzero element in form of X + pt, (X) + p?t,(X), where degt, (X), degt,(X) < t,
and all of the coefficients of t; (X) and t, (X) are unit in Zs.
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Proof. Since] & (p), there exists polynomial f(X) of J which one of its coefficients
doesn’t belong to pZ,,s. We consider s to be the smallest positive integer such that f is
unit. Therefore X!=5~1 £ (X) is the polynomial as desired, where [ is the lowest positive
integer such that X' = 0in Ry xy.

Definition 4. Let J be a nonzero ideal of Ry (x), where | € (p). Then we define an
element Xt + pt; (X) + p*t,(X) as an Xtpp? form, where degt,(X) < t,degt,(X) < t,
and all of coefficients of ¢; (X) and t, (X) are unit in Zs.

Theorem 5. .Let | be a nonzero ideal of Ry and ] & (p). Then
] = (P*X7, g(X), f (X)), where f(X) is an element of ] with the lowest degree and an
Xtpp? form, and g(X) is an element of ] with the lowest degree and pXkp? form, and
an p2X" is an element of J with the lowest degree and an p2Xr form.

Proof. It is obvious that (p2X",g(X),f(X)) <J. We will show that
J € @*X7, g0, F(X)).

Let f(X) :.Xt + pty (X) + p?t,(X)is an Xtpp? form, where ti(X) =2 (1 tj(i)Xi,
j=1,2,and t].(l)’s areunitorzero, j = 1,2&0<i<t— 1

We consider T(X) € J. As polynomial f(X) is monic, we can use the division
algorithm for T'(X) and f(X) in Ry x). We will have

TX) = fXqX) + r(X),
where degr(X) < degf(X), and we can assume r(X) = Z¥  7; X',
We will show that r(X) € (p).

In a proof by contradiction, we assume the opposite: r(X) & (p) and r(X) =
> W, 1 X' Suppose that s denotes the smallest i where 7; is unit. If 7; is the leading
coefficient of 7(X), then w = s and 7(X) = uX" + pw; (X) + p?w,(X) for some u
and for some w; (X), w, (X). Therfore r(X) is an Xtpp? form. It is a contradiction.

If 7 is the coefficient of the lowest degree term, then r(X) = uX® for some u,
where u is unit. Therefore r(X) is an Xtpp? form. Again it is a contradiction.

We consider 7,, as an arbitraty coefficients of 7(X), except two cases mentioned.
We define the sequence of ¥;(X) of polynomials as the following:

Vo) = X710 — 1, f(X)

t—-1
= ho(X) = Z (Ti—t+w - Prwtl-(l) — pzrwti(z)) xt
i=0

We remember that we consider a coefficient zero if its index become negative.
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P (X) = Xpo(X) = (ryms — print Sy — pPst ) FX).
For the sake of notational convenience let us use ai(j )
and 8;(X), v;(X) instead of some polynomials. Moreover, the coefficients of 5;(X) and
yi(X) are unit.

instead of some coefficients

t-2
P (X) = Z(ri—uw + P“i(l))XHl + pB(X) + p?ya(X),

i=0

where deg $; (X) = degy;(X) = 0.

P,(X) = Xppy (X) = (ry—s + pay) F(X)
t-3

= P00 = Y (e +Pa)X2 4 pB00 + P21, 00),
i=0

where deg $,(X) < 1,degy,(X) < 1.
We define ¥, (X) inductivly such as

Ya(X) = X1 00 = (ryon + pa™2) FOO
t—h-1
SPal0 = D Cicen + AN+ pBu X + P (X),
i=0

where deg B (X) < h — 1,degy(X) <h— 1.
By takingh = w — s — 1, we have
t—-w+s

lzbw—s—l(X) = Z (ri—t+w + pai(w_s_l))Xi+w_S_1 + pﬁw—s—l(X) + pzyw—s—l(X)v
i=0

where deg By —s—1 (X)W —s — 2,degyyy—s_1(X) Sw —5—2.

The leading coefficient of ¥,,_s_1(X) is equal to B= 1, + pagv_vm_,:,l). Since 75 is

unit, B is unit too. It is a contradiction because 1,,_s_; (X) is an Xtpp? form and its
degree is less than k — 1. Therefore 7(X) € (p). Consequently (r(X)) € (p*X", g(X)).
Hence we see that

J = (X7, g0, f(X)).
3. The main results

In this part we contact between R xyand S by using an isomorphism to find the ideals
of S.
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Lemma 4. Let n > 2. Then
ap,r =ip"i=1.2,..,p>—1,3a, ¢ pZZps,ar € Ly,

(pn) = (modp?)
0 o.w.

Proof. Consider the mapping t,,: N — N (pprime), such that t,(r) = p™, where
m is the greatest positive integer such that p™|r. Clearly t,(r) = t,(p" — 1),
t,(ab) = t,(a)t,(b) and t,(a/b) = t,(a)/t,(b). So if r = ip"%,i=12,..,p* -1,
thenp|(prn). Therefore(prn) % 0(modp?), thus forr = ip™2,i = 1,2, ...,p% — 1, there
exists an element a,. such that (p:) = pa, (modp?). Otherwise, (prn) = 0(modp?).

Lemma 5. Let (XP" — 1) € Zy3[X], where n = 2. Then

X —1=X-1P"+ pz a.(X -1,
rer

where I' = {ip"?|i = 1,2, ...,p? — 1}.

Proof. We know XP" —1=((X-1)+ 1)?" - 1.

By taking T = X — 1, we have (T 4+ 1)?" — 1=Zf:0(pin)Ti -1. By Lemma 4,
(T+ 1P —1=TP" + p3,cra,T". Therefore

X" —1=X-1P" +pZaT(X— 7,

Ter

where we know 2 ¢ @, (X — 1)"=ay(X — 1) in advance.
By Lemma 5 we have the following result.

Proposition 4. There is an isomorphism ¢: Ry (x) — S of rings which maps f X)
to f(X—1).
We have the following main result.

Proposition 5. (p, X — 1) is the unique maximal of S. Moreover, the only ideals of
S are

Iy = (0),
I, = (p%(X — 1)"), for some

I, = (p?(X — 17, g(X — 1)), for some g(X) where is an pXkp? form, and
deg g (X) = r, for some r,

I = (pZ(X -1, g(X — 1), f(X — 1)), for some g(X), f(X) and r which are the
form pXkp?, Xtpp? respectively, and deg f(X) = deg g(X) = .
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Proof. We know the mapping ¢@: Ry (xy — S is an isomorphism R, (x) onto S.
Therefore, the mapping @ ~': S — Rg, (x)givenby ¢ ~(X) = X + lisanisomorphism
Sonto Ry, (x). If Iis an ideal of S, then ¢ = (I) = ] will be an ideal of R (x), and if J is
an ideal of Ry (x), then ¢(J) = I will be an ideal of S. Therefore maximal ideal of S is
unique, and is equal to (p, X — 1). In addition, I, I, I,, and I; mentioned above are the
only ideals of S.All cyclic codes of length p™ over Z: are defined by Iy, I3, I3, and I5.
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