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Abstract

In this article, we investigate the direct problem of approximation theory in Morrey-Smirnov classes of analytic functions,

defined on a doubly-connected domain bounded by two sufficiently smooth curves.
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1. Introduction

The fundamental problem in approximation theory consists
in finding for a complicated function / from a normed
space, a simple function (polynomial or rational function)
to approximate /. In 1885 Weierstrass proved the first
theorem in approximation theory “Weierstrass Theorem”
(Devore & Lorentz, 1993), stating that, each continuous
real function defined on a closed and bounded interval can
be approximated by polynomials. The approximation of
complex functions by polynomials was studied by several
mathematicians (Runge, 1885; Walsh, 1998; Keldysh, 1945;
Lavrentiev, 1936). Finally, in 1951 Mergelyan completes
their works by proving the following great theorem (Gaier,
1987).

Let K be a compact set in the complex plane with connected
complement and let / be a function analytic in the interior
of K and continuous on K. Then, / can be approximated on
K by polynomials.

When X is a doubly connected domain, the approximation
by polynomials is not possible and must be replaced with
approximation by rational functions.

In the literature, there are many investigations relating to
approximation problems in simply connected domains. For
example, the problems of approximation theory for Smirnov
classes, Smirnov-Orlicz classes and Morrey- Smirnov
classes were studied (Kokilashvili, 1968; Israfilov, et al.
2005; Israfilov & Tozman, 2008).

The problems of approximation by trigonometric/algebraic
polynomials in Orlicz spaces having non convex generating
Young functions were obtained (Koc, 2016).

But the approximation problems in the doubly connected
domains have not been investigated sufficiently.

In this work, rational approximation problem in Morrey-
Smirnov classes of functions, defined on a doubly connected
domain is investigated. Similar results were obtained in

Jafarov (2015).

The concept of Morrey space, introduced by Morrey in 1938,
has been studied intensively by various authors. Currently
there are several investigations relating to the fundamental
problems in this space. See for example, Israfilov & Tozman
(2011), Bilalov & Quliyeva (2014) and Bilalov et al. (2016).

2. Preliminaries

Suppose that G is anarbitrary doubly connected domain in
the complex plane , bounded by two rectifiable Jordan curves
L, and L,. Without loss of generality, we may assume that the
closed curve is inside the closed curve L, and 0 Eint L,.

Let G’ :=intL,, G :=extl,, G):=intL,,

Gy =extL,, D:= {WEE < l},

D = {WEE M >1} and y,:=0dD:= {WEE M =1}.

We denote by w=¢(¢) (w =4 (t)) the conformal mapping of

G” (Gf ) onto domain D™ normalized by the conditions

p() =0, tim 205 0,

=
4(0)=0  timeg (1)

Moreover, by ¥ and ¥ will denote the inverse mappings of ¢
and 9, respectively.

Let T be a rectifiable Jordan curve in the complex plane .
By I’ (F) (ls p<00), we denote the set of all measurable
complex valued functions / such that |f |p is Lebesgue
integrable with respect to the arc length on T'.

Throughout this paper, we assume that the letters ¢y, ¢, c3, ...
always remain to denote positive constants that may differ at
each occurrence.

Definition 2.1. Le I" be some rectifiable Jordan curve,
O<asland 1s p<o. We denote by L”“(I') the Morrey



space, as the set of all locally integrable functions /', with
a finite norm:

|/

1 ool
e [ () e

0 P

<, (1)

where B is an arbitrary disk centered on I' and [BNT|_ is
the linear Lebesgue measure of the set BNT. We know
that L (T') is a Banach space. If a =1 then the class L' (T')
coincides with the class " (T), and for & = 0 the class L’ (T')
coincides with the class L* (F) Moreover, L7 (F) c L (F)
for 0<a, <@, Thus, 2 (T)C L'(T), Ya€[0,1].

Definition 2.2. LetU be a finite simply connected domain with
the rectifiable Jordan curve boundary I'" in the complex plane,
and let T, be the image of circle {wEE W =r,0<r< 1}
under some conformal mapping of D onto U. By E' (U ) we
denote the class of analytic functions ./ in U, which satisfy

[ (o)l <=
T,
uniformly in . '

It is known that every function of class E'(U) has
nontangential boundary values almost everywhere on I'" and
the boundary function belongs to L (T') (Goluzin, 1969).

Definition 2.3. Let be a finite simply connected domain with
the rectifiable Jordan curve boundary I' in the complex plane
, we define the Morrey Smirnov classes £7“(U), 0< e <1,
and 1 = p < o, of analytic functions in U as:

Er(U)={feE (U):rer(r).

Under the norm (1), £/ (U), O<sa=<l, 1= p<x, becomes a
Banach space

Hf EP(U) = ”f

Definition 2.4. We define the » th modulus of smoothness of a

7(T)

function g&€L7“(y, ) for r =1,2,3,... by the relation

A (g-)

a)l’w (g,t) =sup

‘/1‘5!

(1)’

Z;h<e:>=§(;)<—1)f"'g(-e'“)-

Definition 2.5. Let I be a rectifiable Jordan curve in the
complex plane . For a given €T and f €L (F ), the operator

defined by
m{sfé-z\»-} &-t

1

S t)=1lim—

()= tim L

is called the Cauchy singular operator.

Definition 2.6. A smooth curve T is called Dini-smooth, if
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°Q(o,

f M ds<d, 6>0,

0 )

where a(s) is the angle, between the tangent line of I" and the
positive real axis expressed as a function of arc length s with

the modulus of continuity Q(U,s), where
Q(o,s):= sup lo(s,)-0o(s,)
[si=sa|ss

In Samko (2009); Kokilashvili & Meskhi (2008) it is proved
that, if I' is a Dini smooth curve, then the operator S, is

, s>0.

bounded in L (F) with 0<a <1, 1< p<x, ie. there exists
a positive constant ¢, such the following inequality holds for

any f€L(T)

I18c (PN ey = <l

VL

7(r) " (2)

To prove our main theorem, we need the following lemma. It
can be found in (Goluzin, 1969).

Lemma 2.1. Let U be a simply connected domain in the
complex plane , bounded by a rectifiable Jordan curve I', and
let U~ be the exterior of T'. Then for fEL (F), the functions
/" and /"~ defined by

(e L&)
(1) _2m!§_t dE, tEU,
i §) .
7 ( )'__2m’!—§—t dé, teU

are analytic in U and U, respectively, f~ ( 00) =0, and satisfy
the following Sokhotskiy — Plemel j formulas,i.e.onT.

£(0=5e (0431 (0),

()=S0 ()= 1),
MOENMORYE(

The level lines of the domains G, and G, are defined for

r,R>1by
Cp = {t:|¢I (t)| = R}.

C = {t: |¢(l)| = r},
The Faber polynomials @, (t) of degree k are defined by the

relation ,
v'(w) _o®(1)
T/I(W)—t /ZO Wk+1 >
and have the following
(Markushevich, 1968):

Ift€intC , then
f J—Ldf

k

_L v
- 27i ., p(w)-t

tEG),weD",

integral  representations

27n

dw. (3)

If t€ext C,, then
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@, (1)=

fudg (4)

2m

Similarly, the Faber polynomials F; (1/ t) of degree k with
respect to 1/¢ are defined by the relation

yi(w)
W1(W)_t

and satisfy the following relations:

= F (1/t i )
=; kka” ), teEG;,WwED",

If tEint C,, then

L[ e

1/
( t Zm

If tEext Cy, then

(1/1) f[—]—dg

27[1
27 ez ¥ (w) )

The basicity problems of Faber polynomials in Smirnov
classes were studied in Bilalov & Najafov (2013).

If fEE'(G), then f(¢) has the following formula (Suetin,
1998)

S(0)=Fa®(0)+ 35 F,1/1). (7)
where

a =ﬁiﬁf(‘i’{(ﬂ ) dw,1<r<r k=012,
and

1 f(wl(w))

b o=—
k . e+l
27i Wi W

If G is an annulus domain, then the series (7) becomes the

dw,1<R <R, k=12,...

Laurent series for the function / (f )

Taking the first terms of series (7) we obtain the rational
function

R, (f.t)= Zaktbk(t)+2bkﬂ(l/t). (8)

For large values of n and if fEE” ‘“(G), we will prove
that, such a rational function R, (f,¢) can approximate the
functionf (¢) arbitrarily closely.

If L, and L, are Dini-smooth, then as per Warschawski (1932),
it follows that

) <es (9)

where ¢,,¢;, ¢, and c; are positive constants.

<‘1//(w)| <q, ¢, <|1/}1'(w

Let L (i = 1’2) be a Dini-smooth curve, O<a =<1, 1< p<oo,

foy for fEL (L)

we define the following functions f; =
and £, := f oy, for fEL(L,).

From Israfilov & Tozman (2008) it follows that f, €L (y,)
and f,€L"(y,). Further, we obtain f;,f;" €E”“(D) and
Jo i EEPY (D_) such that, f; (©)=0, f;()=0 and the
following relations hold a.e. on y,

(10)
(11)

So () =15 (1) = 15 (2),
Si(2) =17 ()= £ (2)-

For r =1,2,3,... let us consider the following quantities
Fpa(f 5) ;,a(‘f(.;’é)} 5>O9
Q. (f.0)=w (£.5), o>0.

The following lemma was proved by Israfilov & Tozman
(2008).

Lemma 2.2. Let gEE”" (D) with O<a <1 and 1< p <. If

n

Z a,w" is the n - th partial sum of the Taylor series of £ at the

=0

origin, then for any 7 =1,2,... the following estimate

()=S0

1
SC W, | & )
() " ( n+l

holds, where ¢, is a positive constant.

3. Main result
In this section, we present the main result.

Theorem 3.1. Let G be a finite doubly- connected domain
with the Dini- smooth boundary, L =L UL, L™ (L) be a
Morrey space with0 < <land 1< p <. If / is a function in
E”“(G), then for every nE e the estimate

ol st ]|

holds, where ¢, is a positive constant and R, (f,t) is the

ERZAE

rational function defined by (8).

Proof. Let f €E”“(G), then f;, i EL™ (7,) and putting ¢ (&)
and ¢, (&) in place of in (10) and (11) respectively, we obtain

7(&)=1(0(8)- 1 (0(8)), €L,
F(E)=£(2(8)-1(4(8)). €L, (13)

We suppose that t Eext L,, then using the relation (4), we have

n a,p* (5)
;ak(pk() Z‘ﬂ¢ 2”lf;§ p



and then by the relation (12)

Z“k‘bk (1)= galﬁk (1)

+E-{ = 5 d&
+Lf@d +L fo_(¢<§)) dE.
2mid E-t 2mid E-t
Since fy (¢(§))EEM (le ), we get
1S (#(8)
2—{ P dg=-f; (#(1)).
So, we reach to the following relation:
Zakq)k(t)=2ak¢k(t)
> ad (£)- 17 (4(£)
+L —2 ( )df
Zm' E-t
2mf§t§fo(()) (14)

Now for tEext L,, and using the relations (6) and (13), we
obtain

=2_m£ §_t1 dE
1)
bm{&—td&' (15)

If 1 Eext L,, then we have

Tm{g—t =2_Jri2[§—t

Since ext L, Cext L,, the relations (14), (15) and (16) are valid
for tEext L, and give

Za"q)" (r)+ Z’%Fk (17¢)=

= > ' ()= 1; (o(1)
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Taking the limit as ¢t —z&L, along non- tangential path
outside Z, for almost every z€ L, we get

f(z)—(Zakd>k(z)+ZbkE((l/z))=
- (¢(z))—2ak¢*(z)

- qu)] (17)

By using (17), Minkowski’s inequality and the relation (2),
we have

lr-&,(1.)

L) 56

1y 0)- S
Zb wh

From the relation (18), and using lemma2.2, we get

TS { %51

Lpa(f m)} (19)

For ¢ €Eint L,, by the relations (4) and (13), we get

szl/t quﬁ, 2m ZM

()’o )

+Cg

Ir-R.(1

=2bk¢1k([,)
Zbcﬁl 5
2m &t 5
1(&) o
‘Z—mLij dé - 7@ (1) (20)

And for ¢'€int L, from (3) and (12), we have

n > ' ()
PERS (t’)=ﬁf72"§_t, dg
k=1 L

L s (61 (0(2)
£t

d&

7(&)

2mf§ t as. (21)

Since int L, Cint L,, the relations (20) and (21) are valid for
t'Eint L,, and give
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zakcbk (t’)+2bka(l/t,)_
L s (€5 (9(2)
L —

d&

Zbﬂ @»d§

2m E-t

+2m#0)

Taking the limit as /' —z& L, along non- tangential path

inside L, for almost every zEL,, we get
ﬂa{;%@uw;@mwa}

- (;baﬁl IN(E )))
=S, (me IRCIE )))

| ;am"(s)—.ﬁr (¢(£))
—E §_Z d‘:'

LI

(22)

By using (22), Minkowski’s inequality and the relation (2),
we obtain

Ir=R, (1.,

SCH

wa

ﬁwrgw

From the relation (23), and using lemma 2.2, we get

. 1
Lm(L )= { Q) (f’n+l)
. 1
ay, [F ) ()

Since L=L UL, and fEE"" (G), we get

()

+C),

17(1o)

|r-R,(f-

Il7-r. (1

L) = ”f_R" (f’) 7(L,)
+)| /=R, (f..)

(L) .

Then taking into account the relations (19) and (24), we

. 1
) E7(G) =G { QL,p,a (f> m)

+9L,,a(f

reach

|- (s

11)}

Thus, the theorem is proved.
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