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1. Introduction

Throughout this paper N denotes the set of all nonnegative integers. Let B be a
Banach space, S be a non empty closed convex subset of B and T be a self map
of S. Let {a,il}:):(), i € {1,2,3} be real sequences in [0,1] satisfying certain control
condition(s).

The following iteration methods are referred to as CR (Chugh et al., 2012), and S*
(Karahan & Ozdemir, 2013) iteration methods, respectively:

Uy €S,
Up+1 = (1 - arlL)vn + arllTvn' 11
vy, = (1 — a?)Tu, + a2Ty,, (1.1)

Vo = (1 —a)u, + a3Tu,,n €N,

Po €S,
Pn+1 = (1 — arll)Tpn + arllTCIn'
dn = 1- arZL)Tpn + arlernv
n=0-ad)p, +aiTp,,n €N,

(12)

Convergence analysis of iterative methods has an important role in the study of
iterative approximation of fixed point theory. Fixed point iteration methods may exhibit
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radically different behaviors for various classes of mappings. While a particular fixed
point iteration method is convergent for an appropriate class of mappings, it may
not be convergent for the others. Due to various reasons, it is important to determine
whether an iteration method converges to fixed point of a mapping. In many cases,
there can be two or more than two iteration procedures approximating to the same
fixed point of a mapping, for example, (Karakaya ef al., 2013; Rhoades & Soltuz,
2004; Xue, 2007). In such cases, the critical and important point is to compare rate
of convergence of these iterations to find out which ones converge faster to the same
fixed point of a mapping, e.g., (Berinde, 2004; Hussain et al., 2011; Sahu, 2011; Xue,
2008).

Recently, several authors introduced several types of iteration methods and they
have proven that their iterations converge faster than Picard (1890), Mann (1953), and
Ishikawa (1974) iteration methods, e.g., (Chugh et al., 2012; Karahan & Ozdemir,
2013; Karakaya et al., 2013; Sahu, 2011).

In this paper, we are concerned with two recent iteration methods defined by (1.1)
and (1.2). We show that iteration method (1.2) converges to fixed point of a contraction
mapping satisfying

ITx — Tyll < 6lITx — Tyl|,6 € (0,1),forallx,y € B. (1.3)

Also, we prove that CR (1.1) and S* (1.2) iteration methods are equivalent when
converging to the fixed point of a contraction mapping. In addition, we show that CR
iteration method (1.1) is faster than S* iteration (1.2) in the sense of converging to the
fixed point of a contraction mapping. Finally, we give a data dependence result for the
fixed point of contraction mappings using iteration method (1.2).

In order to obtain our main results, we need following lemmas and definitions.

Definition 1.1 (Berinde, 2007) Let {a, }y=o and {b, }n—, be two sequences of real

numbers with limits a and b, respectively. Assume that there exists

im0 122 — (1.4)

(i) If1 = 0, then we say that {a,, };—, converges faster to a than {b, };—, to b,

(i) If 0 < I < oo, then we say that {a,}n= and {b,}n-, have the same rate of
convergence.

Definition 1.2 (Berinde, 2007) Let T, T: B — B be two operators. We say that T is
an approximate operator of T if for any fixed € > 0 and for x € B we have

|Tx - Tx| < e (1.5)
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Lemma 1.3 (Weng, 1991) Let {a,}no and {p,}n=o be nonnegative real
sequences satisfying the following inequality:

An+1 < (1 - nn)an + Pns (1'6)

where 1,, € (0,1), for all n = ng, Ypeon = %, and z—" — 0 as n —» oo. Then

lim,_,., a, = 0.

Lemma 1.4 (Soltuz & Grosan, 2008) Let {a,}n-, be a nonnegative sequence
for which one assumes there exists 1y € N, such that for all n = n, the following
inequality holds

an+1 < (1 - .un)an + Unns (1'7)

where p, € (0,1), for all n € N, Yoo p, = o, and 1,, = 0, Vn € N. Then the
following inequality holds

0 < limsup, e ay < limsup,e M. (1.8)

2. Main results

Theorem 2.1 Let S be a nonempty closed convex subset of a Banach space B and
T:S — S be a contraction map satisfying condition (1.3). Let {p,, }r=( be an iterative
sequence generated by (1.2) with real sequences {a,‘;}:;o,i € {1,2,3}in[0,1] satisfying

Yook = oo. Then {p,}m-, converges to the unique fixed point of T, say x,.

Proof. Picard-Banach theorem guarantees the existence and uniqueness of x,. We
will show that p,, = x, as n — oo. From Equations (1.2) and (1.3) we have

7 = %l = 1(1 = a)pn + aaTrn — (1 — i + aDdx. |l
< (A= a)llpn — x|l + azlITp, — x|l
< (1= a)llpn — x|l + az6llpn — x|
=[1-az(1 = Ollpn — x.ll, 2.0
lgn — %Il < (1 — aDITPy — x|l + @z ITr, — Tx. |l
< (1 - a)dllpn — x.ll + azdlln, — x|

<{1-ap)d +apd[l — az(1 - O Blpy — x.ll. 22)

and
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IPrsr =%l < A — @) ITpn — Tl + @l Tqn — Tl
< (1 - ap)élpn — x|l + anblig, — x|

< {1 -aD)d + and{(1 - ad)s + ais[1 - ai (1 = O)Yllp, — x.1l. (2.3)
Since § € (0,1) and &, € [0,1], for all n € N and for eachi € {1,2,3}
1—a2(1-6)<landl—a3(1-6)< 1 2.4
By using § € (0,1) and Equation (2.4) in (2.3), we obtain
IPn+1 — %l < [(Q = an)6{(1 — a7)8 + @76} + andlllp, — x.|l
<[ - ap)d{l —ai(1 -8} + azslllp, — x.|l
< [1-an(1 = lpy — x.ll
< - < Tol1 — ag (1 = 8)]lipo — x.ll. 25)

It is well-known from the classical analysis that 1 — x < e™ for all x € [0,1].
By considering this fact together with Equation (2.5), we obtain
k

pner = 2.l < | 11— 1 = &)lipo - .1

n=0

Ti=o[1-ai1=8)]llpo—x.
<
< JREETYS . (2.6)
Taking the limit of both sides of inequality (2.6) yields p,, — x.as k — oo,

Theorem 2.2 Let S, B and T with a fixed point X, be as in Theorem 2.1. Let
{wdmeos {Pnlneo be two iterative sequences defined by (1.1) for uy € S and (1.2)
for pg € S with the same real sequences {a,il}:zo, i € {1,2,3} in [0,1] satisfying
Yo oak = oo. Then the following are equivalent:

(1) the S* iteration method (1.2) converges to the fixed point x, of T;
(i1) the CR iteration method (1.1) converges to the fixed point x, of T

Proof. We will prove (i) = (ii), that is, if S* iteration method (1.2) converges to X,
then CR iteration method (1.1) does too. Now by using Equations (1.1), (1.2), and (1.3),
we have

”pn+1 - un+1|| = ”(1 - a%)Tpn + arllTQn - (1 - arll)vn - arllTUn”

< (1 - arlt)”Tpn - 17n” + a‘}l”an - Tvn”

< (1 - arll)”pn - 1]n” + arllgllqn - vn” + (1 - a?%)”pn - Tpn”
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= (1 —apll(1 = af + af)p, — (1 — af)Tu, — aZTy,ll
+anbllgy — vpll + (1 = ai)llpy — Toall

< (1= ap)(d = a)llpn — Tuull + (1 = ap)aillp, — Ty, |l
+a36llgn — vall + (1 = a)llp, — Tonll

< (1= ap)@ = a)){llpn — Tpall + ITpy — Tuyll}
+(1 = ap)ai{llpn — Toall + TPy — Tynll}
+az68llgn — vpll + (1 = a)Ipn — Tyl

S -ap)d = ap)bllpn — unll + (1 = a)(A = ap)llpn — Ty |l
+(1 = ap)aillpn — Toall + (1 — an)aiéllpn, — yall
+a361qn — vull + (1 = ap)llpn — Ty ||

=1 - ap)@ - a})bllpn — unll
+(1 = ap)agsll(1 — a3 + ad)pp — (1 — a)u, — a3 Tuy|l
+anbllgn — vall + 2(1 — ap)llpn — Toull

< (1= ap)(1 = a?)8llpn — unll
+(1 = ap)and(1 — a)llpy — unll + (1 — an)azdazlipn — Tu,ll
+a368lgn — vpll + 2(1 = ap)llpn — Tyl

< (1 —ap)d = ap)bllpn — upll + (1 = a)az8 (1 — ay)lIpn — unll
+(1 = ap)aidagllp, — Tpall + (1 — ap)azdas 8llpn — unll
+a368lgn — vyl + 2(1 — ap)lIpn — TPyl

={1-apA-ap)s + (1 - ap)aid[1l - azy(1— ) p, — unll
+agbllgn — vall + (1 = ap) (2 + azda)llpn — Toull,  (2.7)

”(In - Vn” = ”(1 - arZL)Tpn + arthrn - (1 - arZL)Tun - arthyn”
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< (1= aDlpn — uall + az6lln — yall
= (1 - ap)llpn — uall
+a781l(1 = ap)pn + aiTrn — (1 — ap)u, — apTuy |l
< (1 - apllpn — unll+azs[1l — a1 — O]lpn — uall
< (1= a)llpn — unll+azslip, — uall
=[1-af(1 = &)]llpn — unll- (28)
Substituting Equation (2.8) in (2.7)
IPns1 = tnsall < {1 — @) (1 = a?)§ + (1 — ap)azd[l — az (1 — 8)]
tag 8[1 — ai(1— &) BIp, — uall
+(1 — an) (2 + agdan)llpn — Tpall. 29
Since 8 € [0,1), @, € [0,1] for all n € N and for eachi € {1,2,3},
1-ai(1-6)<landl—a3(1-6)<1. (2.10)
By applying inequality (2.10) to (2.9), we obtain
IPn+1 — Unaall < [1 = an(1 = O)]llpn — unll
+(1 - ap) (2 + azda)llpn — Toall. - (2.11)
Using the fact x, = Tx, and triangle inequality for norms, we derive
P = Tonll = lIpn = X, + Tx, = Tyl
< |Ipn = x|l + ITx. — Tyl
< (1+ )lpn — x.ll. (2.12)
Substituting inequality (2.12) in (2.11)
IPn+1 = Unsall < [1 = an(1 = O)]lpn — unll

+(1 = an) (2 + azbaz)(1 + O)llp, — x.ll. (2.13)
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Denote that
a, = ”pn - un”;
n=an(1-=06) € (0,1),
=1 =a)2+aidar)(1+8)llp, — x.l. (2.14)

Thus, an application of Lemma 1.3 to inequality (2.13) yields a,, = ||p, — unl|
-0 as n - oo Also, since ||uy, — x|l < llpn — unll + llpn — x.ll, we have
llu, — x|l » 0asn — oo.

Next, we will prove (ii) = (i). Assume that ||u,, — x,|| = 0 as n — oo. It follows
from Equations (1.1), (1.2), and (1.3) that

IPns1 — Unsall = 11 = a) v, + anTv, — (1 — ap) T, — axTqy ||

< (1= apllvy — Tpull + aplITv, — Tayll

< (1= apll(X = a)Tu, + aiTy, — Tpull+ansllgn — vl

= (1= a1 = af)Tuy + aiTy, — (1 — af + ai)Tp,|l
+az8ll(1 = a)Tu, + @i Ty, — (1 — af)Tp, — i Tl

< (1= a1 = a)lTuy, — Tpll + (1 = ap)ai Ty, — Tpa||
+ap8(1 — ap)lITu, — Topll+arda Ty, — Tryll

S A= ap)A = ad)bllu, — pull + (1 — ap)aiélly, — pall
+ap8(1 — ap)8llu, — pull+andaislly, — nll

={(1 - ap)(1 - af)s+ans(1 — af)8}Hlu, — pall
+(1 = ap)azsll(1 — ad)uy, + ayTu, — (1 - ag + a;)pall
+apdaiSll(1 - ad)u, + aiTu, — (1= a3)pn — a3 Tyl

< {1 - ap)(1 = ad)s+and(1 — af)8}u, — pall
+(1 - a)az8(1 = ap)llun — pull + (1 = an) @i Ty, — pol

-l'ané‘ané‘(1 - an)”un pn||+an6an6an||Tun Tpn”
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<{A1-a)(1—a?)s+als(1 —a2)é
+(1—al)da?5(1 —ad) + (1 —al)a2sad
tanbar6(1 — a3)+apdagdas}iu, — pall
+(1 - ap)azdaslluy, — Tuyll
={1-a})(1—a2)f+als(1—a?)s
+(1—ab)azé(1—ad)+ (1 —al)a2sad
+apdais[1 — ay (1 = §)}u, — pall
+(1 — ap)azsad|lu, — Tuyll, (2.15)

or,

luns1 = Praall <{[1 —an(1 = OIA - a?)s + (1 — ap)azd
+agpdand[l — an(1 — &) BHluy — pall

+(1 = ab)azsad||u, — Tuyll. (2.16)
Since 8 € [0,1), a}, € [0,1] for all n € N and for eachi € {1,2,3},
1—a2(1-6)<1landl—a3(1-6)<1. (2.17)
By use of inequality (2.17) in (2.16), we get
ltnsr = Prsall < [1 = an(1 = O)lluy — pall + 1 — an)azdazllu, — Tugll . (2.18)
Using the fact x, = Tx, and triangle inequality for norms, we derive
llun — Tunll < (1 + &)llup — x.|l. (2.19)
Hence, inequality (2.18) becomes
lunss = Praall < [1 = an(1 = O]llun — pall + A — an)azdan(1 + &llu, — x.ll. (2.20)
Define
an = llun = pall,

pn = (1 — ap)azdan (1 + 8)lluy — x.|I. (2.21)
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Thus, an application of Lemma 1.3 to inequality (2.20) yields a, = ||u, — ppl| = 0

asn — oo,

Also, since [lpn — x| < llpn — unll + lluy, — x.l, we have ||p, — x.|| = 0 4

n — oo,

Theorem 2.2 Let S, B and T with a fixed point x, be as in Theorem 2.1. Let {a,ﬂ}:zo,
i € {1,2,3}in[0,1] satisfying (i) 0 < a; = inf,eyal. For givenuy = p,y € S, consider
iterative sequences {U,}n=o and {p,}n=o defined by (1.1) and (1.2), respectively.

Then {u,, };—, converges to x, faster than {p, }5-, does.

Proof. The following equality was obtained in (Theorem 1 of Karahan & Ozdemir
(2013))

n+1
by = llpe — x.[|6™1 [1 —a, (1 —5(1 - azaz(1— 5)))] . (22)
Using now iteration method (1.2) and condition (1.3) we have

lunsr — 2.l = (1 = aR)vy, + anTv, — x|

< (1= apllvy = x.l + azllTv, — x|

< [(1 = ap) + ag]llv, — x|l

< [ = ap) + ag]ll(1 — af)Tuy + Ty, — .|

< [(1 = ap) +ag](1 = aP)|ITu, — x|
+[(1 = ap) + axlaf Ty, — x.||

< [(1 = ap) + ag](1 = ap)éllu, — x|
+[(1 = ap) + aplafSlly, — x.l

< [(1 = ap) + a1 — ap)Sllu, — x|
+[(1 = ap) + azlais (1 — a)llu, — x|
+[(1 — ap) + aplaidaisllu, — x.l

=[(1 - ap) + az]{(1 — af)s

+apd(1 - ap)apdazSilu, — x|l
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=[1-az(1 =& - azazi(1 - §)]Sllu, — x|
S “ee
< IR=ol1 = aie(1 = O] [1 = agag (1 - 6)]6llug — x.I. (2.23)

From assumption (i), we obtain

lunsr = %l < llup = % I6™ 1 — ay (1 = O™ — azaz(1 - O™ (2.24)

Let
an = |lug — 216" 1 — a; (1 = O™ [1 — azaz (1 = O™ (2.25)
Define
_ an _ lluo—x. 8™ [1-a,(1-8)]"1-aza3(1-8)]™!
bn ||p0—x*||5"+1[1—a1(1—8(1—a2a3(1—6)))]n+1
_ [1-a;(1-8)]" 1 [1-aya3(1-8)]"*1 . (226)

B [1—a1(1—6(1—aza3(1-5)))]n+1

Since § € (0,1) and a; € (0,1) for eachi € {1,2,3}

a; <1
= a,a,a3(1—8) < ayas(1—96)
= a2a3(_1 + 6) + a1a2a3(1 - 6) < 0

= —a2a3 + a2a36 + a1a2a3 - a1a2a35 < 0

= 1 - al + a15 - a2a3 + a2a35 + a1a2a3 - 2a1a2a36 + a1a2a362
< 1 - al + a16 - a1a2a35 + a1a2a362
N a6 — ayas(1 —8) + a;azas (1 — §)2
<l—a;+a,6 —aja,a36(1—96)
N 1-a;(1-96)—[1—-a;(1-6)]azaz(1—-79)
< 1 - a1 + a15(1 - a2a3(1 - 6))

=>[1-a,(1-8)][1—-aa;(1-6)]<1—a,(1—-6(1—ayaz(1-95)))
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[1-a; (1-8)][1-azaz(1-6)]
1-a;(1-8(1-azaz(1-9))) <1l (2.27)

Thus lim,,_,, 6,, = 0 which implies that {u, }y— is faster than {p,, }n=o.

Example 2.4 Let B =R and S = [0,0). Let T:S —» S be the map defined by
Tx = %+ %arctan x. It is clear that T satisfies condition (1.3) with § =§ and
x, = 0.7046028071450. Take o = a2 = @} = — vn € N with initial value
xo = 30. The following figure and tables show that CR iterative scheme (1.1) converge
to x, faster than all Picard (Picard, 1890), Mann (Mann, 1953), Ishikawa (Ishikawa,
1974), Noor (Noor, 2000), S (Agarwal et al., 2007), SP (Phuengrattana & Suantai,

2011), Normal-S (Sahu, 2011), $*(1.2) iterative schemes up to the accuracy of thirteen
decimal places.

1.00
0.841
| 5
‘ = 080
0.95 \ s 0
| =
‘ 5 0761
Q
0.90 “ =
0.72
g |
3 | ,
z 0.85 “ IterationNumber
.S \
5 —&— Picard
2 \ Mann
080 \ A Ishikawa
| —v—SP
—4&— Noor
—<4-CR
0.75 4 » S
—@— Normal-S
—*—S
0.70 T T - - —
1 2 3 4 5 6 7 8 9

Iteration Number

Fig. 1. Comparison of the rate of convergence among various iterations
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Table 1. Comparison rate of convergence among various iterations

Iter. No. CR S* S
1 0.8851626784486 0.8877526754688 1.007311782932
2 0.7163190923162 0.7206984735219 0.7435069717741
9 0.7046028071457 0.7046028071614 0.7046028105023
10 0.7046028071450 0.7046028071456 0.7046028074125
11 0.7046028071450 0.7046028071658
14 0.7046028071451
15 0.7046028071450
Table 2. Comparison rate of convergence among various iterations
Iter. No. Sp Normal-S Noor
1 4.618799966137 1.002131788892 15.50106231755
2 0.9747965600970 0.7333057242463 5.811553726253
11 0.7046028071451 0.7046028071468 0.7046033352781
12 0.7046028071450 0.7046028071451 0.7046028624322
13 0.7046028071450 0.7046028125691
17 0.7046028071452
18 0.7046028071450
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Table 3. Comparison rate of convergence among various iterations

Iter. No. Picard Mann Ishikawa

1 1.012491776972 15.50624588849 15.50106589445
2 0.7638684010641 5.836836488758 5.811703880012
11 0.7046028843365 0.7047125607878 0.7046045362514
12 0.7046028243392 0.7046338153151 0.7046030406020
19 0.7046028071455 0.7046028103103 0.7046028071451
20 0.7046028071451 0.7046028079673 0.7046028071450
21 0.7046028071450 0.7046028073572
27 0.7046028071451
28 0.7046028071450

We are now able to establish the following data dependence result.

Theorem 2.5 Let T be an approximate operator of T satisfying condition (1.3).
Let {Pn}n=o be an iterative sequence generated by (1.2) for T and define an iterative
sequence {Pp }n=o as follows:

Do €S,
ﬁn+1 = (1 - (Z%)Tﬁn + arlLan:
Gn = (1 - arzl)Tﬁn + arlef'n:
#o = (1 —ad)p, +aTp,,n €N,

(2.28)

where {a,il}:: 0 i € {1,2,3} are real sequences in [0,1] satisfying (i) % < a,ll for all

n € N. If Tp = pand Tp = P such that p,, > P as n - oo, then we have

~ 5¢
llp — 2l < P (2.29)

where € > 0is a fixed number.
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Proof. It follows from Equations (1.2), (1.3), and (2.28) that
7 = Fll = [|[(1 = adDpp + @iTo, — (1 = )P — @i TH,|
< (1= a)lpn — Bl + @3 || TP — T ||
< (1= aDllpn = Bull + a{IITPn = Thll + [T — T}
< [1=aq(1 = Olipn = Bull + aze, (2.30)
lgn = nll = [|(1 = @D Ty + @ZTr, — (1 = a) TP, — aZT7||
< (1 - ad)||Tpn — T + || Tr, — T7||
< (1= aD{ITPn = Tall + |75 — T}
+a2{lITr, — T#l + ||T7 — T#|}
< (1 - af)dllpn — Dall + aidlln, — 7l
+ (1 —a2)e + aie, (2.31)
IPnss = Brall = [|(1 = a)TPn + 03T n — (1 = @) TP — @ T
< (1= a)||Tpn = Tl + an[|Tqn — T
< (1= a){ITPn = Tl + |75 — T}
+a{lITqn = Tgnll + | TGn — Tn||}
< (1 = ap){68llpn — Dull + &} + an{Slign — Gnll + &}
= (1 — ap)8llpn — Pull + andllgn — Gl
+(1—al)e+ale. (2.32)
Combining inequalities (2.30), (2.31), and (2.32)
P41 = Prsall S {1 = ap)é + a3 6{(1 = a})6 + aZ8[1 — ai (1 = O)HIpn — Full
+aldaidade + ald(1—a?)e+ atbaie + (1 —al)e+ale. (2.33)

Since § € (0,1) and &}, € [0,1] for eachi € {1,2,3}and foralln € N,
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1-a3(1-8)<11-a2(1-6) <L a2a36?<1,(1-a?)§<1,andaZd <1, (2.34)
and by assumption (i) we have
1-al <al. (2.35)
Thus using inequalities (2.34) and (2.35) in (2.33) yields
IPrss = arall < [1 = k(L= O)lpn = Full + k(1= 8) 35 (236)
Let us denote
an = I = Bull, pn = @1 =8 € OD,m, =520, (237)
It follows from Lemma 1.4 that

0 < iMSUPyyo0|P — Bull < limsup oo . (2.38)

From Theorem 2.1 we know that lim,,_,, P, = p. Thus, using this fact together
with the assumption lim,,_,, P, = P we obtain

~ 5
lIpn = Ball < 7 (2.39)
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