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ABSTRACT
A generalized Lehmer matrix with recursive entries from Kılıç et al. (2010b) is further 
generalized, introducing three additional parameters and taking recursive factorials instead of 
a term. Certain formulae are derived for the LU and Cholesky  factorizations and their inverses, 
as well as the determinants. Then we precisely compute the elements of the inverse of the 
generalized Lehmer matrix. 
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INTRODUCTION

The generalized Fibonacci sequence { }),( qpUn  is defined by

1 2( , ) = ( , ) ( , ),n n nU p q pU p q qU p q− −−

with the initial conditions 0=),(0 qpU  and 1=),(1 qpU  for 1.>n .

When p = 2 and q = 1, the sequence { }(2,1)nU  is reduced to the sequence of 
natural numbers. When p = 1 and q = -1, the sequence {Un(1, -1)} is reduced to the 
well known Fibonacci sequence {Fn}. Throughout this paper, we consider the case 
q = -1 and we denote Un(p,-1) with .nu

An nn×  generalized Lehmer matrix Fn =(gij) nji ≤≤ ,1  is defined by
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as a recursive an alogue of the Lehmer matrix where un is the nth term of the sequence 
{un}, Kılıç et al. (2010b) defined the recursive analogue of the Lehmer matrix 
and derived its algebraic properties. The authors also gave its LU and Cholesky 
factorizations and so derived explicit formulae for the determinant and inverse.

The Lehmer matrix and its recursive analogue are known as special matrices 
with known inverses, determinants, etc. For other known special matrices and their 
properties (inverses, determinants, etc.), we refer to Kılıç (2010), Kılıç et al. (2010a), 
Kılıç et al. (2013), Marcus (1960), Newman et al. (1958), Stanica (2005).

The purpose of this paper is to introduce a new kind further generalization of the 
Lehmer matrix. Our approach to the subject will be as follows:

•   We consider product of consecutive k terms of the sequence }{ nu  and briefly 
denote this product with three parameters by Xn,  

•  We define the generalized Lehmer matrix, namely, Fn in terms of Xn’s,  

•   We give LU factorization of Fn as Fn = PLnUn , where p is an nn×  unit matrix,  

•  We derive explicit formula for the determinant,  

•  We give Cholesky factorization Fn ,= T
nnCC   

•  We determine the inverse matrix F .1−
nô  

 A GENERALIZED LEHMER MATRIX   
WITH 3 ADDITIONAL PARAMETERS

 

Definition 1. For any integer parameters 1,λ ≥ 0r ≥  and  1,k ≥

       
( 1)

=1
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k
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where nu  is defined as before.

For 0=r  and == kλ 1, this definition is reduced to the usual recursive 
coefficients denoted by nu .

Definition 2. An n  ×  n  recursive generalized Lehmer matrix, say Fn =(gij) nji ≤≤ ,1 , has 
the following entries: 
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where nu  is the n th term of the sequence }{ nu  and ≥λ 1, 0≥r  and 1≥k  are 
integer parameters.

Here we note that the case 0=r  and 1== kλ  was given in Kılıç et al. (2010b) 
so that we shall study the case 0>r  and 1>,kλ  throughout this paper.

In order to give the LU factorization of the matrix Fn we define two triangular 
matrices. First, define the nn×  unit lower triangular matrix (=nL ij) with
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 For example, when n = 4, the matrix has the following form: 
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Before defining an upper triangular matrix for the LU factorization of the matrix 
Fn, we need to introduce another new sequence.

Definition 3. The sequence }{ nY  is defined as follows 

1:= , > 1,n n nY X X n+ −

 where ≥λ 1, 0≥r  and 1≥k  are integers and nu  is defined as before.

When 0=r  and == kλ  1, this definition is reduced to the sequence }{ nt  
defined in Kılıç et al. (2010b).

Secondly, now define the nn×  upper triangular matrix (=nU υυij) with 
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From the definition of the sequence {Yn}, we restate the matrix nU  with 

1
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j X

Xυ  for ,1 nj ≤≤  and  
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 For example, when n = 4, the matrix has the following form:  
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Theorem 4. The PLU  factorization of generalized Lehmer matrix is given by

F =n n nPL U
where n > 0, P  , Ln and Un as defined earlier.

Proof. Assume that (=nnUL hij). We consider two cases, ji >  and .ji ≤  For the 
first situation, 
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Secondly, for ,ji ≤  
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Corollary 5. For any integers >n 0, ≥λ 1, ≥r  0, ≥k 1, then 

      det (Fn)
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Now, we give the Cholesky factorization of the generalized Lehmer matrix Fn. For 

this we define a lower triangular matrix (=nC cij) with 
1

2
1 =

+i
i X

Xc  for ,1 ni ≤≤  and
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Theorem 6. The Cholesky factorization of the generalized Lehmer matrix is given by

Fn
T
nnCC=

where nC  is the lower triangular matrix defined as above.

Proof. The proof can be done similarly as in Theorem 1.

Next, we give the inverse of the Lehmer matrix with recursive coefficients F 1−
nô  by 

considering its LU factorization. Before this, we give the inverses of the matrices nL  
and 

nU  in the following lemma, whose proof is as routine as before.
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  Lemma 7.  

    (i) Let (=1
nU − aij) denote the inverse of .nU  Then

2
1

2 2
1

1 2
2 2

1 2

1 if = = 1,

if = > 1,
=

if = 1,

0 .

i

i i
ij

i i

i i

i j
X i j

X X
a

X X i j
X X

otherwise

+

+

+ +

+ +

⎧
⎪
⎪−
⎪ −
⎨
⎪ −
⎪ −
⎪
⎩     

(ii)  Let )(=1
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1

1 if = ,

= if = 1,

0 .

i
ij

i

i j
Xb i j

X
otherwise

+

⎧
⎪
⎪− +⎨
⎪
⎪⎩

Thus the inverse of the matrix Fn is given by in the following theorem.

Theorem 8. Let  F 1= ( ),n ijh− then 
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Proof. Considering F ,= 111 −−−
nnn LU  the proof is obtained by the previous lemma and 

matrix multiplication.
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مصفوفة لهمر ذات المدخلات العاملية المرتدة

* ايلكر اكوس

*جامعة كيريكال - كلية الآداب والعلوم - قسم الرياضيات - 71450 ياسيهان - كيريكال

خلاصة
نقوم في هذا البحث بتعميم جديد لمصفوفات لهمر المعممة ذات المدخلات العاملية المرتدة 
وذلك بإدخال ثلاث وسيطات إضافية واستخدام عامليات مرتدة بدلاً من حد واحد. ونقوم 
وكذلك  ومعاكساتها  عوامل  إلى  شولسكي  بتحليلات  المتعلقة  القوانين  بعض  باستخراج 

معيناتها. ثم نقوم بحساب دقيق لعناصر معكوس مصفوفة لهمر المعممة.


