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ABSTRACT

A T-semihypergroup is a generalization of a semigroup, a generalization of a
semihypergroup and a generalization of a I'-semigroup. In this paper, by using the
notion of triangular norms, we define the concept of triangular fuzzy sub I'-
semihypergroups of a I'-semihypergroup, and we study a few results in this respect.
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1. A BRIEF EXCURSION INTO BASIC DEFINITIONS

1.1. T"-semigroups

The concept of I'-semigroups was introduced in Sen & Saha (1986) and Saha,
(1987) as a generalization of semigroups and ternary semigroups. Many classical
notions related to semigroups have been extended to I'-semigroups and a lot of
results on I'-semigroups are published by a lot of mathematicians, for instance
see (Hila, 2008; Sen & Saha, 1990). We recall the following definition from Sen
& Saha (1986). Let M = {a,b,c,...} and T = {«, 3,7,...} be two non-empty
sets. Then M is called a I'-semigroup if there exists a mapping M x I' x M — M
written as (a,, b)—ayb satisfying the following identity (aah)Bc = aa(bfc¢) for
all a,b,c € M and «a, 8 € T". Let K be a non-empty subset of M. Then, K is called
a sub I'-semigroup of M if ayb € Kforalla,b € Kand v € T.

1.2. Semihypergroups

Hyperstructures, in particular semihypergroups, were introduced in 1934 by a
French mathematician, Marty, at the 8th Congress of Scandinavian
Mathematicians (Marty, 1934). Since then, hundreds of papers and several
books have been written on this topic, see (Corsini, 1993; Corsini & Leoreanu,
2003; Davvaz & Leoreanu-Fotea, 2007; Vougiouklis, 1994). Let S be a non-
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empty set and let p*(S) be the set of all non-empty subsets of S. A

hyperoperation on Sis a map o : § x S — ©*(S) and the couple (S, o) is called a

hypergroupoid. If A and B are non-empty subsets of S, then we denote

AoB= |J ,a ob, xoAd={x}oA and 4ox = Ao {x}. A hypergroupoid
acA,beB

(S,0) is called a semihypergroup if for all x, y,z of S we have (xoy)oz=x0(yoz),

which means that |J wuoz= |J xov. A semihypergroup (S,0) is called a
uexoy vEyoz

hypergroup if for all x € S, we have x o S = S o x = §. Many authors studied different
aspects of semihypergroups, for instance (Bonansinga & Corsini, 1982; Davvaz, 2000a;

Davvaz & Poursalavati, 2000; Fasino & Freni 2007; Leoreanu, 2000).

1.3 I'-semihypergroups

Davvaz and his coauthors (Anvariyeh et al., 2010a; Anvariyeh et al., 2010b;
Hedayati & Davvaz, 2011; Heidari & Davvaz, 2011; Heidari et al., 2010; Hila e¢
al., 2012) studied the concept of I'-semihypergroups. Let S and I be two non-
empty sets. S is called a I'-semihypergroup if every v € T is a hyperoperation on
S, i.e, xyy C S for every x,y € S, and for every o, 3 € I and x, y,z € S we have
xa(yfBz) = (xay)Bz. Note that this definition is a generalization of the definition
of I"-semigroups.

Example 1 Let S be a semigroup and I' be a non-empty subset of S. We define
the map SxT' xS — p*(S) by (x,7,y)—{a € S|aecxyy}. Then, S is a T'-
semihypergroup.

Example 2 (Anvariyeh et al., 2010b). Let S=[0,1] and T' = N*. For every
x,y€ Sandy €T, wedefiney:S xS — ©*(S) by xyy = [O,ﬂ]. Then, SisaI'-
Y

semihypergroup.

1.4 Fuzzy sets

Fuzzy sets are sets whose elements have degrees of membership. Fuzzy sets have
been introduced by Zadeh as an extension of the classical notion of sets (Zadeh,
1965). Let X be a set. A fuzzy subset A of X is characterized by a membership
function py : X — [0, 1] which associates with each point x € X its grade or
degree of membership p4(x) € [0, 1]. Fuzzy sets generalize classical sets, since the
characteristic functions of classical sets are special cases of the membership
functions of fuzzy sets, if the latter only take values 0 or 1. Let 4 and B be fuzzy
subsets of X. Then, (1) 4 = B if and only if p4(x) = pp(x), for all x € X; (2)
A C Bif and only if p4(x) < pp(x), for all x € X; (3) C = AU B if and only if
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pe(x) = max{p4(x), ug(x)}, for all xe€ X; (4) D=AnNAB if and only if
wp(x) = min{uy(x), up(x)}, for all x € X. The complement of A, denoted by
A, is defined by pge(x) =1 — py(x), for all x € X. Let f be a mapping from a
set X to aset Y. Let p be a fuzzy subset of X and A be a fuzzy subset of Y. Then
the inverse image f~'(\) of X is the fuzzy subset of X defined by
Y (x) = A(f(x)) for all x € X. The image f(11) of u is the fuzzy subset of Y

that, for all y € Y, is defined by f(u)(y) = {sup{u(?) | t € f'(»)} if £ (») A0
and f{u)(y) = 0 otherwise. It is not difficult to see that the following assertions

hold: (1) If {\;},., is a family of fuzzy subsets of Y, then /! <U)\i> =Usr'o)
iel icl

and f! <ﬂ)\;> =N/'(\); (2) If pis a fuzzy subset of X, then pu C f~1(f(u)).

icl iel

Moreover, if f'is one to one, then f~'(f(1)) = u; (3) If X is a fuzzy subset of Y,

then f(f~'())) C A.
Moreover, if fis onto, then (/™' (X)) = A.

1.5 Fuzzy I'-hyperideals

After the introduction of fuzzy sets by Zadeh, reconsideration of concepts of
classical mathematics began. Rosenfeld introduced fuzzy sets in the context of
group theory and formulated the concept of a fuzzy subgroup of a group
(Rosenfeld, 1971). Since then, many researchers are engaged in extending the
concepts of abstract algebra to the framework of the fuzzy setting. Sardar and his
coauthors (Sardar & Majumdar, 2009; Sardar et al., 2010) studied the notion of
fuzzy ideals of a I'-semigroup and investigated some of their properties. The study
of fuzzy hyperstructures is an interesting research topic of fuzzy sets. There is a
considerable amount of work on the connections between fuzzy sets and
hyperstructures. Davvaz introduced the notion of fuzzy subhypergroups as a
generalization of fuzzy subgroups in Davvaz (1999) and this topic was continued
by himself and others. Davvaz studied the notion of fuzzy ideals (sub-
semihypergroups) of a semihypergroup (Davvaz, 2000b; Davvaz, 2005; Davvaz,
2006) and investigated some of their properties. Davvaz and Leoreanu-Fotea
defined the notion of a fuzzy I'-hyperideal of a I'-semihypergroup and study some
properties of it. We recall the following definition from Davvaz & Leoreanu-
Fotea, (2012). Let S be a I'-semihypergroup and p be a fuzzy subset of S. Then, (1)
pis called a fuzzy left T-hyperideal of S if pu(y) < inf.cyp, {p(z)}, for all x,y € S
and v € I'; (2) p is called a fuzzy right T'-hyperideal of S if p(x) < inf.cy,,{u(z)},
forall x,y € Sand v € T; (3) pis called a fuzzy I'-hyperideal of S if it is both a
fuzzy left I'-hyperideal and a fuzzy right I'-hyperideal of S.
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1.6 Triangular norms

In mathematics, a t-norm (or, triangular norm) is a kind of binary operation
used in the framework of probabilistic metric spaces and in multi-valued logic,
specifically in fuzzy logic. A t-norm generalizes intersection in a lattice and
conjunction in logic. The name triangular norm refers to the fact that in the
framework of probabilistic metric spaces t-norms are used to generalize triangle
inequality of ordinary metric spaces. The concept of a triangular norm was
introduced in Menger (1942) in order to generalize the triangular inequality of a
metric. The current notion of a t-norm and its dual operation is due to
Schweizer & Sklar (1960). Anthony and Sherwood redefined a fuzzy subgroup
of a group by using the notion of t-norm (Anthony & Sherwood, 1979), also see
(Jun & Hong, 2001). By a tf-norm T, we mean a function
T:10,1] x [0, 1] — [0, 1] satisfying the following conditions:

- T(x,1)=x,
- T(x,y) < T(x,z)if y < z,
- T(X>Y) = T(Y7X)7

T(x,T(y,2)) = T(T(x.y).2)

for all x, y,z € R. Here are some examples of t-norms:

x ify=1,
* T()(X,y): Y lflea
0 otherwise,

« Ti(x,y) = max{0,x +y— 1},
Xy

x Th(x,y

() = (X+y—xy)
* T_?,(X,y)

Xy

x Ty(x,

4(x,y) = PR
* Ts(x,y) = min{x, y}.

For every t-norm 7, we set A7 = {x € [0,1] | T(x,x) = x}. A t-norm on [0, 1]
is called a continuous t-norm if T is a continuous function from [0, 1] x [0, 1] to
[0,1] with respect to the usual topology. Note that the t-norm “Min" is a
continuous t-norm.
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2. T-FUZZY SUB I'-SEMIHYPERGROUPS

In this section, we define the notions of 7-fuzzy sub I'-semihypergroups
and T7-fuzzy ['-hyperideals of a I'-semihypergroup and study some
properties of them.

Let 7' be a t-norm and p be a fuzzy set of I'-semihypergroup S. Then, we say
whas imaginable property if Imuy C Ar.

Definition 2.1 Let S be a I'-semihypergroup, 7 be a t-norm and p be a fuzzy
subset of S. Then, p is called a T-fuzzy sub I'-semihypergroup of S if

T(p(x), u(y)) < inf {p(2)}, Vx,y € S, ¥y el

zexyy

A T-fuzzy sub I'-semihypergroup of S is said to be imaginable if it satisfies
the imaginable property.

Clearly, if S'is a I"-semigroup, then, p is a T-fuzzy sub I'-semigroup of S when
T(p(x), p(y)) < plxyy), Vx,y € S, vy € L.
Example 3 Suppose that S is a semihyper group and I' is a non-empty subset of

S. For any x,y € S and v €T, we define xyy = {x,v,y}. Then, S is a I'-
semihyper group. We define the fuzzy subset u of S by

3
Z ifxel
plx) = 5
) otherwise
and we consider the t-norm 7(r,s) = #, where r,s € [0, 1]. Then,
2—(r+s—rs)

forany x,y € Sand v € I, we have

inf {4(2)} = min{u(x),1u(7), 40)} =3

zEXyy

On the other hand, we have the following cases:
- x,yel
- x¢TlandyeT (or,xeTandy ¢T),

- xvygl—"
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Regarding the above cases, we have:

33
33 11 9
- T(ZvZ)—z_(é—’_%_i) 1_77
4 4 16
35
35 39 15
- T(Z)9)_2_<§ é E) %7
4 9 36
55
55 3% 25
) T(§’9)_2_(§+§_§) 81
9 9 8l

Thus, in every case, we obtain

T(u(x), p(y)) < inf {u(z)}.

ZEXYY

Therefore, p is a T-fuzzy sub I'-semihypergroup of S.

Example 4 Let S be the set of all non-positive integers and I' be the set of all
non-positive even integers. For every x,y € S and v € I', we define xyy =usual
multiplication of integers. Then, S is a I'-semigroup. We define the fuzzy subset
uof S by

08 fx=0
p(x)={ 02 ifxe{-1,-2}
0.5 ifx< -2

and we consider the t-norm Min(r,s) = min{r,s}. Then, it is easy to see that yx is
a Min-fuzzy sub I'-semigroup of S.

Lemma 2.2 Let S be a I'-semihypergroup, T be a t-norm and . be a T-fuzzy sub I'-
semihypergroup of S. Then,

To(u(x1), ... u(xy)) < inf  {u(2)}, Vxi,...,x, € S, ¥y T,

ZEX]Y..YXn

where
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] ifn=1
Tu(ty,....ty) = T(t, 1) ifn=2
T(ti, Toa(t1y -y tioty tivty ooy tn) im0 > 2

Proof. The proof is straightforward by mathematical induction.

Lemma 2.3 Let S be a I'-semihypergroup, T be a t-norm and . be a T-fuzzy sub I'-
semihypergroup of S. Let A and B be non-empty subsets of S. Then,

T(;,gg{uw)}, ,ggg{u(b)}) < nf {4()), vy,

Proof. The proof is straightforward.

Theorem 2.4 Let S be a I'-semihypergroup, T be a t-norm, i be a fuzzy subset of S
with imaginable property and b be the maximum of Imu. Then, the following two
statements are equivalent:

e . is a T-fuzzy sub I'-semihypergroup of S,
e 1 '[a,b]is a sub I'-semihypergroup of S whenever « € Arand 0 < a < b,
Proof. (1) = (2): Suppose that a € Ay and 0 < a < b. If x,y € p~'[a, b] and

v €T, then inf.cv,, {u(2)} > T(u(x),u(y)) > T(a,a) = a, which implies that
xvy C pu~'a,b), and so u~'[a,b] is a sub I'-semihypergroup of S.

(2) = (1): Suppose that x,y € S and v € T". Since Imu C Ar, both pu(x) and
u(y) are in A7. Now, we have

T(T(pa(x), (), T(u(x), u(»))) = T(T(p(x), T(p(y), p(x))), (1))

= T(T(p(x), T(p(x), p(»))), w(»)) = T(T(p(x), u(x)), T(p(w), 1(»))) = T(p(x), p(r)),

and so T(u(x), u(y)) € Ar. Assume that a = T(u(x), u(y)). If @ = 0, then

T(u(x).p(0)) =0 < inf {1(2)).
Now, let 0 < a = T(u(x), u(y)) < p(x) A p(y) < p(x) < b. Hence, x,y € u~'[a, b],
which implies that xyy C p~![a, b]. Therefore, T(u(x), u(y)) < infoery{u(2)}.

Let i be a fuzzy subset of S and 7 € [0,1]. The set pu, = {x € S| u(x) >t} is
called a level subset of 1. So, we obtain the following corollary:

Corollary 2.5 Let S be a I'-semihypergroup and p be a fuzzy subset of S. Then, i
is a Min-fuzzy sub T-semihypergroup of S if and only if every non-empty level
subset is a sub I'-semihypergroup of S.
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Let 4 be a subset of S. Then, the characteristic function y 4 is a 7-fuzzy sub
I'-semihypergroup of S if and only if A is a sub I'-semihypergroup of S.

Theorem 2.6 Let S be a I'-semihypergroup and K be a sub I'-semihypergroup of S.
Let T be the t-norm defined by T(a,b) = max{0,a+ b — 1} and p be a fuzzy
subset of S defined by

o) = {5 et

s otherwise

for all a,b € [0,1] and x € S, where r,s € [0, 1] such that s < r. Then, pis a 7-
fuzzy sub I'-semihypergroup of S. In particular, if r =1 and s =0, then p is
imaginable.

Proof. Suppose that x, y € S and v € I'. We consider the following cases:
e Ifx,y €K, then

—

2r—1 ifr>=
T(p(x), p(y))= T(r,r) = max{0,2r — 1} = 2
0 ifr<=

N —

<r=pu(z), forall z € xvyy.

e Ifxe Kandy ¢ K, then

r+s—1 ifr+s>1
T(p(x), p(v))= T(r,s) = max{0,r +s— 1} = { 0 é[therwis_e

<s=pu(z), forall z € xvy.

e Ifx y¢ K, then

25—1 ifs=3
T(p(x), p(y))= T(s,5) = max{0,2s — 1} = 2
0 ifs <=

<s=up(z) forall ze xyy.

Therefore,

T(p(x), u(y)) < inf {u(2)}, Vx,y €S, ¥y eT,

ZEXYY
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which implies that p is a T-fuzzy sub I'-semihypergroup of S.

Now, suppose that r=1 and s=0. Then, we obtain
T(r,r) = max{0,2r — 1} =1 =r and T(s,s) = max{0,2s — 1} =0=ys. So, r,s € Ay
which implies that fmu C Ayr. Therefore, 1 is imaginable.

Let S| and S; be I'|- and I';-semihypergroups respectively. If there exists a
map ¢ : S — S, and a bijection f: I'j — I'; such that

(xyy) = {e(2) | z € xy} = p(X)f(Me(»),

for all x,y € S; and v € T'y, then we say that (o, f) is a homomorphism from S;
to S;. Also, if o is a bijection then (i, f) is called an isomorphism, and S} and S,

are isomorphic.

Proposition 2.7 Let S| and S» be |- and T'y-semihypergroups respectively. Let
(¢, /) be a homomorphism from S to Sy. If X is a T-fuzzy sub T'-semihypergroup
of Sa, then ¢~ ' (\) is a T-fuzzy sub T'-semihypergroup of Sy, too.

Proof. Suppose that x,y € Sy and v € I';. Then, we have

inf {p'(N)(2)} = inf {Me()} > inf  {Me(2)} >  inf  {Ap(z)}.lin

z€x7YY z€xyy o(z)€p(xyy) o(2)€p(f(M)e()

> T(\(p(x)), Ap())) = T(e™ (V) (x), ¢ () (1))
Therefore, ¢~ !()\) is a T-fuzzy sub I'-semihypergroup of Sj.

Let {a;},c; and {b;},., be two sets of real numbers in [0, 1]. Then, we say that

Tis infinitely distributive if

T(sup{a&,sgg{b_,}) = sup {T(ai, bj)}.

il j icljeJ

Lemma 2.8 [f T is continuous, then T is infinitely distributive.

Proof. See (Zahedi & Mashinchi, 1989).

Lemma 2.9 Let T be a continuous t-norm and {1;},.; be a family of T-fuzzy sub

D-semihypergroups of S. Then, () p; is a T-fuzzy sub T-semihypergroup of S.

i€l

il
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Proof. By Lemma 2.8, for any x,y € Sand vy € I, we have

f{ (ﬂ m) <z>} = it {0

= inf{ inf {u,-(z)}} > iilellf{T(Mi(x)aﬂi(J’»}

iel | zexyy

= T<iirellf{uf(X)}, iirelf{uf(y)}> = T< (ﬂ m) (x), (ﬂ m) (y)>

Lemma 2.10 Let S| and S, be T'1- and T'y-semihypergroups, respectively and (i, f)

be an onto homomorphism from Sy to S,. Then for every t € (0,1], we have
o), = M e(pe)-

>e>0

Proof. The proof is similar to the proof of Lemma 3.5 in (Ajmal, 1994).

Proposition 2.11 Let S| and S, be T'y- and T'y-semihypergroups respectively and i
be a fuzzy subset of S|. Let (@, f) be an onto homomorphism from Sy to Sy. If p is
a Min-fuzzy sub T-semihypergroup of Si, then o(u) is a Min-fuzzy sub T-
semihypergroup of S, too.

Proof. Suppose that p is a Min-fuzzy sub I'-semihypergroup of S;. By
Corollary 2.5, ¢(u) is a Min-fuzzy sub I'-semihypergroup of S, if every
nonempty level subset (1), is a sub I'-semihypergroup of S,. Thus, assume that
©(p), is any nonempty level subset. If 7 = 0, then ¢(u), = S», and if 0 < ¢ <1,
then by Lemma 2.10, we have p(u), = () ¢(pi--). By Corollary 2.5, p1,—. for

t 0
each t >¢ >0 is a sub F-semihypergrc;i?) of S;. Hence, ¢(y,_.) is a sub T'-
semihypergroup of S>. By Lemma 2.9, ¢(11), being an intersection of a family of
sub I'-semihypergroups is also a sub I'-semihypergroup of S, and the

proposition is proved.

Let S;,5; be I'-semihypergroups and let pu, A be T-fuzzy sub I'-
semihypergroups of Sy, S,, respectively. The product of i, A is defined to be the
T-fuzzy subset px A of S} xSy with (p x A)(x,y) = T(u(x), A(x)), for all
(x,) € S1 x Ss.

Proposition 2.12. In the above definition, i X X is a T-fuzzy sub I'-semihypergroup
0fS1 X Sz.
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Proof. Suppose that (xi,x3), On,2) € Hi x H;. For every
(a1, a0) € (x1,x2) o (y1,y2) we have

(1 x A)(ar, a2) = T(p(ar), Maa)) = T(T(p(x1), 1(31)), T(A(x2), A(2))
= T(T(T(u(x1), p(¥1)); AM(x2), A(12))) = T(T(A(x2), T(pe(x1), 1(31)), A(32)))
= T(T(T(A\(x2), u(x1)), £(¥1), A(12))) = T(A(2), T(p(y1), T(A(x2), p(x1)))

= T(T(p(x1); A(x2)), T(p(r), Aw2)) = T((p x A)(x1, x2), (0 X A) (31, 32))-

Taking the infimum in the complete lattice ([0,1],<,V,A) over all
(a1, ) € (x1,x2)0(y1,2) we get

inf {(nx A(ar; a2)} = T(( x A)(x15x2), (0 X A) (1, 32))

(a1,02)€(x1,x2)0(r1.12)

CONCLUSION

In this paper, by using the notion of triangular norms, we gave a new definition
for fuzzy sub I'-semihypergroups of a I'-semihypergroup. Although, we
introduced the concept of triangular fuzzy sub I'-semihypergroups, in fact we
gave a generalization of most of the papers regarding to semigroups, I'-
semigroups, semihypergroups and I'-semihypergroups in fuzzy algebraic
structures.
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