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ABSTRACT

In this paper, the concepts of (€, € Vgi)-fuzzy fantastic ideals and (€, € V gi)-fuzzy
fantastic ideals in BCI-algebras are introduced and investigate some of their properties.
The concept of a fuzzy fantastic ideal with thresholds, properties of a fuzzy fantastic
ideal, an (€, € Vgx)-fuzzy fantastic ideal and an (€, € V gx)-fuzzy fantastic ideal are
discussed.
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INTRODUCTION

The concept of fantastic ideal in BCI-algebra was initiated by (Saeid, 2010). The
concept of a fuzzy set was initiated by (Zadeh, 1965), was applied by many
researchers to generalize some of the basic concepts of algebra. The fuzzy
algebraic structures play a vital role in Mathematics with wide applications in
many other branches such as theoretical physics, computer sciences, control
engineering, information sciences, coding theory, topological spaces, logic, set
theory, real analysis, measure theory etc. In (Xi, 1991) applied fuzzy subsets in
BCK-algebras and studied fuzzy BCK-algebras.

In (Rosenfeld, 1971) laid the foundation of fuzzy groups. (Murali, 2004)
defined the concept of belongingness of a fuzzy point to a fuzzy subset under a
natural equivalence on a fuzzy subset. In (Pu & Liu, 1980), the idea of fuzzy
point and its belongingness to and quasi-coincidence with a fuzzy subset were
used to define (o, §)-fuzzy subgroups, where a, 6 € {€,q, € V q, € A q} with «
# € A q. This concept was further discussed by (Bhakat, 1999; Bhakat, 2000;
Das, 1981; Bhakat & Das 1996; Yuan et al., 2003). In particular, (€, € V q)-
fuzzy subgroup is an important and useful generalization of the Rosenfelds
fuzzy subgroups. (Jun, 2009) introduced the concept of (€, € V g)-fuzzy
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subalgebras in BCK/BClI-algebras. (Zhan et al., 2009) studied (€, € V ¢)-fuzzy
ideals of BClI-algebras. In (Jun, 2004; Jun, 2005; Jun, 2007) studied («, §)-fuzzy
subalgebras (ideals) of BCK/BClI-algebras. A generalization of a fuzzy ideal in a
BCK/BClI-algebra was discussed by (Guangji et al., 2006; Jun et al., 2010). In
(Ma et al., 2008) discussed (€, € V g)-interval-valued fuzzy ideals of BCI-
algebras. (Zhan & Jun, 2009) studied generalized fuzzy ideals of BCI-algebras.
In (Zhan & Jun, 2011) give the idea on (€, € V g)-fuzzy ideals of BCI-algebras.

In this paper, the concepts of (€, € Vgi)-fuzzy fantastic ideals and
(€, € V qx)-fuzzy fantastic ideals in BCI-algebras are introduced and
investigate some of their properties. The concept of a fuzzy fantastic ideal with
thresholds, properties of a fuzzy fantastic ideal, an (€, € Vgy)-fuzzy fantastic
ideal and an (€, € V gi)-fuzzy fantastic ideal are discussed.

2. Preliminaries
In what follow let X denote a BCI-algebra unless otherwise specified.

Definition 2.1. (Huang, 2006) By a BCI-algebra, we mean an algebra (X, * , 0) of
type (2, 0) satisfying the axioms:

(BCI-I) (x*xy)*x(x*x2z)*(zxy) =0
(BCI-II) xx(x*xy)xy=0
(BCI-III)  xxx =0
(BCI-IV) xxy=0andyxx = 0implyx =y
forallx,y,z € X.
We can define a partial order “<” on X by x < yifand onlyif x xy = 0.

Proposition 2.2. (Meng & Jun, 1994; Meng & Guo, 2005; Huang, 2006) In any
BCl-algebra X, the following are true:

(1) xX*xy)xz=(X*x2z)*y
(2)  (xxz)x(yxz)<xx*y
(3)  (xxy)x(xx2z)<zx*y
4) x*x0 =X
(%) X (X*x(X*y) = X%y
forallx,y,z € X.

Definition 2.3. (Meng 1997; Meng & Guo, 2005) A nonempty subset I of a BCI-
algebra X is called an ideal of X if it satisfies (I1) and (I12), where
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Iy o0el,
(I2) xxyelandyelimplyxel,
forallx,y € X.

Definition 2.4. (Saeid, 2010) A nonempty subset I of a BCI-algebra X is called a
fantastic ideal of X, denoted by I X, if it satisfies (I1) and (I3), where

In oel,
(I3) (xx*xy)sxzelandzelimplyx* (y*(y*Xx)) €1,

forallx,y,z € X.

3. Fuzzy fantastic ideals in BCI-algebras
We now review some fuzzy logic concepts.

Definition 3.1. (Zadeh, 1965) A fuzzy subset ¢ of a universe X is a function from
X into the unit closed interval [0, 1], thatis ¢ : X — [0, 1].

Definition 3.2. (Jun, 2004) For a fuzzy set ( of a BCI-algebra X and t € (0, 1], the
crisp set

G={xeX|{(x) =1}

is called the level subset of (.

Definition 3.3. (Meng & Guo 2005; Meng et al., 1997) A fuzzy set ¢ of a BCI-
algebra X is called a fuzzy ideal of X if it satisfies (F1) and (F2), where

(F1)  ¢(0) = (),
(F2) ¢(x) = ¢lx*y) ACy),
forallx,y € X.

Definition 3.4. A fuzzy set ¢ of a BCI-algebra X is called a fuzzy fantastic ideal
of X if it satisfies (F1) and (F3), where

(FI)  ¢(0) = ¢(x),
(F3)  C(x*(y = (y*Xx)) = ((x *y) *2) A ((2),
forallx,y,z € X.
Example 3.5. Let X = {0, a, b, ¢} in which x is given by the Table 1
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Table 1.
* 0 a b c
0 0 0 0 0
0 0
a 0
c c c c

From Table 1, X is a BCI-algebra. Let ug, u;, uy € [0, 1] be such that uy >
u;> uy. We define a map ¢ : X — [0, 1] by {(0) = ug, {(@) = u; and {(b) = {(c)
= u,. By simple calculations give that ( is a fuzzy fantastic ideal of X.

Theorem 3.6. A fuzzy set ¢ in BCI-algebras X is a fuzzy fantastic ideal of X if
and only if for every t € (0, 1], {, = {x € X | {(x) > t} is a fantastic ideal of X,
where t < ((0).

Proof. Straightforward.
Definition 3.7. (Zhan & Jun, 2009) A fuzzy set ¢ of a BCI-algebra X having the form

_ )t e (07 1] lfy = X,
C(y){ 0 Iy # x.

is said to be a fuzzy point with support x and value t and is denoted by x,.

For a fuzzy point x, and a fuzzy set ¢ in a set X, (Pu & Liu, 1980) gave
meaning to the symbol x,a(, where o € {€,q, €V q, € A q}.

A fuzzy point x, is said to belong to (resp., quasi-coincident with) a fuzzy set
¢, written as x, € ( (resp., x,q¢) if {(x) > t (resp., ((x) + t > 1).

To say that x, € V q¢ means that x,€ ¢ or x,q(. x,a( if x,a¢ does not hold for
ae{€,q, Vgl

4. (€, € Vgqy)-fuzzy fantastic ideals in BCI-algebras

Let k denote an arbitrary element of [0, 1) unless otherwise specified. For a
fuzzy point x, and a fuzzy subset ¢ of a BCI-algebra X, (Jun et al., 2010) defined
the following:

(A) x@QCifC(x) + t+ k> 1.
B)  x€V q(if x,€ ¢ or X,qxC.
(C) x,acif x,a¢ does not hold for a € {qx, € V qx}.

Theorem 4.1. Let ¢ be a fuzzy subset of a BCI-algebra X. Then the following are
equivalent:
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(D) Ct7é¢:>CtI>X,forallt€(l _
(E) (satisfies the following assertions:

M <y~

i)  C(x*xy)*2z) A C(Z) SCxx(y* (y*x)V
forallx,y,z € X.

k

Proof. Suppose that (D) is hold. If there is a € X such that the condition (i) is
not true, that is, there exists ¢ € X such that

Cla) > c0) v

1 —
then ((a) € ( k, 1] and a € (¢q). But ((0) < ((a) implies that 0 ¢ (¢(q), @

contradiction. Hence (i) is hold. Suppose that (ii) is false, i.e.,

-k
2

(@ x B+ ) AL() > Clax (b (bra)) v

for some a, b, c € X. Then

— k,l} and (a*b) x ¢, c € (.

we ( 5

But a % (b x (b x a)) ¢ C,, since {(a * (b x (b x a))) < w. This is a contradiction,
and so (ii) holds.

Conversely, suppose that ¢ satisfies conditions (i) and (ii). Let t € ( , 1]
be such that {; # ¢. For any x € (,, we have

OV 2>t
and so
1- k
(0) = ¢(O) V5= = 1
Hence 0 € ;. Let x, y, z € X be such that
(x*y)xz€( and z € (.
Then
1—- k
Clxx(y* (y=x))) Vv = (((x*y) *2) A¢(2)

2
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>N
>t

1- k
2

>

and thus

17k>t
B = b

Clx* (yx(y*x))) =Clxx(y*(y*x))V

i.e., X * (y x (y * X)) € (. Therefore (, is a fantastic ideal of X.
Putting k = 0 in Theorem 4.1, then we have the following corollary.

Corollary 4.2. Let ¢ be a fuzzy subset of a BCl-algebra X. Then the following
are equivalent:

F) ¢ #o=¢( X, forallte (0.5, 1]
(G) ( satisfies the following assertions:

(iii) ¢(x) < ¢(0) v 0.5,

(iv) (((x * y) * 2) A ((z) < ((x* (y * (y X)) V 0.5,
forallx,y,ze X.

Definition 4.3. A fuzzy subset ¢ of a BCl-algebra X is called an (€, € Vgy)-
fuzzy fantastic ideal of X if it satisfies (H) and (I), where

H) xc€ (= 0,V q,

D (xxy)xz) ez el=xx(y*y*x))e(
forallx,y,z€ Xandt € (0, 1].

Example 4.4. Let X = {0, 1, 2, 3, 4} in which is defined by Table 2

Table 2.
* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 1
2 2 2 0 2 0
3 3 1 3 0 3
4 4 4 2 4 0
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From Table 2, X is a BCI-algebra. Define ¢ : X — [0, 1] by {(0) = 0.6, ¢ (1)
= ((3) = 0.7and ¢ (2) = ¢ (4) = 0.2. By simple calculations show that ( is an
(€, € Vqi)-fuzzy fantastic ideal of X for k = 0.3.

An (€, € Vg)-fuzzy fantastic ideal of a BCI-algebra X with k = 0 is called
an (€, € Vq)-fuzzy fantastic ideal of X.

Theorem 4.5. Let X be a BCI-algebra. A fuzzy subset ¢ of X is an (€, € Vgx)-
fuzzy fantastic ideal of X if and only if it satisfies (J) and (K), where

11—k
UNNIOBNOTES

(K) Cx = (y*(y=*x) = C((x*y)*2) AN{(2) A
forallx,y,z € X.

1- k
27

Proof. Assume that ( is an (€, € Vgi)-fuzzy fantastic ideal of X. Let x € X and
suppose that

If {(0) < {(x), then
¢(0) <1< ¢(x)
11—k —
for some t € (0, T). It follows that x,€ ¢ but 0,€ (. Since
CO)+r<2t<1—k,

we get 0,g;C. Therefore
0re \/qu,

which is a contradiction. Hence ¢(0) > ((x).

Now if {(x) >

, then

Xi—x € ¢ and so0 01—k € V (.
2 2

This implies that
11—k
0) >
€0) > —

or

((O)+1_k>1—k.
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Hence

Otherwise,

1-k 1—-k 1-k
¢(0) + 5 < 7 + 5

a contradiction. Consequently,

for all x € X. Let x, y, z € X and suppose that

k

(=) % 2) A G <5
Now we have to prove that
(s (s (v #30)) 2 (2 3) +2) A G2
If not, then
e (s () < 1 < G0 2) #2) ACCE)
Rnsomete(O;L%—E)It&Mowsﬂmt
((x#y) % 2), € Cand z, € C, but (x % (v * (v + x),EC

and
Clrs (y*(yxx)))+1<2t<1-k,

ie., (x* (y* (y*Xx))),grC . This is a contradiction. Thus
(s (yx (yxx))) = C((x*y) *2) AL(2)

whenever

(e ) #2) AGE) <1
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1— k

If Q((x +y) x2) A ((2) = , then

((x * y) * ik € Cand z;x € ¢

Since (is an (€, € Vgyi)-fuzzy fantastic ideal, it follows that

(X*(y*(y*-@b%ﬁevﬁc

So that

1- k
2
1— k
2

Cx* (yx(y=*x))) >

>1-k.

or Qi+ (y * (y*x)) +

If ((x * (y * (y x X)) < %, then

1—k<1—k+1—k
2 2 2
=1-k

Clex (yx (y*x))) +

a contradiction. Therefore

Clrn (o (o)) 215

Consequently

11—k
o

Clex (¥ (rxx))) = C((x xp) x2) AL(2) A

43

Conversely, suppose that (J) and (K) are hold. Let x € X and t € (0, 1] be

1—
such that x,€ (. Then {(x) > t. Suppose (0) < t. If {(x) < Tk, then

a contradiction. Hence
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This implies that

Thus 0, € V qx(. Letx,y,z € X and t, t, € (0, 1] be such that
((x x ») x z), €( and z, € .
Then
C((x*y)xz) > 1 and ¢((z) > 1.
Suppose that
Clrx(y* (y*x))) <t Ao

1—
k, then

IfC((x xy) *2) A ((z) <

e (o () 2 Cl(x e 2) #2) ACE) A

= (((xxy) x2) A C(2)

> AN

This is not possible, and so

e+ MG 2155

It follows that

Clx* (yx(y=*x)))+ 1 Ata>20(x* (y* (y*x)))

> 2% 3) #2) A D) A

=1-*k
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So that
(x * (v * (v * X)) n, € VG

Hence (is an (€, € Vgy)-fuzzy fantastic ideal of X.
Letting k = 0 in Theorem 4.5, then we have the following corollary.

Corollary 4.6. Let X be a BClI-algebra. A fuzzy subset ¢ of X is an (€, € Vgq)-
fuzzy fantastic ideal of X if and only if it satisfies (L) and (M), where

(L) ¢(0)=¢x) A0S,
M) C(x s (y * (y * X)))= (((x ) * 2) A ((2) A O.5,
forallx,y,z € X.
Clearly, every fuzzy fantastic ideal is an (€, € Vgy)-fuzzy fantastic ideal.

Here we give a condition for an (€, € Vgy)-fuzzy fantastic ideal to be a fuzzy
fantastic ideal.

Theorem 4.7. Let { be an (€, € Vg )-fuzzy fantastic ideal of a BCI-algebra X. If

then ( is a fuzzy fantastic ideal of X.
Proof. Straightforward.
Example 4.8. Let X = {0, 1, 2, 3} in which is defined by Table 3

Table 3.
* 0 1 2 3
0 0 0 0 3
1 1 0 0 3
2 2 2 0 3
3 3 3 3 0

From Table 3, X is a BCI-algebra. Define ¢ : X — [0, 1] by ¢(0) = 0.3, {(1) =
¢(2) = ¢(3) = 0.6. By simple calculations show that ( is an (€, € Vgi)-fuzzy
fantastic ideal of X for k = 0.4. But ( is not fuzzy fantastic ideal of X.

Corollary 4.9. Let ¢ be an (€, € Vq)-fuzzy fantastic ideal of a BCI-algebra X. If
¢(0) < 0.5, then ( is a fuzzy fantastic ideal of X.

Proof. It follows from Theorem 4.7 by setting k = 0.
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Theorem 4.10. Let X be a BCI-algebra. If 0 < k < r < 1, then every (€, € Vgy)-
fuzzy fantastic ideal is an (€, € Vg,)-fuzzy fantastic ideal.

Proof. Straightforward.

Theorem 4.11. For a fuzzy subset ( of a BCl-algebra X, the following are
equivalent:

(N) C(isan (€, € Vgi)-fuzzy fantastic ideal of X.
O) ¢#o=(r>X,forallte(0, %}.

We say that (, is an (€, € Vgy)-level fantastic ideal of  in X.
Proof. The proof of the Theorem is obvious.

Setting k = 0 in Theorem 4.11 induces the following corollary.

Corollary 4.12. For a fuzzy subset { of a BCl-algebra X, the following are
equivalent:

(P) (isan (€, € Vq)-fuzzy fantastic ideal of X.
Q) ¢ #¢=( >X, forallte(0,0.5]

For a fuzzy point x; and a fuzzy subset ¢ of a BCl-algebra X, (Jun et al.,
2010) defined the following:

(R) xqCif¢(x) + t> 1,
(S) xqCifCx) + t + k> 1.

Denote by Q(C: ) (resp. Q(¢: 1) the set {x € X | x,qC} (resp. {x € X | x,4C}).
and

0 (¢ 1) = {x € X | xiquC}
@:{xe/\ﬂxtev%(}
0" (G1) = {x e X | x4,¢}

m:{xe)ﬂxtevi[kg}

Obviously
[ = ¢ U0k (G )

and
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Theorem 4.13. If { is an (€, € Vgy)-fuzzy fantastic ideal of a BCI-algebra X,
then

O (G #£9¢= 0¢G> X,

1 k
- 11

Proof. Straightforward.

forallt e (

Corollary 4.14. If ¢ is an (€, € Vg)-fuzzy fantastic ideal of a BCI-algebra X,
then

QG #¢ = 0(GHrX,

forallt € (0.5, 1].

Corollary 4.15. Let ( be an (€, € Vgy)-fuzzy fantastic ideal of a BCI-algebra X.
If k <r<1,then

(G #9=Q0(GHr X,

for all t € (%, 1.

Proof. It is straightforward by Theorems 4.10 and 4.13.

Theorem 4.16. For a fuzzy subset ¢ of a BCl-algebra X, the following are
equivalent:

(T) C(isan (€, € Vgi)-fuzzy fantastic ideal of X.
U) [¢F#¢= [ > X, forallt e (0, 1].

We call [(]f an (€ Vg, )-level fantastic ideal of ¢.

Proof. Suppose that ¢ is an (€, € Vgi)-fuzzy fantastic ideal of X and let t € (0,
1] such that [C]? = ¢. Then there exists a € [4]/;( #¢,andsoa € (orac Qk (¢ t),
ie., o -

((x)>1t or ((x)+t>1—k.

By Theorem 4.5(J), we get

Here we consider two cases:
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Case 1: ((a) < and

l1- k

Case 2: ((a) > 5

Case 1: We have ((0) > ((a) by (1). Thus if {(a) > t, then {(0) > t and so

0e¢cl.

If {(a) + ¢t > 1 — k, then

This implies that 0, gk(, ie.,

0e Q"¢ C e,

Combining the Case 2 and (1) induces

1— k
((0) >~
Ift< _2 . then ¢(0) > tand hence 0 € ¢, C [{]}.
— k
Case 2: If t > , then
-k 1-k
C0)+1> 7 +—3—_1—k

This implies that

0e 0 (¢1) C 08¢ < (¢

Therefore [(]f satisfies the condition (I1). Let x, y, z € X be such that

(xxy)xz€[(]
Then

(xxy)xz € or((x*p)x2), ¢ and z € ¢, or zig,(
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that is

((xxy)xz)>tor{((x*xy)*xz) +t>1-kand{(z) >tor((z) + t>1-k.

Since (is an (€, € Vgi)-fuzzy fantastic ideal of X, we have

e (s (0 #3))) > (e 3) #2) A2 AT )

by Theorem 4.5(K). If {((x * y) * 2) A {(z) <
o+ (y * (y %)) = C((x * y) * 2) A ((2)
xx(y*(yxx) = tAt
o (y + (y*x))) >t

, then

1.e.,

x*(y*(yxx) e C[df

If C((x x y) * 2) A C(z) > I_Tk then

— k
Cxx (yx (7 # X)) >

and so

1—- k 1-k
+ =1-k.
2 2

Cxx(y*(y*x) +t>

Hence

X (y * (v * ) € QG 1) C OF(G v C [¢IF.

Consequently, [g]’f is a fantastic ideal of X.

Conversely, assume that (U) is hold. If there exists a € X such that

1— k

(O < @ A——

then
1—- k
2

1— k !
for some ty € (0, ——]. It follows that a € ¢;, C [C]lt‘obut 0 ¢ ¢, Also, we have

2

¢(0) <to < ¢(a) A

C0) + to < 2tp < 1-k,
and s0 0,g, ¢, i.e.,0 ¢ Qk(c; t). Therefore 0 ¢ [C]i‘o, a contradiction. Hence

— k
0=t

for all x € X. Suppose that there exist @, b, ¢ € X such that
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1—- k
>

((a (b (b* a))) < (((a=b)*c)A(c) A
Then
1- k&
2

for some t,, € (0, 1_716]. It follows that (¢ * b) x ¢, c € ¢, C [{]]fw from (I3) that

2
ax(bx(bxa))e [(]Z_. Thus

(a* (bx*(bx*a)) <t, <(((a*b)*c) A)A

Clax* (bx(bx*a)))>ty,or((ax*(dx(bxa)) +t,>1-Kk,
a contradiction. Therefore
1- k
Cxx (y x (y*x) > (((xxy) *2) A((2) A >

for all x, y, z € X. From Theorem 4.5, we conclude that { is an (€, € Vgy)-
fuzzy fantastic ideal of X.

Corollary 4.17. For a fuzzy subset { of a BCl-algebra X, the following are
equivalent:

(V) C(isan (€, € Vgi)-fuzzy fantastic ideal of X,
W) [¢],#¢=1[¢],> X, forall t (0, 1],

where [(], = {(x € X[ x,€ Vq(} = ¢, U Q(( ).

A fuzzy subset ¢ of a BCI-algebra X is said to be proper if Im(¢) has at least
two elements. Two fuzzy subsets are said to be equivalent if they have same
family of level subsets. Otherwise, they are said to be non-equivalent.

Theorem 4.18. Let ¢ be an (€, € Vg )-fuzzy fantastic ideal of a BCI-algebra X
such that

1 -k
> 2.
)=

#{C(x) [ ¢x) <

Then there exist two proper non-equivalent (€, € Vqx)-fuzzy fantastic ideals
of X such that ¢ can be expressed as the union of them.

Proof. The proof of the Theorem is obvious.

Theorem 4.19. Let {¢; | i € A} be a family of (€, € Vgy)-fuzzy fantastic ideals of a
BCl-algebra X. Then ¢ = (;c , ¢iisan (€, € Vqx)-fuzzy fantastic ideal of X.

Proof. Let x € X and t € (0, 1] be such that x,€ . Suppose that 0, € Vg;(. Then
¢0)<tand((x) + t<1-k.
This imply that
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Let
Q ={1eA[G(0) =t} and O, = {i € A]0,qkC; and (;(0) < t}.
Then
A=QUand QNQ, = ¢.

If Q, = ¢, then (;(0) > t for alli € A, and so ((0) > t is a contradiction.
Hence €, # ¢, and so

¢i(0) + t > 1 -k and ¢(0) < t

2
Gi(x) = ((x) = t >

for all1 € A. Now, assume that

for every i € (2. It follows that t > so that

1 -k
to = Gi(x) < 7
. 1—- k
for somei € A. Let ¢, € (0, T) be such that ty < . Then
1—- k

Gi(x) > 5

> 1,
1.e., xtge ¢;. But
Ci(0) = tp <ty and (;(0) + 1, < 1 -k,

that is
xt6€ Vi Gi.
Which is a contradiction, and so
1- k
; >
Gx) = —
foralli € A. Thus

-k

((x) =

This is not possible. Therefore 0,€ vV qx(. Let X, y, z € X and t;, t; € (0, 1] be

such that
((x * p) = z), € Cand z,€ (.

Suppose that
(x * (v (¥ * X))r,€ Vard.
Then
(xx(y*x(y*xx))<tiAtpand {(x* (y*(y*x)) + t; At <1-k
It follows that
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11—k

G (y x (v + X)) < —

Let
Q3 = ie A Glxx(y*(y*x)) >t Ata]
and
Q= {eA(x x (¥ * (¥ x X)), n,dkC and Gi(x = (y * (y * X)) <t At}
Then
A = Q30U Q4 and B3N Qg = ¢.

If Q4 = ¢, then
Gxx(yx(y*x) >t Aty

for alli € A and so
Cxx (y * (y x X)) = t1 Aty
This is a contradiction. Hence €4 # ¢ and thus
(x = (v * (v * X)) 0, WG
1.e.,
G (y*(y*x)) + ti Aty >1-k, and i(x * (y * (y *X))) <t A to.

It follows that
1- k
2

At >
So that

Cl(x xy) xz) > (X *y) * 2)
>4

>t At
1- k&

2
for all i € A. Similarly, we have
- k

2

Ci(z) >
for alli € A. Now, suppose that

1— k
t=Gi(x*(y*(y*x)) <

2
. 11—k
for someie A. Let /'€ (0, T) be such that t <#. Then

>

Cl(x xy) * 2) >
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1- k

>
2

and Ci(z) >

that is,
((x % y) * z),€ ¢jand zy€ (.
But
Cxx(y*x(yxx)) =t<tfand (i(xx(y*(y*xx)) + '<1-k
that is
(x = (y x (v * X)))y€ Vars
Which is a contradiction, and hence

— k
Clxx (3 # (y % 0)) = 2

foralli € A. Therefore
1— k
2

Cx* (y * (y x X)) =
This is not hold. Consequently
(x % (y* (v * X))y nn€ VAl
Hence (is an (€, € Vgy)-fuzzy fantastic ideal of X.
Letting k = 0 in Theorem 4.19, we have the following corollary.

Corollary 4.20. Let {¢; | i € A} be a family of (€, € Vq)-fuzzy fantastic ideals of a
BCl-algebra X. Then ¢ = ), (iisan (€, € Vg)-fuzzy fantastic ideal of X.

We note that the union of (€, € Vgi)-fuzzy fantastic ideals of a BCI-algebra
X may not be an (€, € Vgy)-fuzzy fantastic ideal of X.

11—k
Consider the number t € (T’ 1] for which ¢, is a fantastic ideal of X, we
consider a new kind of fuzzy fantastic ideals as follows.

Definition 4.21. A fuzzy subset ¢ of a BCI-algebra X is called an (€, € V gx)-
fuzzy fantastic ideal of X if it satisfies (X) and (Y), where

X) 0, €C=x€ V qC,

(Y) (x* (v *x (v *x X)) ,€C¢=((x xy) x 2), €V gLorz,€ V g,
forallx,y,z€ Xandt, ty, t, € (0, 1].

Example 4.22. Let X = {0, 1, 2, @, b}, in which is defined by Table 4
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Table 4
* 0 1 2 a b
0 0 0 0 a a
1 1 0 1 b a
2 2 2 0 a a
a a a a 0
b b a b 1 0

From Table 4, X is a BCI-algebra (Jun et al., 2010). Define ¢ : X — [0, 1] by

(0 1 2 a b
—\08 03 06 05 02)

By simple calculations show that { is an (€, € V gx)-fuzzy fantastic ideal of
X for k = 0.08.

Example 4.23. Let X = {0, a, b, ¢} in which x is defined by Table 5

Table S.
* 0 a b c
0 0 c 0 a
0 a c
b c 0 a
c c a c

From Table 5, X is a BCI-algebra. Define ¢ : X — [0, 1] by ¢(0) = 0.3, {(a) =
¢(b) = ((c) = 0.4. By simple calculations show that ¢ is an (€, € V g)-fuzzy
fantastic ideal of X for k = 0, but it is not fuzzy fantastic ideal of X.

An (€, € V gi)-fuzzy fantastic ideal of a BCI-algebra X with k = 0 is called
an (€, € V g)-fuzzy fantastic ideal of X.

Clearly, every fuzzy fantastic ideal is an (€, € V gx)-fuzzy fantastic ideal.

Let ¢ be an (€, € V gi)-fuzzy fantastic ideal of a BCl-algebra X. Assume
that there exists @ € X such that
-k
C(a) > ¢0) v

7

Then
1- k

(@ =t> 0V —
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11—k
for somet € (T’ 1]. It follows that

0;€Ca;eCand ((0) + t>2t>1-k

i.e., a;qx¢. Which is a contradiction, and so the following inequality is hold.

11—k

7 for all x € X.

1) ¢x) <)V
Assume that

g“(a*(b*(b*a)))\/l_ k

2
. 1- k
for some «a, b, ¢ € X. Then there exists t € (T’ 1] such that

1— k

< (((a D) *c)Ad(c)

C(ax (bx(bx*a))V

<t<{((a=b)*c)Al(c).

Thus (a * (b x (b * a))), € (. From t < {((a * b) * ¢) A {(c), we have
((axb)xc), €, c,e(,{((axb)xc) +t>2t>1-k

1.e.,
((axb)xc)qrl,and {(c) + t>2t>1-k

55

i.e., ¢,qxC. Which is not possible and hence we know that ( satisfies the following

assertion:

(i) Cxx(y*(y*x))V

1
2

>(((x*xy)*z) A((2), forall x,y,z € X.

Suppose ( is a fuzzy subset of a BCl-algebra X satisfying (i) and (ii). Let t €

(%, 1] be such that ¢, # ¢. Then there exists a € (;, and so
1— &k 11—k
<L @< (0) V5= ¢(0)

by (i). Hence 0 € (,. Let x, y, z € X be such that

x*xy)*xze(andz e (.
Then

and {(z) >t >

Axxy)xz) >t>
By using (ii), we get

Cxx (y * (yxx)) Vv

1-k
2

> ((x*y) *x2) A ((2)

>INt
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This implies that
-k

(o (y* (y *x)) = (o (y * (y * X)) V—

Thus x * (y * (y * X)) € (;. Consequently, {, > X. Thus, we conclude that if a
fuzzy subset ¢ of X satisfies conditions (i) and (ii), then the following assertion is
hold.

(i) ¢ #o= (X, forallte(

>t

-k
1].
5 1l
Let ¢ be a fuzzy subset of a BCI-algebra X satisfying (iii). Let x € X and t €
(0, 1] be such that

Xr € V¢
Then x, € ¢ and x,qx(. Hence x € (,, i.e., {; # ¢ and so {, > X by (iii). Thus 0

€ (; and thus ¢(0) > t, i.e., 0, € ¢. This shows that condition (X) is hold. Let x, y,
z € X and ty, t; € (0, 1] be such that

((x * y) % 2), € V@rCand z, € V (.

Then
((x % p) * Z),l €z ((x * p) * z),lqu“ and z;,qxC.

This imply that

(x*y)*z2€ (S Cyanand z € ¢, C (i as,-
Since (;, o1, > X by (iii), it follows from (I3) that x * (y * (y * X)) € (a1, 1.€.,

x(y*x(y*x)) =2t Aty
So that
(x * (v (v * X))yn, €6

Hence (Y) holds and so (is an (€, € V gx)-fuzzy fantastic ideal of X.
So we have the following theorem.

Theorem 4.24. For a fuzzy subset ¢ of a BCl-algebra X, the following are
equivalent:

(Z) (isan (€, € V gx)-fuzzy fantastic ideal of X.
(A1) ( satisfies the condition (iii).
(B1) ( satisfies conditions (i) and (ii).

Corollary 4.25. For a fuzzy subset ¢ of a BCl-algebra X, the following are
equivalent:

(C1) (isan (€, € V g)-fuzzy fantastic ideal of X.
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D1l (i #¢o=(>X, forallte (0.5, 1]
(E1) ( satisfies the following conditions:

H  ¢x)=¢0)VvO0.5,

(i)  Cxx(y*(y*x))V0.5=((x*y)*2) A((2),

forallx,y,z € X.

For a fuzzy subset ¢ of a BCI-algebra X, we consider the following set

v={te 0,11 # o= (> X}

Then

(a) If~ =]0, 1], then ( is a fuzzy fantastic ideal of X.
1- k
(b) If~ = (0,——], then {is an

2

11—k . _ .
(c) Ify= (T’ 1], then isan (€, € V gi)-fuzzy fantastic ideal of X.

(€, € Vqyi)-fuzzy fantastic ideal of X.
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Definition 4.26. A fuzzy subset ¢ of a BCl-algebra X is called a fuzzy fantastic
ideal with thresholds € and 6 of X, ¢, 6 € (0, 1] with € < 6, if it satisfies (G1) and

(H1), where
(G ¢(0)Ve=((x)AS,

(HD) o (y * (y x X)) Ve=C((x*y) *2) A{(z) A6,

forallx,y,z € X.

Example 4.27. Let X = {0, 1, 2, a, b} in which « is defined by Table 6

Table 6.
* 0 1 2 a b
0 0 0 0 a a
1 1 0 1 b a
2 2 2 0 a a
a a a a 0 0
b b a b 1 0

From Table 6, X is a BCI-algebra (Jun et al., 2010). Define ¢ : X — [0, 1] by
¢(0) = 0.4, ¢(1) = ¢(b) = 0.1, ¢(2) = 0.5 and {(a) = 0.3. By simple calculations
show that ( is an (€, € V gx)-fuzzy fantastic ideal of X with thresholds ¢ = 0.3

and § = 0.4.

Theorem 4.28. Let ¢ be a fuzzy subset of a BCI-algebra X, €, 6 € [0, 1] with € < 6.
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Then ( is a fuzzy fantastic ideal with thresholds ¢ and 6 of X if and only if it
satisfies

GF o= X, (4)

for all t € (e, ¢].
Proof. The proof is similar to the proof of Theorems 4.9 and 4.20.

Theorem 4.29. Let ¢ be a fuzzy subset of a BCI-algebra X, €, 6 € [0, 1] with € < 6.
Then

(J1) (is a fuzzy fantastic ideal of X if and only if € is a fuzzy fantastic ideal of X
with thresholds e = 0 and 6 = 1.

(K1) ¢ is an (€, € Vgi)-fuzzy fantastic ideal of X if and only if ¢ is a fuzzy

fantastic ideal of X with thresholdse = 0 and 6 = %

(L1) ¢ is an (€, € V gi)-fuzzy fantastic ideal of X if and only if ¢ is a fuzzy
and 6§ = 1.

fantastic ideal of X with thresholds e =

Proof. Straightforward.

5. Implication-based fuzzy fantastic ideals in BCI-algebras

Fuzzy propositional calculus is an extension of the Aristotelean propositional
calculus. In fuzzy propositional calculus the truth set is taken [0, 1] instead of {0,
1}, which is the truth set in Aristotelean propositional calculus. In fuzzy logic
some of the operators, like A, V, =, — can be defined by using truth tables. One
can also use the extension principle to obtain the definitions of these operators.

In fuzzy logic the truth value of a fuzzy proposition ( is denoted by [(]: In the
following we give fuzzy logic and its corresponding set theoretical notations,
which we will use in the paper hereafter.

[x € (] =¢(x) (5)

[® A U] = min{[®], [¥]} (6)

[ — U] = min{l, 1 — [®] + [V]} (7)
V()] = inf [B(x) )

|= @ ifand only if [®] = 1 for all valuations. )
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The truth valuation rules given in (7) are those in the Lukasiewicz system of
continuous-valued logic. Of course, various implication operators can be
similarly defined. We consider in the following some important implication
operators:

(a) Gaines-Rescher implication operator (Igg):

1 ifx<y
Ior(x,y) = {() otherwise,

(b) Godel implication operator (I):

1 ifx<y
Ig(x,y) = {y otherwise,

(c) The contraposition of Gédel implication operator (I):

7 1 ifx<y
1 —x

Ig(x,y) = otherwise,

Where x is the degree of truth (or degree of membership) of the premise and y
is the respective values for the consequence and I is the resulting degree of truth
for the implication. The quality of these implication operators could be
evaluated either by empirically or by axiomatically methods.

(Ying, 1991) introduced the concept of fuzzifying topology. Here we can
expand his idea to BCl-algebras, and we define a fuzzifying fantastic ideal as
follows.

Definition 5.1. A fuzzy subset ( of a BCl-algebra X is called a fuzzifying
fantastic ideal of X if it satisfies (M 1) and (N1), where

M1) | =[xe—[0€(],
(NI) [ =[xxy)xz€(JA[z€]—[x*(y*(y*x)) €],
forallx,y,z € X.

Obviously, conditions (M1) and (N1) are equivalent to (F1) and (F3),
respectively. Therefore a fuzzifying fantastic ideal is an ordinary fuzzy fantastic
ideal. In (Ying, 1988), the concept of t-tautology is introduced, i.e.,

| =, ® if and only if [®] > t for all valuations. (10)

Definition 5.2. Let ¢ be a fuzzy subset of a BCl-algebra X and t € (0, 1], ( is
called a t-implication-based fuzzy fantastic ideal of X if it satisfies (O1) and (P1),
where
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Ol |=/[xed—[0e(],
P [ =/[xxy)xzeJA[z€(]— [x*(y*(y*X) €],
forallx,y,z € X.

Let I be an implication operator. Clearly, ¢ is a t-implication-based fuzzy
fantastic ideal of a BCI-algebra X if and only if it satisfies (Q1) and (R1), where

QD) I(¢(x), ¢(0) = t,
R IC((x*y) *2) A(2) , ((x* (y * (y % X)) > t,
forallx,y,z € X.
Theorem 5.3. For any fuzzy subset ¢ of a BCI-algebra X, we have

(S1) If I = Igg, then ( is a 0.5-implication-based fuzzy fantastic ideal of X if and
only if ( is a fuzzy fantastic ideal of X.

(THIfI = Ig, then Cis a -implication-based fuzzy fantastic ideal of X if

and only if (is an (€, € Vgi)-fuzzy fantastic ideal of X.

(U If I =1, then (is a

-implication-based fuzzy fantastic ideal of X if
and only if Cisan (€, € V gx)-fuzzy fantastic ideal X.

Proof. (S1) Straightforward.

(T1) Suppose that ¢ is a -implication-based fuzzy fantastic ideal of X.

Then I¢ (¢(x), ¢(0)) =

2
and
— k
I Q0 ¥) % 2) A G2, G (3 (3 % X)) 2+
It follows that
¢(0) > ¢(x))
or
RN
and
Cx* (y* (y*x) > C((x *y) * 2) A ((2)
or
1-k

A(x*y)*2) A((z) = C(x * (y * (Y * X)) >

2
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Hence
11—k
¢0) VO = ¢(0) = ¢(x) A
and
1— k
Qs (y# (y X)) VO = ¢xx (y * (y £ X)) 2 (X +y) x2) A ((2) A—
Therefore ( is a fuzzy fantastic ideal of X with thresholds ¢ = 0 and 6 = %,

and hence (is an (€, € Vgi)-fuzzy fantastic ideal of X by Theorem 4.29.

Conversely, assume that { is an (€, € Vgy)-fuzzy fantastic ideal of X. Then

) = Vo=t
and
"

Cxx (y* (y*x)) = Clxx (y* (y *x)) VO 2 (((x +y) #2) A ((2) A ——

Case 1: If ¢(x) A - k_ ¢(x), then
I (((x). (0)) = 1> ——.
If {(x) A ! _2 k_ %, then
1— k
and so
I (€. CO) =15

Case 2: If (((x * y) * z) A ((2) A

= (((x xy) *2) A ((2), then

Cx o (y + (y X)) = C((x * y) * 2) A ((2)

and thus
1- k
Ig C((x xy) *2) A ((2), C(x * (y * (y X)) = 1 = :
Let
(e g At =10k
Then ¢(x * (y * (y % X))) > ——, and hence
- k

I (C((x * y) % 2) A ((2), C(x* (¥ * (¥ * X)) =

i
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Therefore ( is a

-implication-based fuzzy fantastic ideal of X.

(U1) Straightforward.
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