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ABSTRACT

The aim of this paper is to study convergence behaviour of S-iteration scheme in CAT(0)
spaces for generalized nonexpansive mappings. In process, several relevant results of the
existing literature are generalized and improved.
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INTRODUCTION

A self-mapping T defined on a bounded, closed and convex subset K of a Banach
space X is said to be nonexpansive if (forall x, y € K')

1Tx =Ty [I<llx =y |I.
It is well known that sequence of Picard (1890) iteration defined as (for any
x, ekK)
x,,=T"x, neN (1.1)

need not be convergent in respect of a nonexpansive mapping, e.g., the sequence
of iterates x,,, =7Tx, for the mapping 7" :[—~1,1] —[—1,1] defined by Tx= —x does
not converges to 0 for any nonzero x € [—1,1] which is indeed the fixed point of 7. In
an attempt to construct a convergent sequence of iterates in respect of a nonexpansive
mapping, Mann (1953) defined an iteration method as: (for any x, € K)

x, ,=U0-a)x, +alx,, neN (1.2)

where {&,} < (0,1).
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In 1974, with a view to approximate fixed point of pseudo-contractive compact
mappings in Hilbert spaces Ishikawa (1974) introduced a new iteration procedure as
follows: (for x, € K')

Yn = (]- - an)xn + O‘nTxna
(1.3)
Tnt1 = (1= Bn)xn + BnTyn, n €N

where {a, 1,14, } < (0,1).

For a comparison of the two iterative schemes in the one-dimensional case, we
refer the reader to Rhoades (1976), wherein it is shown that under suitable conditions
(see part-(a) of Theorem 3) rate of convergence of Ishikawa iteration is better than that
of Mann iteration procedure. Iterative techniques for approximating fixed points of
nonexpansive single-valued mappings have been investigated by various authors (see;
e.g., Ishikawa (1974, 1976); Riech (1979); Tan & Xu (1993) and Razani & Salahifard
(2011)) using the Mann iteration scheme or the Ishikawa iteration scheme. By now,
there exists an extensive literature on the iterative fixed points for various classes of
mappings. For an upto date account of literature on this theme, we refer the readers to
Berinde (2007). For the different aspect of fixed point theory one can consult Badshah
& Farkhunda (2000); Abd-Rabou (2012); Uddin ef al. (2014) and Uddin & Imdad
(2015).

Most recently, Agarwal et al. (2007) introduced the following iterative process and
give the name as S-iteration process: for any x, € K

Yn = (1 - an)l'n + apnTxy,
(1.4)

Tnt1 = (L= Bp)Tzy + BnTyn, n €N

where {& },{f,} <(0,1).

The S-iteration process given by Agarwal et al. (2007) is independent of the Mann
and Ishikawa iteration processes. Agarwal ef al. (2007) showed that (1.4) converges at
a rate same as that of Picard iteration and faster than Mann iteration for contractions
and it is not hard to see on similar lines that S-iteration scheme (1.4) also converges
faster than the Ishikawa iteration scheme.

On the other hand, in 2008, Suzuki (2008) introduced a new class of mappings,
which is larger than the class of nonexpansive mappings and name the defining
condition as Condition (C) (sometimes also referred as generalized nonexpansive
mapping) which runs follows:

A mapping T defined on a subset K of a Banach space X is said to satisfy
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Condition (C) if (forallx,y € K )
1
Slx =Tx lidllx =y [I=I17x =Ty fi<llx —» .

Using Condition (C), Suzuki (2008) proved the following fixed point theorem:

Theorem 1.1 (Suzuki, 2008) Let 77 be a mapping defined on a convex subset K
of a Banach space X which enjoys Condition(C). Also, assume that either of the
following holds:

1. K is compact or
2. K is weakly compact and X has the Opial property.
Then 7' has a fixed point in K .

The purpose of this paper is to study the convergence of S-iteration scheme (1.4)
for generalized nonexpansive mapping in CAT(0) spaces which enable us to enlarge
the classes of mappings as well as classes of spaces.

PRELIMINARIES

To make our presentation self contained, we collect relevant definitions and relevant
results. In a metric space (X,d), a geodesic path joining xe X and ye X is
a map c¢ from a closed interval [0,7]c R to X such that c(0)=x,c(r)=y
and d(c(t),c(s))=|s —t |for all s,f€[0,r]. In particular, the mapping ¢ is an
isometry and d(x, y)=r. The image of ¢ is called a geodesic segment joining x
and y which is denoted by [x, ¥], whenever such a segment exists uniquely. For any
X,y € X , we denote the point z €[x, y] by z =(1-a)x @®ay , where 0< a <1
if d(x,z)=ad(x,y) andd(z,y)=(-a)d(x,y). The space (X, d) is called
a geodesic space if any two points of X are joined by a geodesic, and X is said
to be uniquely geodesic if there is exactly one geodesic joining x and ) for each
X,y € X .Asubset C of X is called convex if C contains every geodesic segment
joining any two points in C .

A geodesic triangle A(x,, X,, X;) in a geodesic metric space (X, d) consists of
three points of X (as the vertices of A) and a geodesic segment between each pair
of points (as the edges of A). A comparison triangle for A(x,, x,, x;) in (X, d)

is a triangle Z(xl,xz,XB) = A(;1,;2,;3) in the Euclidean plane R? such that
a’R2 (xi,x;)=d(x;,x;) for i, je€{1,2,3}. A point x €[x1,x2] is said to be
comparison point for x €[x,,x,] if d(x,x)= d(;,;). Comparison points on

[9_52,;3] and [;3’;1] are defined in the same way.



Izhar Uddin and Mohammad Imdad 96

A geodesic metric space X is called a CAT(0) space if all geodesic triangles satisfy
the following comparison axiom namely: CAT(0) inequality

Let A be a geodesic triangle in X and let A be its comparison triangle in R?.
Then A is said to satisfy the CAT(0) inequality if for all X, ¥ € A and all comparison

points x, y € A,
d(x,y)sd ,(x,»).

If X, ¥, and y, are points of CAT(0) space and }y is the midpoint of the segment
[¥,,¥,], then the CAT(0) inequality implies

1 1 1
d(x,y,)’ Sad(x,yl)2 +5ar(x,y2)2 —Zd(yl,yz)z-

The above inequality is known as (CN) inequality and was given by Bruhat & Tits
(1972). A geodesic space is a CAT(0) space if and only if it satisfies (CN) inequality.

Towards certain classes of examples, one may recall that every convex subset of
Euclidean space R” endowed with the induced metric is a CAT(0) space. Also, the
class of Hilbert spaces are examples of CAT(0) space. Moreover, if any real normed
space X is CAT(0) space, then it is a pre-Hilbert space. Furthermore, if X, and X,
are CAT(0) spaces, then so is X | x X, . For further details on CAT(0) spaces, one can
consult Bruhat & Tits (1972), Bridson & Haefliger (1999); Brown (1989) and Burago
et al. (2001).

Now, we collect some basic geometric properties, which are instrumental
throughout the discussions. Let X be a complete CAT(0) space and {x,} be a
bounded sequence in X . For x € X, set:

r(x,{x,})=limsup d(x,x ).

n—»o0

The asymptotic radius 7 x,}) is given by
r({x, ) =mf{r(x,x ):x eX},
and the asymptotic center A((x )) of (x,) is defined as:
A(x, ) ={x eX ir(x,x,)=r({x,});.
It is well known that in a CAT(0) space, A€ x,}) consists of exactly one point (see

Proposition 5 of Dhompongsa et al. (2006)).

In 2008, Kirk & Panyanak (2008) gave a concept of convergence in CAT(0) spaces
which is analogue of weak convergence in Banach spaces and restriction of Lim’s
concept of convergence Lim (1976) to CAT(0) spaces.
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Definition 2.1 (Kirk & Panyanak, 2008) A sequence {x, } in X issaidto A-converge
to x € X if x is the unique asymptotic center of %, for every subsequence {U,} of
{x,} . In this case we write A—]im, X, = x andread as x is the A-limitof {x }.

Notice that for a given {x } — X which A-convergesto X and forany y e X
with } # X (owing to uniqueness of asymptotic center), we have

limsupd(x,,x) <limsupd(x,, y).

n—>0 n—>0

Thus every CAT(0) space satisfies the Opial property. Now, we collect some basic
facts about CAT(0) spaces which will be frequently used throughout the text.

Lemma 2.1 (Kirk & Panyanak, 2008) Every bounded sequence in a complete CAT(0)
space admits a A -convergent subsequence.

Lemma 2.2 (Dhompongsa et al., 2007) If C is closed convex subset of a complete
CAT(0) space and if {x,} is a bounded sequence in C, then the asymptotic center of
{x,}isin C.

Lemma 2.3 (Dhompongsa & Panyanak, 2008) Let (X, d) be a CAT(0) space. For
x,y€ X and t €[0,1], there exists a unique z €[x, y] such that

d(x,z)=td(x,y) and d(y,z)=(1-t)d(x,y).
Notice that we use the notation (1—¢)x @ty for the unique point z of the above
lemma.

Lemma 2.4 (Dhompongsa & Panyanak, 2008) For x, y,z € X and ¢ €[0,1] we have
d((1=t)x ®ty,z)<(1-0)d (x,2)+1d (v ,2).
Lemma 2.5 (Dhompongsa & Panyanak, 2008) Let X be a CAT (0) space. Then
d((1-t)x ®ty,z)Y <(1-t)d(x,z) +td (y,z) —t(1-t)d (x,y)’

forall x,y,ze X and ¢ €[0,1].

Next, we state two results for generalized nonexpansive mapping in the setting of
CAT(0) space which are very useful to prove our main results.

Theorem 2.1 (Nanjaras et al., 2010) Let C be a nonempty bounded, closed and convex
subset of a complete CAT(0) space X. If T:C — C is a generalized nonexpansive
mapping, then 7" has a fixed point in C . Moreover, F'(T") is closed and convex.

Lemma 2.6 Let C beasubsetofa CAT(0)space X and 7 : C — C beageneralized
nonexpansive mapping. Then for all x, y € C the following holds:

d(x,Ty)<3d(x,Tx)+d(x,y).
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Now, we adopt the iteration procedure of Agarwal et al. (2007) in the framework
of CAT(0) spaces wherein (for any x, € K)

Yn = (1 — ap)xy ® apTxy,,

(1.5)
Tnt1 = (1= Bn)Txy ® BnTyn, n €N

where { &, }, (B.1e(0,1).

In this paper, we prove some convergence theorems for Iteration Process (1.5)
for generalized nonexpansive mapping in CAT(0) spaces. Our results generalize and
extend the corresponding relevant results in Agarwal ef al. (2007) and Khan & Abbas
(2011).

RESULTS

Lemma 3.1 Let C be a nonempty bounded closed convex subset of complete
CAT(0) space X . Let T:C — C be a generalized nonexpansive mapping and let

{Xn} be an iteration process described by (1.5). If {0!,,} and {ﬂn} are such that
0<a<a,,p,<b<l for some a,be(0,1), then ,l,ijgd(x”’p) exists for all
peF().

Proof. By Theorem 2.1, F'(T') # & so that there existsa p € F(T).

1
Ed(p,Tp)ZOSd(p,xn),

which due to Condition (C) gives rise d(Tx,,Tp)<d(x,,p).Similarly, using
Condition (C), we have d Ty ,,Tp)<d(y,,p). Now, using Lemma 2.4, we have

d(x,..,p) = d((l-o)x, ®aly,,p)
< (I-a)dTx,,p)+a,dly,,p) 3.0)
< (I-a)x,,p)+a,d(y,.p),
while
dy,,p) = d(1-4)x,®BTx,,p)
< (I-4)x,.p)+pdTx,,p) o)

< (1-8)d(x,,p)+Bd(x,,p)=d(x,,p),
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so that in view of Equations (3.1) and (3.2), we have
d(xn+19p) < d(xnap) (33)
which shows that {d(x,, p)} is a decreasing sequence of non-negative reals. Thus

in all, sequence {d(x,,p)} is bounded below and decreasing, therefore remains
convergent.

Lemma 3.2 Let C be a nonempty bounded, closed and convex subset of complete
CAT(0) space X . Let T:C — C be a generalized nonexpansive mapping and let
{Xn} be an iteration process described by (1.5). If {an} and {ﬂn} are such that
0<a<a,,pB, <b<l forsome a,be(0,1),then limd(x,.Tx,)=0.

Proof. By Lemma 3.1, lim d(x,,p) exists. Let limd(x,,p)=c. By Equation
(3.1), we have e "

d(xn+19p)£a _an)d(‘xn’p)+and(yn’p)
or

and(‘xn’p)Sd(xn’p)+and(yn’p)_d(xn+lﬂp)

or

d(x,.p) < d(y,,,p>+ai{d<x,,,p>—d(xn+],p)}

n

d(y,,,p>+§{d<x,,,p>—d<xn+1,p>}.

IN

On taking liminf of both the sides, we have

1
liminf d(x,, p) <liminf d(y,, p) + Zliminf {d(x,,p)—d(x,,,p)}

so that,

¢ <liminfd(y,,p). (3.4)

n—>x0

By Equation (3.2), we have

limsupd(y,, p) <limsupd(x,, p) =c.

n—>0 n—>0

Owing to Equations (3.4) and (3.5), we get

(3.5)

limd(y,,p)=c. (3.6)

n—>0
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Now, by Lemma 2.5,

d(y,.p) = d((1-)x,®pBTx,,p)
< (=B (x,,p)+Bd[Tx,,p) = B,(0-)d(x,Tx,)
< dx,,p)-B,0-)dx,Ix,)

so that

B,(1=p)d (x,.Ix,) <d(x,,p)" =d(y,.p)".

Also, we have

1
p,(=5,)

1 2 2
m[d(xnap) d(y,,p) ]

d(x,.Tx,)’ [d(x,.p) -d(y,.p)’]

IA

By taking limsup of both sides and using Equations (3.3) and (3.5), we infer that

n—>0

limd (x,,Tx,)=0.

n—>0

Now, we are equipped to state and prove our main result:

Theorem 3.1 Let C be a nonempty bounded, closed and convex subset of a complete
CAT(0) space X . Let T:(C — C be a generalized nonexpansive mapping and let
{x,} be an iteration process described by (1.5). If {&,} and {f,} are such that
0<a<a,,B, <b<l,then {x,} A-converges to a fixed point of 7.

Proof. By Lemma 3.2, we observe that {x } is a bounded sequence with

limd(x,,Tx,)=0.

n—®0

Let W, ({x,})=1UA({u,}), where union is taken over all subsequence {u,}
over {x,}. In order to show that the A-convergence of {x, } to a fixed point of T,
firstly we will prove W, ({x,}) C F'(T') and thereafter argue that W ({x, })is a
singleton set. To show W _({x,})c F(T),let y €W,( x,}). Then, there exists a

subsequence {V,} of {X,} such that 4 ({¥,})=y . By Lemmas 2.1 and 2.2, there
exists a subsequence {z,} of {V.} such that A—1limz,=z and ze (C. Since

limd(z,,7z,)=0 and T satisfies Condition (C), therefore by Lemma 2.6, we

n—0
have
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d(z,Tz)<3d(z,,Tz,)+d(z,,2).

n?

By taking limsup of both the side, we have

limsup d(z,,Tz ) < limsup{3d (z

n—o n—»o0

Tz, )+d(z,,z)}

n’

<limsupd(z,,z).

n—0

As A—1limz, = z, by Opial property, we have

limsup d(z,,z)<limsup d(z,,Tz).

n—oo n—ow

Hence 7z = z, i.e. z € F'(T'). Now, we assert that z = y. If not, by Lemma 3.1,
limd(x,,z) exists and owing to the uniqueness of asymptotic centers,
n

limsupd(z,,z) < limsupd(z,,y)

n—>0 n—>0

< limsupd(y,,y)

n—»o0

< limsupd(y,,z)

n—>0

= limsupd(x,,z)

n—>0

= limsupd(z,,z),

n—o0

which is a contradiction so that y = z. Toshow that W ({(x, })isasingleton, let {), }
be a subsequence of {xn} . In view of Lemmas 2.1 and 2.2, there exists a subsequence
{z,} of {y,} such that A—limz,=z. Let A({y,})=yand A({x, })=x.
Earlier, we have shown that y = Z, therefore it is enough to show z = x.If Z# X,
by Lemma 3.1 {d (x,,z )} is convergent. By uniqueness of asymptotic centers
limsup d(z,,z) < limsupd(z,,x)
n—>o n—o
< limsupd(x,,x)
n—»o0

< limsupd(x,,z)

n—>0

limsup d(z,,z)

n—

which is a contradiction so that the conclusion follows.
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Theorem 3.2 Let C be a nonempty bounded, closed and convex subset of complete
CAT(0) space X . Let T:C —> C be a generalized nonexpansive mapping
and let {xn} be an iteration process described by (1.5). If {a,,} and {,3,7} are
such that 0<a<ea,,B, <b<1 for some a,be(0,1), then {X,} converges

strongly to a fixed point of 7 if and only if liminfd(x,,F(T) =0 where
d(z, F(T) =inf{d(z,p): pe F(T)}. "
Proof. If {X,,} converges to a fixed point P of T, then

liminf d(x,,p) =0

n—>0

so that
liminfd(x,,F(T) =0.

n—o0

For converse part, let liminf d(x,,F(T) =0 In view of Equation (3.3)
forall pe F(T), wehave "~

d(‘xn+] ’p) S d(‘xn’p) >
so that

inf d(x,,,p)< inf d(x,,p),
peF(T) peF(T)

which amounts to say that

dx, ., FT)<d(x,,FT))

n+l°

and hence limd(x,, F(T) exists so that by assumption we have limd(x,, F'(T) =o.

n—®0 n—w

Therefore, for any ¢ > (), there exists a positive integer f such that (foralln > k)
&
d(x,, F(T) <—,
4
or
infld (x,.p):p e FIT )<

so that there exists a p € F/(T') such that

d@wFG»<§.
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Now, for all m, n >k , we have

dx,.x,) < dx,,p)+d(p,x,)
< 2d(x,,p)
&
< 29==
(2) €

Hence {x, } is a Cauchy sequence in C and converges to some X in C. As

limd(Xn F(T) =0 which implies that d(x,F(T) =0 In view of Theorem 2.1,

n—0

F(T) is closed so that x € F(T).

Senter & Dotson (1974) introduced the Condition (A) as follows: A mapping
T:C — C 1is said to satisfy the Condition (A) if there exists a nondecreasing

function f :[0,00) —[0,90) with f(0)=0 and () >0 forall » € (0,%0) such
that d (x ,Tx)=f (d(x,F(T)))forall xeC.

Theorem 3.3 Let C be a nonempty bounded, closed and convex subset of complete
CAT(0) space X . Let T:C — C be a generalized nonexpansive mapping and let
{x,} be an iteration process described by (1.5). Moreover, if 7" satisfies Condition
(A), {a,} and {B } are such that 0<a<a,,p,<b<1 forsome q,be(0,1),
then {x,} converges strongly to a fixed point of 7.

Proof. By Lemma 3.1, limd(x,, p) exists for all p € F(T) and let us take to be

n—>0
€. If ¢ =0, then there is nothing to prove. If ¢ >0, then as argued in Theorem
3.2, limd(x,,F(T) exists. Owing to Condition (A) there exists a nondecreasing

n—>0

function f such that
lim f (d (x,,F(T'))<limd(x,,Tx,)=0

so that 1im f'(d(x,, F(T))) =0. Since, f is a nondecreasing function and f(0) =0,

therefore lim d (Xn ,F(T) =o. Now, in view of Theorem 3.2, we are through.

n—0

CONCLUSION

In this paper we proved some A -convergence as well as strong convergence theorems
in CAT(0) spaces for generalized nonexpansive mappings. Our results generalized the
results of Agarwal et al. (2007) and Khan & Abbas (2011).
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