
Generalization of Hilbert-Hardy integral inequalities 7

Generalization of Hilbert-Hardy integral inequalities 

Sobhy A.A. El-Marouf1,2

1Dept.of Mathematics, Faculty of Science, Taibah University, Kingdom of Saudi Arabia
2Dept. of Mathematics, Faculty of Science, Minoufiya University, Shebin El-Koom, Egypt

sobhy_2000_99@yahoo.com

Abstract
In this paper, Hilbert's integral inequalities with some parameters are considered, by using new methods in the proof.  Several 
results of Hardy and Yang are special cases of the new given inequality. As an application, we give some applied examples 
that illustrate our results.
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1. Introduction
First, let us recall the well-known standard Hilbert’s integral 
inequality and Hardy-Hilbert’s integral inequality as 
follows:(Hardy et al., 1964).

Let f and g are real functions, such that

 
Then

                                                                                            (1)

where the constant factor  is the best possible.

The inequality (1) is extended by Hardy et al., 1964 as 
follows: 

then

                                                                                             (2)

where  the constant  is the best possible . The 

inequality (2) is well known as Hardy-Hilbert’s integral 
inequality. Hilbert’s inequalities (1) and (2) are important in 
mathematical analysis and its applications. In the past 100 
years, a large number of mathematicians have investigated 
the subject of Hilbert’s inequalities as well as Hilbert-type 

inequalities in a very broad context and proved a variety 
of several inequalities (El-Marouf & AL-Oufi, 2012; El-
Marouf, 2013; Marouf, 2014; El-Marouf, 2015; Mingzhe, 
1997; Salem, 2006; Peachey, 2003 and Weijian & Mingzhe 
2006). An excellent account related to the above inequalities 
and many important applications in analysis can be found in 
Bashan et al. 2015 and Garg & Chanchlani, 2013. 

In this paper,  we  introduce  some  new  integral  
inequalities  of   Hilbert’s type or  similar  to Hilbert  
inequality, which contains  some additional parameters . Our 
results are generalization of each of the results of Hardy et 
al. 1964; Yang, 2000 and Yang, 2004. As an application, we 
give some examples on some partial differential equations 
that illustrate our results. 

2. Lemmas and main results
First, we  introduce  the  following   two  lemmas .

Lemma 2.1. For  and 

 define the weight function  as 

                                                                                             (3)

where a 

Then we  get 

     (4)

                                                

where B (a,b)  is the well  known   Beta  function, 
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Proof. From   the weight function (3), we have

                                                                                             (5)

Setting   then we get   and 

  and .

Substituting  by y  and dy in (5), we  obtain

where  is constant .

Since x is constant,then we obtain

                                                                                        (6)

By the well-known Beta function (Andrews, 1985) and 
equation (6), we get 

                                                                                            (7)

Also, from  we get

                                                                                             (8)

Properties of Beta function, (7) and (8), give

         (9)

Substituting  from (9) in 6), we get

Hence the lemma is proved.

By similar manner as in the proof of Lemma 2.1., we can 
proof the following lemma.

Lemma 2.2. For  and     

define  the  weight  function   as 

                        (10)

where 

Then  we  have 

                                                                                            (11)

where B (a,b)  is the well  known   Beta  function, .

Theorem 2.3. Let f,g    be real – valued functions defined on   
 such that 

and

Then we get

(12)

where       

and 

Proof .We can set the left hand side of (12) in the form 

                                                                                          (13)

Using Holder’s inequality (Mitrinovic, 1970) on (13), then 
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From (3) and (10), we have

                                                                                                                (14)

Applying the results of Lemma 2.1 and Lemma 2.2 in (14), 
we have 

and

Hence  the theorem is proved.

Remarks 2.1.

1. 

Since  then

 

It well known that

(15)

which is Hardy - Hilbert’s inequality (Hardy, et. al., 1964).

2. If we put  in (15), we obtain

which is the standard Hilbert’s integral  inequality (Hardy et. 
al., 1964).

3. 

                                                                                         (16)

which is Yang  Bicheng’s inequality (Yang, 2000 and Yang, 
2004).

Putting    in (16) , then we obtain the following 
inequality

4. 

                                                                                          (17)

which is considered as special case of Hilbert-Hardy  
inequality.

5. Putting β=2  in (17), we get 

                                                                                          (18)

Setting    in (18), then we have 

which is a generalization of Hilbert-Hardy inequality .
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6. 

Also, this is a generalization of Hilbert-Hardy integral 
inequality .

Lemma 2.4. For   

define the  weight  function  as

                                 (19)

Then we get 

 (20)

whereB (a,b)  is the well-known   Beta function with  

Proof. From   the weight  function  (19), we have

        (21)

Setting   then   we get 
 

By substituting by y  and dy in (21), we  obtain

where  is constant.

Therefore 

But sine  thus we have 

(22)
From (22) and definition Beta function, we get

                                                                             (23)

                                                                                        (24)

From Beta function, (23) and (24)  we obtain 

                                             (25)

Substituting from (25) in (22), we have

      

Then the proof is completed.

In similar way, as in the proof of Lemma 2.4., we can prove 
the following lemma. 

Lemma 2.5. For    

                                                                                          (26)

Then we get 

          (27)

Theorem 2.6. Let f, g  be real – valued functions defined on 
 such that

 

and

Then we get

                                                                                                                                        (28)
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Proof. Setting the left hand side of (28) in the following form

                                         (29)

Using Holder’s inequality on (29), we get 

From (28) and (29) , we have

                                             (30)

Applying the results of  Lemma 2.4 and Lemma 2.5 in (30), we have
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where B(a,b) is constant function and   also is  constant.

 Then, we obtain

Then the theorem is proved.

Remarks  2.2.

(31)
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4. Applications
In this section we introduce some examples of partial differential equation, which is considered as applications of 

our obtained results.
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