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Abstract

In this article, we introduce a new method to solve a singular non-linear equation of the Lane-Emden type by approximating 
the solution with Bernstein polynomials. This method is based on the minimization of a residual function using Taylor’s 
series expansion. We also apply this method to problems that are solved by other methods and the obtained results show that 
our method is efficient, applicable and has great potential than others.
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1. Introduction

We consider the following singular non-linear Lane-
Emden equation

     
 (1)

where the prescribed function  which 
represents the source term, is sufficiently smooth; 

 is a closed interval in  
and  and  are finite constants.

Lane-Emden type equations are frequently 
encountered in various physical phenomena such as 
reactant concentration in a chemical reactor, boundary 
layer theory, control and optimization theory, flow 
networks in biology, some areas of astrophysics, the 
thermal behaviour of a spherical cloud of gas, isothermal 
gas spheres, and the theory of thermionic currents. But 
the solutions of (1) neither exists, nor are so practical 
except for some spe  cial cases. So, improving both 
analytical and numerical schemes for finding the solution 
becomes very important. So, far many methods have 
been developed to provide accurate numerical solutions 
as in Bengochea (2014), Marzban et al. (2008), Parand 
et al. (2010), Turkyilmazoglu (2013), Wang et al. (2014), 
Wazwaz (2001), Wazwaz (2014), Kajani et al. (2012) and 
Υüzbaşı (2011).

Most of them reduce initial value problems to a 
non-linear system of equations, which require another 
approximation technique in their solutions and they 

also need to guarantee the convergence. But our method 
reduces the initial value problem to linear systems 
of equation, so that the results give us the unknown 
Bernstein coefficients of the approximate solution on 
the subintervals. This creates significant advantage for 
our method. So, we get an iterative method by dividing a 
given interval  into subintervals. Also, we can control 
the bound of error with respect to step size, instead of 
degree of approximation curve. On each subinterval, we 
write an initial value problem, whose initial conditions are 
obtained from the approximate solution on the previous 
subinterval by constructing Bezier curves with unknown 
control points. Our goal is to determine the control 
points in order to minimize the residual. Finally, we get 
a piecewise approximate solution in the space .

This technique provides us a lower triangular system 
with nonzero diagonals. So, most of for Let the non-linear 
problems can be solved linearly using this technique. The 
Bernstein polynomials give a preference to the approximate 
solutions of differential equations as a consequence of 
these nice properties. Some examples of these type of 
approximations can be found in Evrenosoglu & Somali 
(2008), Ghomanjani et al. (2012), Wu (2012) and Zheng 
et al. (2004).

The organization of this paper is as follows.

In Section 2 we suggest new technique for the second 
order non-linear initial value problems using the Bernstein 
polynomials. Section 3 presents application of the 
proposed method to the Lane-Emden type equations. The 
error analysis of this method for the Bernstein polynomials 
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is given in Section 4. In Section 5, three problems are 
presented by the numerical results to verify the theoretical 
results in Section 4. Finally, in section of conclusion, 
we summarize the results of the study and present our 
suggestions regarding the future works.

2. Residual method for second order nonlinear 
initial value problems

Consider the initial value problem

    (2)

where  and  are 
the closed intervals in  and a, b,  and  are finite constants. 
Let us divide the interval  into subintervals  with 
equal length, where  

 is a positive integer. So, we can define 
the initial value problem (2) piecewisely as

   (3)

for  and

   
                                                                                    (4)

for  

     Let

                                (5)

be a  degree Bezier curve over , where

are the Bernstein polynomials over the interval  and 
 are the unknown control points to be determined. So, 

we have  unknown control points for  over 
the interval 

Equations (4), initial conditions, should be applied to 
the approximate solution, that is

                                   (6)

      (7)

for  Thus, we provided that the continuity 
of the first derivative of the approximate solution

                                          (8)

which means that 

By the derivation property of the Bezier curves at the 
end points and Equations (6) and (7), we have

                           (9)

for  After that we have  unknown 
control points for each subinterval 

Substituting Equation (5) into the differential equation 
(3) for  we have the piecewise residual 
function

where

Our aim is to determine such unknown control points 
 so that the sufficiently differentiable residual function 

 will be minimum in the interval  To this end, we 
force the first  terms in the Taylor expansion of 

 to be zero at  i.e.,

              (10)

Since

using the derivative property of the Bezier curves at the 
end points given in Equations (9), we have the following 
linear equation

                                                                                      (11)

Likewise, the rest of Equation (10)

for   becomes

                                                                                     (12)

where
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and

So, we solve  from the above lower triangular 
system of linear equations (11) and (12), hence, we obtain 
the approximate solution  such that  will be 
minimum in  for  

3. Application of residual method to Lane- Emden 
equation

First, we define the initial value problem on each interval 

 as in Section 2

                                                                                     (13)

   (14)

for  where 

We have to change our technique only for the first 
interval since the residue function

and its derivatives are not be defined at  So, we 
choose a point  to force the residue function 
and its derivatives to 0, i.e.,

                (15)

In this case, we have some non-linear equations to find 
the unknown control points for the first interval, since 
we cannot use the property of derivatives of the Bezier 
curves at the end points. But this situation does not affect 
the order of convergence (this be proved in Section 4). 
Here, we use the Newton,s method to solve the non-
linear equations approximately. For the initial values of 
the Newton,s method, we use the initial values of the 
Equation (l).

After finding the unknown control points on the interval 
, we continue our procedure as described in Section 2. 

We force the residue function with the derivatives to be 0 
at x =  for , i.e.,

                                                          (16)

for    to find the unknown control points 
where

     (17)

In this case, we have (n-1) linear equations to find 
the unknown control points as well but for only the first 
interval , we try to get zero from the residue function 
and its derivatives at a different point from  because 
Equation (17) has the singularity only at .

4. Error analysis
Lemma 1. The residual functions  are of order  
for  

Proof.

Using (10) and Taylor expansion of  at  
we have

                            

Lemma 2. Let  be the auxiliary approximate solution 
of piecewise initial value problem (3) with initial conditions 
(4). Then, we have

        (18)

                                                                                      (19)

                                                                                      (20)

where  is the corresponding exact solution and 

Fig. 1. An illustration of auxiliary approximate solutions 
 approximate solution  and exact solution  

of non-linear initial value problem (2) on 

Proof. Since both  and  satisfy the initial 
condition (4), it is obtained that

  (21)

Define the residual function and its derivatives as
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where  and

 which satisfy  for 
 as in (10).

 

                                                                                     (22)

for  Therefore, Equations (21) and 
(22) yields, 

Writing the Taylor expansion of the difference 

 about 

where  And using Equation (18) we 
get

which gives Equation (19).

Similarly expanding the Taylor series of the difference 
 at  and using Equation (18), 

we obtain the required bound in Equation (20). 

The following lemma can be proved by using the 
Taylor expansion of the expressions about 

Lemma 3. Let  be the auxiliary approximate solution 
of the piecewise initial value problem (3) with the initial 
conditions (4) and  be the approximate solution of 
(3) with the initial conditions (6) or (7). Then,

 (23)

 (24)

(25)

where

(26)

          (27)

for  

Theorem 4. Let  be the exact solution of the second 
order non-linear initial value problem (2) and  be the 
corresponding  degree approximate function (8). Then, 
we have the inequality
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              (28)

where  and 

Proof. Let  be the auxiliary approximate solution 
of the piecewise initial value problem (3) with the initial 
conditions (4) and  be the approximate solution of 
(3) with the initial conditions (6) or (7), then

 Using Equations (19) and 
(23), we obtain

                                                                                        (29)

Note that  and  are exactly same since they 
are the approximate solutions of the same initial value 
problem. So, from Equations (19) and (20), we get

                  (30)

                                                                                      (31)

   
Using the recurrence relations in Equations (29) and (25) 
and inequalities in Equations (30) and (31), we get by 
mathematical induction that

since  Hence, we have

Lemma 5. Let  be the auxihary approximate 
solution of piecewise initial value problem (13) with 
initial conditions (14). Then, we have

 (32)

(33)

where  is the corresponding exact solution and

Proof. Using Taylor expansion of 

  about  and 

 about 

 we have

(34)

where  and between  and  

(35)

where   are  between  and   Equation 
(15) for   yields

 (36)

where  and  are defined in Lemma 3. Using 
inequalities in Equations (34), (35) and (36) repeatedly, 
we get the results in Equations (32) and (33).

The following corollary can be proved with 
mathematical induction using the recurrence relations 
in Equations (29), (25) together with the inequalities in 
Equations (32) and (33).

Corollary 6. Let  be the exact solution of the Lane-
Emden type equation (1) and  be the corresponding   

  degree approximate function. Then, we have
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where  is a constant, which does not depend on .

5. Numerical Examples
In this section, we provide some numerical ex where 
we have  are between and and amples to illustrate the 
applicability of the proposed method. The tables and 
figures demonstrate the power of the current study.

Example 1. Consider the Lane-Emden equation in Wang 
et al. (2014)

   

                       (37)

with the exact solution

Algorithm of the method for the above problem with  
 and  as follows

Step 1: Set 
Step 2: Compute  for  
Step 3: Construct

Step 4: Set 
Step 5: Solve    and    from following non-linear 
equations

by Newton,s method.
Step 6: Set i = 2.
Step 7: Compute  and 

Step 8: Solve  and  from the following linear equations

Step 9: Repeat steps 7 and 8 for

Step 10: Write the piecewise approximate solution as

Table 1 gives a comparison ofnumerical results with 
the results of the reproducing kernel method (RKM) given 
in Wang et al. (2014) and we observe that the accuracy 
obtained is high enough. In Table 2, we give the observed 
orders obtained using the following formulae

                                                                                (38)

where u(x;N) denotes the approximate solution of y(x) 
obtained by N subintervals. It can be seen that observed 
orders are well to confirm the theoretical results. Figure 2 
shows the error functions for N = 50, 100, 200.
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 Table 2. Observed orders of Example 1 with
n = 3, 4, 5 and = 25, 50, 100, 200. 

Fig. 2. Graphs of Error functions of Example 1 obtained 
using 3rd degree approximate function with number of 
intervals  

Example 2. Consider the Lane-Emden equation in Parand 
et al. (2010) and Wang et al. (2014)

                                                                                (39)

with the exact solution 

Table 5 gives a comparison of numerical results with 
the results of Hermite functions collocation method (HFC) 
and RKM given in Parand et al. (2010) and Wang et al. 
(2014), respectively. In Table 3, observed orders obtained 
using (38) are given.

Example 3. Consider the Lane-Emden equation in Parand 
et al. (2010)

with the asymptotic solution given in Wazwaz

 where  sin(l) and  cos(l).

Table 6 gives a comparison of some numerical results 
of the presented method with an asymptotic solution given 
in Wazwaz (2001) and the results of HFC given in Parand 
et al. (2010). In Table 4, we give orders using

where    are approximate 
solutions of  obtained by respectively. From Tables 
2, 3 and 4, it is concluded that observed orders are equal 
to as proved in Corollary 6.

  Table 1. Comparison of the errors of the present method with RKM errors.
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Table 3. Observed orders of Example2 with

n=3;4;5 and N=25;50;100;200.

Table 4. Observed orders of Example3 with

n=3;4;5 and N=25;50;100.

6. Conclusion

In this paper, we have improved a linear residual method. The obtained results give us a piecewise approximate solution 
of the Lane- Emden type equations. An advantage of this method is that we will have more accurate solutions for the 
fixed degree of polynomials by solving the linear systems of equations. We have seen that the obtained numerical 
results are compatible with the theoretical aspects. This method can be extended to some singularly perturbed boundary 
value problems, the Emden-Fowler equations, strongly non-linear boundary value problems and the chaotic initial 
value systems such as Lorenz systems, Genesio-Tesi systems, Rossler systems etc.

Table 5. Comparison of the errors of the present method with RKM and HFC errors.

Table 6. Comparison of the errors of the present method with asymptotic solution and HFC errors.
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طريقة البواقي با�ستخدام منحنيات بزير للمعادلات غير الخطية الأحادية 

Lane-Emden من نوع لاين-�أمدن

ملتم �أديمان*، فولكان �أوجر

ق�سم الريا�ضيات، كلية العلوم، جامعة دوكوز �إيلول، تنازتيب، بوكا، 35160 �إزمير، تركيا

*meltem.evrenosoglu@deu.edu.tr

خـلا�صـة

في هذا البحث نقدم طريقة جديدة لإيجاد حل معادلة �أحادية غير خطية من نوع لاين-امدن Lane-Emden لإيجاد الحل التقريبي 

تيلور  مفكوك  با�ستخدام  البواقي  دالة  ت�صغير  على  الطريقة  هذه  تعتمد   .Bernstein برن�شتين  نوع  من  الحدود  متعددات  با�ستخدام 

Taylor. قمنا �أي�ضاً بتطبيق هذه الطريقة على م�سائل تم حلها با�ستخدام طرق �أخرى وتو�ضح النتائج التي تم الح�صول عليها �أن الطريقة 
الجديدة كفوء وقابلة للا�ستخدام ولها م�ستقبل واعد مقارنةً بالطرق الأخرى.


