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Abstract

In this paper, we characterize the classes (£, L) , (Lx, £) and (Loo, L), 1 < k < 00, of all four dimen-
sional infinite matrices, where L and L are the spaces of all absolutely k£-summable and bounded dou-
ble sequences, respectively. Using them, we establish some relations between ‘N, Dns qn‘ and }W, Pl 4 | &
summability methods which extend some results of Bosanquet (1950), Sarigol (1993), Sarigol & Bor
(1995), and Sunouchi (1949) to double summability methods, and give a relation between single and
double summability methods.

Keywords: Banach space, double matrix mapping, double summability, four dimensional matrix, in-
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1. Introduction

Let us consider an infinite single series >z, of complex (or real) numbers with partial sums s,, and let
(c2) denote the n-th Cesaro means of order a with o > —1 of the sequence (s,,) . The series Xz, is said
to be summable |C, a, ,k > 1, in Flett’s notation (Flett, 1957), if (nl/k* Aaf{) € li, where £, is the
space of the set of absolutely k-summable single sequences and 1/k* 4+ 1/k = 1. Let (p,,) be a sequence
of positive numbers satisfying

n
Pn:ZpU—>ooasn—>oo,P_1:p_1:O. (D)
v=0

The sequence-to-sequence transformation u,, = » .'_ pySy/ P, defines the sequence (u,,) of the weighted
mean or simply (N,p,) mean of the sequence (s,,), generated by the sequence of coefficients (py,)
(Hardy, 1949). The series X, is said to be summable | N, p,|, , k > 1, if {(pgan) 17k Aun} € Uy,
where Au, = p, (PnPn_l)_1 > w_y Py—1x, (Bor, 2016), which, for p,, = 1, includes the method

Throughout the paper, (p,), (¢»), (pl,) and (g,) will denote the sequences of positive numbers
satisfying equation 1 and

1/k
#(pm) , n=0m>1

Pm—l m
1/k
(k) =1 g (&) m=0n>1 )
) 1/k
P’anlanl (f,:g;) 7m Z 1,77/ Z 1

A summability method Y is stronger than another method X if each series summable by X implies
its summability by Y (not necessarily to the same sum). Hereof, there are many papers in the literature
done by various authors, e.g. (see, (Bor, 2016), (Bor & Thorpe, 1987), (Borwein & Cass, 1968), (Bosan-
quet, 1950), (Das et al., 1967), (Flett, 1957), (Hardy, 1949), (Giile¢, 2019), (Mazhar, 1972), (Mishra
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et al., 2018), (Mohapatra, 1967), (Rhoades, 1998), (Rhoades, 1999), (Rhoades, 2003), (Sarigol, 1991),
(Sarigol, 1992), (Sarigol, 1993), (Sarigol & Bor, 1995), (Sarigol, 2021), (Sarigdl & Mursaleen, 2021),
(Sunouchi, 1949), (Thorpe, 1972), (Zraigat, 2019)). Among them, in the special case £k = 1 the following
known result is due to Sunouchi (Sunouchi, 1949).
Theorem 1.1. In order that every ‘W, pn} summable series should be ‘N, p'n‘ summable, it is suffi-
cient that ,
Pnbn
Pipn
Reviewing this paper, Bosanquet observed that equation 3 is also necessary for the conclusion and
so completed Theorem 1.1 in necessary and sufficient form (see (Bosanquet, 1950)).
In (Sarigol, 1993), Theorem 1.1 has been extended to the case 1 < k < oo as follows.

=0(1). €

Theorem 1.2. Let 1 < k < co. Then, in order that every | N, p,, | summable series should be [N, p/,
summable, it is necessary and sufficient that

/ P k
% (”) —0(1).
n \Pn
Also, it has been showed in (Sarigol & Bor, 1995) that the converse of the implication is not true.
Theorem 1.3. Let 1 < k& < oo. Then, for every sequences (p,,) and (p),) , there exists a series which

is summable ’N, Pn ’ ., but is not summable by |N7 p;’ .
First, we recall related notations. Let Z?io Z;io z,s be an infinite double series of real or complex

numbers with partial sums $;,,,, i.€.,
m n
=3 @

r=0 s=0
For the sake of brevity, we denote the summations > 2> °° and > " > " o by > ms=o and
Sout ., respectively. By Ty, we denote the double Riesz mean transformation (N s P, qn) of the
double sequence (S;p) ,i.€.,

\k

1 m,n
Ton = . 5
mn Pan TEOPTQSSTS ( )
The series Z:,.;:o I, 1S said to be summable ’N, P, qn|k ,k > 1, if (see (Sarigol, 2021))
00 k—1
P _
> ( an> (AT < o0 ®)
Sp—r, Pmdn

where ATy = sgo = 2o, and, for m,n > 1,

ATpwo = Tymo — Tn—1,0, ATon = Ton — Ton-1,
ATmn = Tmn - Tm—l,n - Tm,n—l + Tm—l,n—l'

We note that, in the special case p, = ¢, = 1, the summability ‘N, Pm, qn |, Teduces to the absolute
double Cesaro summability |C, 1,1, , given by Rhoades (1998).

There is a close relationship between the method ‘W, P Gn

\k

‘1@ and the space Ly, 1 < k < 0o, defined

by the set of all double sequences = = (z5) of complex numbers such that > _ [, ¥ < oo, which
reduces to £ for k = 1, studied by Zeltser (2001). Also, L is the Banach space (Bagar & Sever, 2009)

according to its natural norm
1/k

00
||5L'”£k = Z |x7‘s|k ,1§]€<OO.

r,5=0
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Further, the space L., consists of all bounded double sequences and it is a Banach space with the norm
[, = supys |2rs] -

Let z = (z,5) be a double sequence of complex numbers. If for every ¢ > 0 there exists a natural
integer no(¢) and real number [ such that |z,s — [| < € for all r, s > ng(e), then, the double sequence z
is said to be convergent in the Pringsheim sense. Also, a double series > ;s is convergent if and
only if the double sequence (s;,,,) in equation 4 is convergent. 7

Let U and V be two double sequence spaces, and A = (aynrs) be a four dimensional infinite
matrix of complex (or, real) numbers. Then, A defines a matrix transformation from U into V, written
A € (U, V), if for every sequence x = (z,5) € U, the A-transform A (z) = (Amn(x)) of x exists and
belongs to V, where

00
Amn(fL‘) = Z UmnrsTrs
r,5=0

provided the double series on right side converges for m,n > 0.
The transpose A' = (a,smn ) of the matrix A = (apnys) is defined by

oo
Af"s(x) = Z GmnrsTmn for m,n > 0.

m,n=0

The 3-dual U” of the space U is the set of all double sequences (b,) such that oo o brsrs
converges for all x € U. 7

In this paper we characterize the classes (£, L), (Lx, £) and (Lo, L),k > 1, of all four dimen-
sional infinite matrices, and extend Theorem 1.1, Theorem 1.2 and Theorem 1.3 to double summability
methods, and also establish a relation between single and double summability methods.

2. Needed Lemmas

We require the following lemmas for the proofs of our theorems.

Lemma 2.1 (Zaanen 1953, p.134) A linear mapping 7" from a Banach space U into another Banach
space V' is continuous if and only if it is bounded, i.e., there exists a constant L such that ||T'(z)||,, <
L||z||, forallz € U.

Lemma 2.2 (Sarigol, 1991) Let k£ > 0. Then, there exists two strictly positive constans M; and Mo,
depending only on k, such that

My >~ i My
< D o (k) < P (7

m=r
for all » > 1, where M; and M> are independent of (p;,) .

Lemma 2.3 (Sarigdl, 2021) Let £ > 0. Then, there exists two strictly positive constans /N7 and No,
depending only on k, such that

Ny = No
PG < > umn(k)gipk_l = (8)

m,n=r,s
for all 7, s > 1, where N7 and N, are independent of (p,,) and (gy,) .

3. Main Result

Our results are as follows.

Theorem 3.1 Let £ > 1 and A = (amnrs) be a four dimensional infinite matrix of complex numbers.
Then, in order that A € (£, L) it is necessary and sufficient that

Z ‘amm’s,k =0(1). )

m,n=0



Four dimensional matrix mappings and applications

Proof. Assume equation 9 holds. Then, we should show that A (x) = (A, (z)) € Ly for every
x = (x,5) € L. Now, using equation 9, it follows from Minkowski’s inequality that

1/k o\ 1/k
[e.e] oo oo

k

HA(vT)Hﬁk = Z | Amn (2)]| < Z Z |@mnrsTrs|

m,;n=0 m,n=0 \r,s=0
00 00 L/k

= Z |rs| Z ‘amnm|k =0(Q) ||z < oc.

r,s=0 m,n=0

which gives the desired conclusion.
Conversely, let A € (£, L) . Then, for k& > 1, since Ly, is a Banach space (see (Basar & Sever,
2009)), by Lemma 2.1, there exists a constant K such that | A(z)|,, < K'[|z|.,i.e.,

e\ 1/k

Z Z AmnrsTrs < K ||z, (10)

m,n=0 |r,s=0

forall x € L. So, by applying the double sequence x € L to equation 10, where z;; = 1 fori =17, j = s,

zero otherwise, we obtain
o

> Jamnrs|* < K, forr,s >0, (11)

m,n=0

which gives equation 9.
This step concludes the proof.

Theorem 3.2 Let 1 < k < oo and A= (amm-j) be an four dimensional infinite matrix of complex
numbers. Define Wy (A) and wy(A) by

k
Wk(A) - Z Z ’amnrs‘ 5 (12)

r,s=0 \ m,n=0

wk(A): sup Z Z Amnrs (13)

MXN 1. s=0 | (m,n)eM XN

rs=
where M and N are finite subsets of natural numbers. Then, the following statements are equivalent:
(i) Wi=(A) < o0 (i) A€ (Ly, L)
(1ii) A" € (Loo, Li+)  (iv) wps(A) < 0.
where k* is the conjugate of k, i.e., 1/k + 1/k* = 1.

Proof. To prove the Theorem, it is enough to show that (i) = (i7) = (ii7) = (iv) = (i) .
(¢) = (ii) . Assume (¢) holds. Then, for all z € Ly, it follows from Holder’s inequality that

[e's) 00 0o 00
§ g mnrsTrs < E g ‘amnrsxrs|

[A@), =
m,n=0 |r,s=0 r,s=0m,n=0
By /K"
00 00
< Z Z |@mnrs| ||$H£k (14)
r,s=0 \ m,n=0
< Wi (A i, < o0,
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which gives (i) .
(74) = (i7i) . Suppose A € (L, L) . Then, since Ly, is a Banach space, where £ > 1, by Lemma
2.1, there exists a constant L such that

o0

A=)l = Z Z AmnrsTrs| < LHxHLk (15)

m,n=0 |r,s=0
for all z € L. Also, it is observed by putting ,.sSgNd s instead of . that
oo [o.¢]
Z Z |amnrsxrs| <L ||$||£k . (16)
m,n=0r,s=0

Now, let u € L be given. Then, by equation 15,

[e.e] o0 oo o0
ST tmntmnrstes ull e D D lamnrstes (17

m,n=0r,s=0 m,n=0r,s=0

Llfull goo 1l

IN

IN

In equation 17, taking x,.s = 1 for (r, s) = (i, j) , and zero otherwise, it is easily seen that

o) o0

Z Amnrstmn | < Z ’amnrsumn| SLHuHQX,a

m,n=0 m,n=0

which gives that A’(u) is defined for all 7, s > 0, where the double sequence A’ (u) = (AL (u)) is given
by

o0

Ais(u) = Z AmnrsUmn @ M1 2> 0 (18)

m,n=0

Again, it follows by considering equation 17 that

2 Z Ais (u)xys

r=0 s=0

< Lilullgoo 17l (19)

which implies that the series in the left side hand of equation 19 converges. Therefore, since the dual of
space Ly, is the space Ly« (see (Basar & Sever, 2009)), we obtain A (u) € L+, i.e., A' € (Loo, Lip+) -

(iii) = (). If A® € (Lo, Ls+), then, by Lemma 2.1, there exists a constant K such that
HAt(x)HLk* < K ||zl forallz € Lo, i.e.,

k* 1/]{/‘*

) 00
Z Z AmnrsTmn <K HxH[jw . (20)

r,s=0 |m,n=0
Let M and N be any finite subsets of all nature numbers. Take a sequence = = () a8 Ty, = 1 for
(r,s) € M XN, and zero otherwise. Then, equation 20 is reduced to.

k* 1/]{3*
oo

Z Z Amnrs <K

7,8=0 |(m,n)EM XN

which proves wy+ (A) < oo.
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(791) = (iv). Suppose (7i7) is satisfied and @,nrs are real numbers. Then, for every finite subsets
M and N of nature numbers,

k*
o0

Z Z Amnrs < Wy (A)

7,8=0|(m,n)EMXN

Let HY = {(m,n) € MXN : ayprs > 0} and H= = {(m,n) € MXN : aypnrs < 0}. Then, by con-
sidering the inequality |a + b|¥" < 2 (\a|k T+ |b|k*) where a and b are complex numbers, we have

k*
0 0
Wi (A) = § § |amnrs|
r,s=0 \ m,n=0
k*
) 0 I
= 5 E Amnrs T 5 Gmnrs
r,s=0 \ (m,n)eH+ (m,n)eH~
k* k*
) ) 0
k*
< 2 5 5 Umnrs + g —Omnrs
r,5=0 (mn)eH+ (m,n)eH~

< 2k*+1wk (A).

If @ypnrs is complex number for m,n,r, s > 0, it is easily seen that W« (A4) < 228 +34,.(A) < oo,
which implies (iv) .

Thus the proof of the Theorem is completed.

Theorem 3.3 Let £ > 1. Then, in order that every ‘N, D, qn‘ summable double series should be
summable ‘W, Pims Qn |- it is necessary and sufficient that

b (P )" g (Qu\"
(i) ?7<%> =0(1) and (i) 3}(%) = 0(1). @1)

Proof. Suppose that euation 21i and equation 21ii are satisfied. Let (7,,,) and (7,,,,) be the double
sequences of (W, Pn, qn) and (N, ol qg) means of the series Zf,,os:o Zrs , respectively, i.e.,

1 m,n r,s
Tmn = P Q Z Prds Z Lop, (22)
mien r,s=0 v,u=0
1 m,n r,s
MM =0 v,u=0

Then, since P_; = Q_1 = 0, it can be written that

1 m,n v,
Thn = Z yZuem Z Lr.s
PQn

v,u=0 r,s=0
1 m,n m,n
= PO Z Ty s Z ygnm
mien r,s=0 V,U=T,S
1 m,n
= Z Trs (Pm_Pr—l) (Qn_Qs—l)
Pan =0
_ %3] (1_Pr—1) (1_Q5—1>
- TS )
7,5—0 Pm Qn
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which implies
Yoo = ATy = o0

m
-~ p
Ymo = ATy = P)an;_l ;Pr—lxro

n
~ dn
= ATy ==L 3"Q 2 (24)
Yon on OO 1 2 Qs—1T0s
Pond m,n
Ymn = ATy = Pum—n;éann—l Z Prlesflxrs-

r=1,s

Also, similarly, we get

/ / m,n
! Py / /
Ao = By 2, Tt @i 29

r,s=1

The double series > . Zr,s 1S summable ‘N, P qn‘ iff y = (ymn) € L, and also we obtain by

r,s=0
solving equation 25 for x, that, for m,n > 1,

Loo = Yoo
_ P P2
Tmo = — Ym0 — —Ym—10
Pm Pm—1
Q Qn—2
Ton = T Yon =~ Yon-1 (26)
qn dn—1
. Pan Pm—QQn
Tmn = Ymn — ——— Ym—-1,n —
Pmdn Pm—14n
Qn—QPm Pm—ZQn—Q
m,n 1+ Ym—1,n—1
gn—1Pm Pm—1Gn—1
Let
P Q/ 171/]67 m,n
Ymn = ( o q,"> AT = finn(k) D PlyQ g @7
min

r,s=1

where AT/ . is defined by equation 25, and 4!/, (k) is obtained from fi,, (k) interchanging p,, and
pm by py, and g, respectively . Then, by equation 27, the double series > _, x5 is summable
N, ph, o0, iff 4 = (Yrn) € Ly Further, it follows from equation 26 and equation 27 that, for
m,n > 1,

m—1
P —p P r (k)P P
_ ,Ulmo(k)zpr r — DPr TZ/y«O‘f‘HmO( ) m—1 mymo’

/
Y
mo Dr Pm

r=1

On,

n—1 / / / /
4sQs — ¢,Q ton (k)@ 1 Q
Yo = Moo (k)Y s mstiy, 4 DOnIEna LT,
s=1 s In
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PQ Pr_2Q
y;nn = u;rm Z 1Q5 1( . Sy'I‘S_ - SyT—l,S

=1 Prds Pr—14s
PrstQ Pr72Q372 )
- yr,sfl Yr—1,5—1
Prgs—1 Pr—14s—1
1n
P.Q - 1Q
= /len(k) Z P/ le 1 8 Z P/Qs 1 T Sys
r,s=1 Prds r,s=1 Prds
m,n—1 m—1n—1
1 1 1
Z Pl IQ TQS rs+ Z P/ T Qs — Yrs
r,s=1 ds r,s=1 Prds
P PnQ _,Q P P q — ¢,Qs1
:/,L{mn(k‘){ —1Ifm«¥n—1 nymn mlmZS s S— s
Pmdn
-1
_'_Q;z—lQn mz: prP;_l _p;npr—lyrn +
qn —1 Dbr
—1n—1
& (4:Qhy — 44Qs—1) (pr Py — pLPr1)
> Urs-
s’ qsPr
Therefore we can state
m,n
y;m = Z AmnrsYrs = Amn(y)a
r,s=0

that is, y/ = (y},,) is the A—transform sequence of the sequence y = (yrs) , where the matrix A =
(@mnrs) 1s defined by
( lmlﬂ(?%y@z’ s=n, m=r= 0
1o (k) (95 Q% —44 Qs)
/ 9s /
oWV P s P — 5= 0

/ Poy
umo(k)(prP —p,Pr)

,1<s<n, m=r=0

,1<r<m, n=s5s=0
/“L'lmn(k")Pm 1Pm(q5Qa 1 quS 1)

H;nn(k)Q 1Qn€Pr 1 prpr 1)

Umnrs =

, 1<s<n

I , 1<r<m
N{mn(k) (QSngl_QQQS—l)(prplfl_pipr—l)

, /(Ispr ,
umn(k)Pm_lmen_1Qn
Pmdn

,1<s<n,1<r<m

, r=m, S=n
0, otherwise

This gives that [N, pm, qn| = |N, D}, @), iff (Y1,) € Li for every (ymn) € L,ice, A € (L, Ly).
Now, by Theorem 3.1, we should show that equation 21i and equation 21ii are equivalent to the equation
9. To do this, let us write

00 00 S
Z |amnrs|k = Z <|amsrs|k+ Z |amnrs’k>

m,n=r,s m=r n=s+1
00 00 00
= ‘arsrs‘k + Z |amsrs‘k + Z ’arnrs|k + Z ‘amnrs’k
m=r+1 n=s+1 m,n=r+1,s+1

= Ly + Lo+ L3+ Ly, say.
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Then, equation 9 holds iff L; = O(1), La = O(1), L3 = O(1) and Ly = O(1). Now, it is written that

1/k
b= ol = (%) Q.
- sSUs| —
! Q. qs
1/k
I = |a | _ pr / P
1 r0r0 P, Dy
k
" — |a | _ <p;q; )1/ P.Qs
! e PIQy Prds

Hence, if L} = O(1) and L = O(1), then, since p, < P, and ¢5; < Q, for all r, s, then, p,.P./Plp, =
O(1) and ¢.Qs/Q"qs = O(1), and so we have L}’ = O(1). This shows that L; = O(1) if and only if
L} = O(1) and L] = O(1), or, equivalently, equation 21i and equation 21ii hold. Also, using equation
21i and equation 21ii, it follows from Lemma 2.2 and Lemma 2.3 that

[e'S) 00
L2 = Z |amsrs’k§ Z <\am0ro|k+|amsm|k>

m=r—+1 m=r—+1

k
" Tpr Q{s QS - Pr

- [-m) a8 (3) (“p‘P’“)k
P;pr Q/s qs P;pr

— o),
S 00
Ly = Z |arnr5|k < Z (|a0n05‘k + |arnrs|k>

n=s+1 n=s+1

k
<]?;.>l/kR<Q/ _q;Qs—l) 1
P pr \ qs +
+l (R)’“'(l_ qgcys) :
Dr QISQS
oo

L4 = Z ‘amnrs |k

’Q —q;QS

+

qSQs
Qs

- ‘1 =0(1),

7"
’I"

m,n=r+1,s+1
k

_ OO qus 1 (pr P
- /’Lmn r—1 7 =

mn= r+1 s+1 Pr

q Q S
1 1
- \(@;_1 Qe ) ( ) > k)
m,n=r+1,s+1

AV
PIQF

o (o0

This completes the proof.

Theorem 1.2 and Theorem 3.3 lead to the following result which gives a important relation between
single and double absolute Riesz summability methods.

Corollary 3.4 Let k > 1. Then, in order that every |N, D, qn} summable double series should be
summable | N, p;,, q)|, it is necessary and sufficient that every | N, p,,| and |N, ¢, | summable simple
series are summable ‘N, pM & and {N, q;L‘ P respectively.
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For k£ = 1, Theorem 3.3 also extends the result of Bosanquet (1950) and Sunouchi (1949) to double
summability as follows.

Corollary 3.5 In order that every ]N, P, Qn ] summable double series should be summable ‘W, Doy 4, i
it is necessary and sufficient that

4,Qn

/
ndn

PP
P).pm

(1) = 0(1).

=O0(1) and (i)

For p, = ¢, = 1, ‘N, Dns pn| ,, reduces to |C, 1, 1|, and hence one can obtain some new results as:

Corollary 3.6 Let £ > 1.Then, in order that every |N, Dims qn} summable double series should be
summable |C, 1, 1|, it is necessary and sufficient that

i) ~ <Z’3>k —0(1) and  (ii) * (Cz’l)k —0(1).

m n dn

Corollary 3.7 Let £ > 1.Then, in order that every |C,1,1| summable double series should be

summable ‘W, Pms Qn, ‘ ,, 1t is necessary and sufficient that

. kL Pm .. L dn
1) m"—=0(1 and i) n"— =0(1).
(i) m 2 = o) (i) n*d = o)
However the following result shows that converse implication of Theorem 3.3 is not true.

Theorem 3.8 Let & > 1. Then, for every sequences (py,), (¢n) , (p),) and (q,) , there exists a series

which is summable ‘N, Dy qn‘ ,, but not summable ‘W, s q;L‘ .

Proof. Let us consider (7},,,) and (77,,,) defined by equation 22 and equation 23. Write
Yo = pimn (k) ATy, form,n > 0 (28)

where AT = (ZTmn) is defined by equation 24. Then the double series foszo Zrs 18 summable

N, pm,qn’k and [N, p),,q,| ifand only if Y = (Y;nn) € Ly and AT' = (AT}, ,,) € L, respectively,
where ZT/mn is given by equation 25 . Further, by equation 2 and equation 28, for m,n > 1,

AT _ / (1) mz_:l (Pr/—lpr - Pr/Pr—l) Yo Prln—1Pm/L;no(1)Ym0
0 Hmo — Pritro(k) Prmbtmo (k)

ZT/ _ ! (1)7§ ( gleS - leQs—l) }/Os 4 Q;@—lQnﬂén(l)YOn
o Hon — qsttos (k) dntion (k)

and
~1
ZT’ _ N/ (1) Pr/n—lpm ;1_1QnY + Pr,n_lpm nz: ( ;_1QS - Q;stl) Yms
- mn
o m PmAnHmn (k) Pm —1 QSMms(k)

L Q@ le (P!_yP. — P.P,_1) Yy,
dn prﬂrn(k)

r=1

+ m_§_1 {PIPr1 (Q4Qs—1 — Q4 1Qs) =PIy Pr (QQsm1 — Q4 1Qs) } Y
Prqstirs (k)

r,s=1

Therefore it can be written that

m,n
Z,Tr/n,n = Z amnTSY;’S; = Amn<Y)

r,s=0

10
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where the matrix A = (amnrs) is given by

'u"lm()(l)Prln—lpm
Pmimo(k)
IJ‘{HLO(l)(Pyl-f]_PT'_PT,.P»,-fl)
?7”/’1‘7‘0(];:) ’
Hon (D@ _1@n
( ( qn/'LOn(k) , ’ )
10, (1) (Q)_1Qs—QLQs—1 o
qspos (k) ) 1<s<nm=r=0
ulm"(l)Prlﬂflpm(ngle_QgQS—l)
Q! gn%slllnw(k) , ) ’
HFmn 1 n—1%n Prflpr_PrP’r—l an
< >
dnprtirn (K) , 1<r<m,n>1

P (D { PLPr 1 (QQu1~Q3 Qs) Pl Pr(Q4Qs-1-Q_,Qs)

r=m,n=s=0

1<r<m,n=s=0

s=n, m=r=20

Umnrs =

1<s<nm>1

},1§s<n,1§'r<m

e WAG 0

HFmn m—1tMmxn—1 n’ 8:n7r:m’
men,umn(k)
0, otherwise

\

This gives that | N, pp, qn
of the matrix that

‘k = }W, s q;} ifand only if A € (L, £) . But, it follows from the definition

k
00

Wi (A) = Z Z ’amnrs‘ > Z |a7‘07’0’k*
r=0

r,s=0 \m,n=0

S ! 1/k k* (%S)
prPr> (PT> k*
= — P4 > E P = oc.
TZO <P;pr Dr " e

Therefore, the proof is completed by Theorem 3.2.
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