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Abstract
Cohen's kappa coefficient is a commonly used method for estimating interrater agreement for nominal and/or ordinal data; 
thus agreement is adjusted for that expected by chance. The weighted kappa statistic is used as an agreement index for ordinal 
data. The weights quantify the degree of discrepancy between the two categories. The choice of this particular set of weights 
affects the value of kappa. The common scores are Cicchetti-Allison and Fleiss-Cohen weights. In this article, we discuss the 
use of ridit type and exponential scores to compute kappa statistics in general.
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1. Introduction
Categorical variables, which have a measurement scale 
consisting of a set of categories, are important in many fields 
such as medical, social, and behavioral sciences. The tables 
that represent these variables are called contingency tables. 
The contingency tables in which the classificatory variables 
are related are referred square contingency tables. When 
working on these kinds of tables, analysis of agreement 
between row and column classifications is of interest. For 
nominal categories, kappa coefficient can be calculated or 
marginal homogeneity can be tested. In analyzing an ordered 
contingency table, we often study the association in such a 
table. To test the independence between variables, Pearson's 
Chi-squared test, the likelihood ratio test or the tests based 
on a divergence measure may be used (Saberi&Ganjali, 
2013). Beside association, rater agreement can be analyzed 
between the ordinal variables of a square table. In the 
literature, different statistical methods have been proposed 
for analyzing rater agreement. Such as log-linear agreement 
models, agreement plus association models etc. (Tanner 
& Young, 1985; Agresti, 1988). In practice, because the 
coefficients of agreement summarize the degree of agreement 
between raters with a single number, researchers prefer using 
coefficient of agreements. Different statistics have been 
proposed in the literature, but the most popular statistic of 
rater agreement is the kappa statistics (Warrens, 2013).

The Cohen's kappa coefficient was suggested for analysis 
of agreement between the variables of square contingency 
tables (Cohen, 1960). Let  denote the number of 
objects and n shows the total number of observers. The 
cell probabilities are  and  indicates the ith row total 
probability,  indicates the  column total probability of 
an RxR contingency table. Since the observed agreement P0 

and the proportion agreement expected by chance Peare.

                                                                      (1)

and

                                                                 (2)

then, the kappa coefficient  is,

                                                                     (3)

Fleiss et al. (1969) suggested an approximate asymptotic 
expression for variance of , which is given as following 
equation (Shoukri, 2004).

                                                                                             (4)

For ordinal responses, instead of kappa, weighted kappa 
coefficient was suggested by Cohen (1968). The coefficient 
allows each  cell to be weighted according to the degree 
of agreement between ith and jth categories (Shoukri, 2004). 
Since the observed agreement and the proportion agreement 
expected by chance are,
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                                                        (5)

and

                                                    (6)

then, the weighted kappa coefficient  is,

                                                                  (6)

where  are the weight ranges  Let  
a weighted average of the weights in the ith row and   a 
weighted average of the weights in the jth column.

                                                                                            (8)

Fleiss et al. (1969) suggested the approximate asymptotic 
expression for variance of 

           (9)

The weights indicate disagreement and are used to 
calculate the weighted kappa. Under this situation, selection 
of the appropriate weights is important. In this article, we 
discuss different weight matrices. Linear, quadratic, and the 
suggested weights are introduced in Section 2. The weights 
for the generated two-way square tables are discussed in 
Section 3, followed by Conclusion in Section 4.

2. Weights of weighted Kappa
In the presence of ordinal variables in square contingency 
tables, weighted kappa coefficient should be considered. 
Different values can be assigned for each cell of the table 
as the weights. Thus, the levels of agreement can change 
depending on the values of weights. Popular weights for 
weighted kappa are the linear and the quadratic weights 

shown in Equations (10) and (11), respectively (Cicchetti &  	
Allison, 1971; Fleiss & Cohen, 1973).

Linear and quadratic weights of Cicchetti & Allison 
(1971) and Fleiss & Cohen (1973) are given in the following 
equations, respectively.

• Linear weights:

                                              (10)

• Quadratic weights:

                                              (11)

It has been seen in the literature that the value of the 
quadratically weighted kappa is higher than the value of the 
linearly weighted kappa (Warrens, 2012). This result implies 
that the level of the agreement depends on assigned weights. 
This is one of the disadvantages of weighted kappa. Besides, 
the weighted kappa coefficient with linear and quadratic 
weights are used for continuous-ordinal scale data. However, 
in practice, as many scales are measured as ordinal. We use 
the information that comes from the frequency distribution 
of the variables to overcome this problem and discuss the 
ridit type and exponential score values to calculate weights.

2.1Ridit type scores for weights

Ridit type scores were suggested by Bross (1958). Cumulative 
probabilities are used to calculate the ridit scores. Let X be 
the row variable and Y be the column variable of a square 
contingency table. The ith ridit score of X;  and the ith 
ridit score of Y;  are shown in Equation (12).

                                                                                           (12)

where  and   is 
the cumulative distribution function (cdf) of X and Y, 
respectively. Iki et al. (2009) adapted ridit type scores for 
square contingency tables. The score value is shown in 
Equation (13).

                                                              (13)

The linear and quadratic weights of weighted kappa 
coefficient can be calculated in terms of ridit type scores as 
shown in Equations (14) and (15).
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• Linear weights:

                                                (14)

• Quadratic weights:

                                       (15)

2.2Exponential scores for weights

Bagheban & Zayeri (2010) suggested the exponential scores 
when the baseline characteristic of categories changing by a 
geometric progression.

                                (16)

 and  in Equation (16) are called the power parameters 
 In log-linear models, one can use the 

exponential scores to obtain the model with the best goodness-
of-fit statistic (Bagheban & Zayeri, 2010). Different values 
of power parameter are applied to the model and one of them 
with the best goodness-of-fit statistic is selected. In weights 
case, we proposed a method to directly calculate the power 
parameters. The calculation of power parameters are shown 
in Equation (17).

                                                          (17a) 

                                                         (17b) 

where  and  where 

 .Then, the exponential score value of the 

ith row and jth column of a square contingency table is,

                                                               (18) 

The linear and quadratic weights of weighted kappa 

coefficient can be calculated in terms of exponential scores 

are shown in Equations (19) and (20).

• Linear weights:

                                                (19)

• Quadratic weights:

                                                (20)

The interpretation of kappa statistic shown in Table 1 can 
be made to the strength of agreement (Landis & Koch, 1977).

Table 1. Interpretation of kappa statistics

Kappa Statistics Strength of Agreement
0.00< Poor

0.00-0.20 Slight

0.21-0.40 Fair

0.41-0.60 Moderate

0.61-0.80 Substantial

0.81-1.00 Almost perfect

3. Numerical examples
In this section, 3x3, 4x4, and 5x5 square contingency tables 
are generated randomly from multinomial distribution.

The levels of agreement between raters are taken as: slight 
(0.0), moderate (0.5), and almost perfect (0.9). The number 
of observers (n) is considered as 100 (Yang, 2007). In the 
Appendix, we give the codes for calculation of weighted 
kappa coefficient and its standard error for ridit linear and 
ridit exponential weights. All analyses were performed in 
MATLAB R2015a.

Example 1:

A generated 3x3 contingency table with slight   
agreement is,

Rater 2
Rater 1 1 2 3 Totals

1 9 28 8 45

2 3 5 4 12

3 3 30 10 43

Totals 15 63 22 100

The calculated weights for Example (1) are given in the 
following matrices. All tables which have the same number 
of categories have the same linear and quadratic weight 
matrices. Here, the linear weight and quadratic weight 
matrices are symmetric, and the exponential weight matrices 



Ayfer E. Yilmaz, Serpil Aktas 92

are approximately symmetric. By contrast, the ridit weight 
matrices are unstructured.

For Example (1), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 2. The results in Table 2 show 
that the weighted kappa with linear ridit weights has the 
lowest standard error and absolute deviation. 

Example 2:

A generated 3x3 contingency table with slight  
agreement is,

Rater 2
Rater 1 1 2 3 Totals

1 21 12 4 37
2 2 20 7 29
3 5 2 27 34

Totals 28 34 38 100

The calculated weights for Example (2) are given in the 
following matrices.

For Example (2), the estimation values, standard errors, and 
absolute deviation, which is the absolute value of the difference 
between observed and calculated agreement are calculated and 
given in Table 3. The results in Table 3 show that the weighted 
kappa with quadratic exponential and quadratic ridit weights 
have the lowest standard error and absolute deviation.

Example 3:
A generated 3x3 contingency table with slight  
agreement is,

Rater 2
Rater 1 1 2 3 Totals

1 21 1 2 24
2 2 40 2 44
3 1 1 30 32

Totals 24 42 34 100

The calculated weights for Example (3) are given in the 
following matrices.

For Example (3), the estimation values, standard errors, 

and absolute deviation, which is the absolute value of the 

difference between observed and calculated agreement are 

calculated and given in Table 4. The results in Table 4 show 

that the weighted kappa coefficient with linear weights and 

linear exponential weights have the lowest standard error, 

but the absolute deviation of the weighted kappa coefficient 

calculated by using the linear weights is lower.

Example 4:
A generated 4x4 contingency table with slight  
agreement is,
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The calculated weights for Example (4) are given in the 
following matrices. All 4x4 tables have the same linear and 
quadratic weight matrices.

For Example (4), the estimation values, standard errors, 

and absolute deviation, which is the absolute value of the 

difference between observed and calculated agreement 

are calculated and given in Table 5. The results in Table 

5 show that the weighted kappa with quadratic and linear 

exponential weights have similar standard errors, but the 

weighted kappa coefficient with linear exponential weights 

has lower absolute deviation.

Example 5:

A generated 4x4 contingency table with slight  
agreement is,

The calculated weights for Example (5) are given in the 

following matrices.

For Example (5), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 6. The results in Table 6 show 
that the weighted kappa coefficients with linear and linear 
exponential weights have similar standard errors, but the 
absolute deviation of kappa with linear exponential weights 
is lower.

Example 6:

A generated 4x4 contingency table with slight  
agreement is,

The calculated weights for Example (6) are given in the 

following matrices.
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The matrix of quadratic ridit weights converges to an 
identity matrix. Thus, the weighted kappa coefficient with 
quadratic ridit weights converges to unweighted kappa 
statistic.

For Example (6), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 7. The results in Table 7 show 
that the weighted kappa coefficient with quadratic weights 
has lowest absolute deviation and standard error.

Example 7:

A generated 5x5 contingency table with slight   
agreement is,

The calculated weights for Example (7) are given in the 
following matrices. All 5x5 tables have the same linear and 
quadratic weight matrices.

For Example (7), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 8. 

The results in Table 8 show that the weighted kappa 
coefficient with linear exponential and linear ridit weights 
give better results. The absolute deviation and standard 
errors of these kappas' are similar.
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For Example (8), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 9. The results in Table 9 show 
that the weighted kappa with quadratic exponential weights 
has lowest absolute deviation.

Example 8:

A generated 5x5 contingency table with slight   
agreement is,

The calculated weights for Example (8) are given in the 
following matrices. 
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Example 9:

A generated 5x5 contingency table with slight   
agreement is,

The calculated weights for Example (9) are given in the 
following matrices. 

For Example (9), the estimation values, standard errors, 
and absolute deviation, which is the absolute value of the 
difference between observed and calculated agreement are 
calculated and given in Table 10. The results in Table 10 
show that the weighted kappa with linear weights has lowest 
absolute deviation. The deviations of Example (9) are higher 
than the deviations of Example (7) and (8).

4. Conclusions
The agreement between objects rated independently by 
two raters (or twice by the same rater) is investigated with 
the agreement coefficients. There are different agreement 
coefficients for different scale types. For ordinal categories, 
weighted kappa coefficient (Cohen, 1968) is the most used 
agreement coefficient. The weighted kappa coefficient 
is a generalization of the simple kappa coefficient that 
uses weights to measure the relative difference between 
the row and column categories. Popular weights for 
weighted kappa are the linear and the quadratic weights 
and standard statistical packages mostly use these weights. 
The quadratically and linearly weighted kappas are used for 
continuous-ordinal scale data. However, in practice, many 
scales are dichotomous ordinal. In this case, we suggested 
using of the ridit type and exponential scores to compute the 
kappa statistic.

According to the two lowest absolute deviations (italic) 
and the lowest standard errors (bold) of Examples (1)-(9), 
the best method to calculate the weights are summarized in 
Table 11.

Results confirm that, if there is a slight agreement 
between raters, ridit weights for 3x3 and linear exponential 
weights for 4x4 and 5x5 tables give better results. For the 
3x3 and 5x5 tables the weighted kappa, which is calculated 
from the quadratic weights is tend to give a higher agreement 
than the observed agreement. When there is a moderate 
agreement, using the quadratic exponential weights for all 
the table dimensions have lower absolute deviation. Linear 
ridit weights for 3x3 and 5x5 tables, and Cicchetti & Allison 
(1971)'s linear weights for 4x4 table have lower standard 
errors. Differently from the slight and moderate agreement, 
in case of almost perfect agreement, the weighted kappa 
coefficients with classical linear and quadratic weights have 
lower absolute deviation and tend to give a higher agreement. 
Linear exponential weights for 3x3 and 5x5 tables, and Fleiss 
& Cohen (1973)'s quadratic weights for 4x4 table have lower 
standard errors.The results also show that ridit type scores 
are insufficient for  .

Note that these results are based upon the several 
numerical examples. The assignment of weights for a 
weighted kappa is a subjective issue.
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Appendix

Table 11. The summary of weights in terms of dimension of table and level of agreement with regard to the absolute deviations 
(italic) and standard errors (bold)

                          L:Linear, Q:Quadratic

Table 9.The results of weighted kappa for Example (8)

Table 10. The results of weighted kappa for Example (9)
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خـلا�صـة

يُ�ستخدم معامل كابا لكوهين بكثرة لتقدير درجة توافق التقييم للبيانات الأ�سمية و/�أو بيانات الرُتب. وبذلك يتم تعديل درجة التوافق 

درجة  الأوزان  تقي�س  الرُتب.  بيانات  في  كم�ؤ�شر  الموزون  كابا  �إح�صاء  يُ�ستخدم  ال�صدفة.  نتيجة  المتوقع  التوافق  لااعتبار  في  �آخذين 

Fleiss- و�أوزان Cicchetti-Allison لااختلافات بين القطاعين. تت�أثر قيمة كابا باختيار الأوزان. الأوزان المُ�ستخدمة بكثرة هي �أوزان

Cohen. في هذا البحث نناق�ش ا�ستخدام �أوزان من نوع ريديت ومن النوع الأ�سي عند ح�ساب �إح�صاء كابا.


