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Abstract
This paper suggests a new generalized ratio-product-type estimator for population variance of study variable utilizing 
information obtained from two auxiliary variables. Efficiency of the new estimator has been compared mathematically with 
the generalized ratio-product-type estimator based on information from auxiliary variable under simple random sampling 
without replacement. Empirically, the estimator proves more efficient than the usual unbiased estimator and some previously 
existing biased variance estimators under the derived conditions and for suitable choice of scalars and constants at which bias 
is also smaller in comparison. It is also worth-mentioning that all the estimators under discussion are the special cases of the 
new generalized ratio-product-type estimator for population variance. 

Keywords: Generalized estimator for population variance;population variance estimator using two auxiliary variable 
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1. Introduction
A statistical population can be described by several 
characteristics, one of which is variance. It is a routine 
practice that population variance is not known. Remarkable 
attempts have been made to estimate this characteristic in the 
best possible way. Objective is to minimize the dispersion 
of the desired estimator, if obtained from different possible 
samples. Unbiasedness is one of the ideal properties of an 
estimator, but it may be sacrificed, if a biased estimator 
provides less scattered results in repeated sampling. 
Moreover, need for the use of information available from 
one or more auxiliary variables has also been emphasized 
to raise the efficiency of estimator. Numerous efforts have 
already been made in this regard including ratio, ratio-type 
and transformed ratio-product-type estimators for variance.

Consider y, the study variable in a finite population of 
size N from which a sample of size n is drawn using simple 
random sampling without replacement. Let x and z be the 
auxiliary variables about which the information in the form 
of observations or some useful parameters is available. The 
available variances are transformed by using the parameters 
of the relevant variable.

Here are some important results and notations to be used later.

N: Population size              n: Sample size

the population means of the variables: 

the population variances:

the sample means:

the unbiased sample variances:	

           

                                                  , 

                                                                                            (1)

the population correlation coefficients:
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 for sufficiently large population.

Population coefficients of variation

Population coefficients of kurtosis

Some other functions as described by Jhajj et al. (2005)

	

and r, s, t are positive integers.

Some important results as presented in Yadav et al. (2013)

the expected values of  and  are all zero as:

where 

some further notations to be used in deriving bias and mean-
squared error are:

where b,c,d,m and p are constants or usually the known 
parameters of variables as: b,c the known parameters of x; 
m,p of z	; and d of y . 

Isaki (1983) proposed an estimator of population variance 
using auxiliary information that has been cited by the 
successors. Some other references are Ahmed et al. (2000); 
Arcos et al. (2005); Gupta & Shabbir (2008); Subramani & 
Kumarapandiyan (2012a); Subramani & Kumarapandiyan 
(2012b); Singh & Solanki (2013a); Subramani & 
Kumarapandiyan (2013); Singh & Solanki (2013b); Yadav 
et al. (2013).

Yadav et al. (2013) developed a class of estimators of 
variance as the combination of ratio-type and product-
type estimators based on some parametric information 
of an auxiliary as well as study variable and transforming 
the variances of both the variables. Moreover, it described 
usual unbiased estimator , the estimators of Isaki (1983); 
Upadhyaya & Singh (1999); Kadilar & Cingi (2006) as 
special cases for certain values of the scalars and constants; 
and under certain conditions surpassed all these estimators 
by obtaining smaller bias and mean-squared error.

Some biased variance estimators of the study variable y, 
utilizing information of an auxiliary variable along with their 
bias, MSE are as under:

Isaki (1983) ratio estimator is

                                                            (2)

 Bias of this estimator is  
and mean-squared error.

Upadhyaya & Singh (1999) proposed ratio-type estimator 
for population variance as

                               (3)

and has bias as, 
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mean-squared error as 

Following are the ratio-type estimators suggested by 
Kadilar & Cingi (2006):

                      (4)

                                         (5)

                                    (6) 

                                       (7)

Their biases and mean-squared errors are:

Yadav et al. (2013) defined the following transformed 
ratio-product-type family of estimators

                       (8)

where  and    and  are 
suitably chosen values.

                   (9)

                     (10)

All the variance estimators with one auxiliary variable 
from Equation (3) to Equation (8) are minimized at the same 
point i.e. 

                               (11)

2. New generalized ratio-product-type estimator using 
two auxiliary variables information

Taking  motivation from Yadav et al. (2013) here is 
being presented a new generalized estimator based on the 
information obtained from two auxiliary variables and using 
the concept of transformation of variances.

                              (12)

where  and   

 and  are suitably chosen values.

can be simplified as:
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expanding and simplifying the above expression using 
Taylor’s series expansion assuming that  and 

 and ignoring throughout higher-order terms in  

                         (13) 

                    (14)

Now for mean squared error, squaring Equation (13)

neglecting higher-order terms in  

where 
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                  (15) 

where  minimized for

                                  (16)

3. Special cases
Following are the previously existing variance estimators as 
special case of  :

Table 1. Existing Estimators as special case of Equation (12)

 

Some new proposed estimators from Equation (12) at  = , = , and  =  and for different values of d, b, c, m, p can be 
generated as:
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Table 2. Estimators from  



Generalized ratio-product-type estimator for variance using auxiliary information in simple random sampling85

4. Efficiency comparison
Comparison of generalized ratio-product-type estimator vs. 
Yadav et al. (2013) generalized ratio-product-type estimator 

4.1. Comparison of estimators by Equation (12) and Equation 
(8) through MSE

                       (22)
4.2. Comparison of estimators by Equation (12) and Equation 
(8) through bias

                                      

                                 (23)

holds if Equation (8)  is positively biased otherwise  

                                        (24)

(24) is the required condition

Therefore, Equation (12) is more efficient than Equation 
(8) if Equation (22) and Equation (23) / Equation (24) are 
satisfied accordingly.

5. Empirical study
To carry out empirical analysis, we use the following data.

Source: Basic Econometrics, Gujarati & Sangeetha (2007) 
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Data collected from 64 countries regarding fertility and other 
factors:

 :number of children died in a year under age 5 per one 

thousand live-births.

 : literacy rate of females in percentage.

 :total fertility rate during 1980- 1985

Table 3. Data description

Table 4. Percentage relative efficiency (PRE) and bias of the estimators

Table 5. PRE and bias of   and the corresponding  for different values of   and 
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Table 6. Percentage relative efficiency of the estimators for minimized MSE

 

where Percentage Relative Efficiency is computed as   

and for the sake of computational convenience in comparison, 
the absolute biases of all the estimators under consideration 
have been divided by . 

6. Conclusion
In this paper, generalized ratio-product-type variance 
estimator utilizing two auxiliary variables information has 
been proposed. The bias and mean of the squared sampling 
error have been derived. The efficiency of the estimator 
has also been compared with that of Yadav et al. (2013) 
generalized ratio-product-type estimator based on single 
auxiliary variable information mathematically. Moreover, 
all the mathematically expressed estimators mentioned in 
this paper are the off-shoots of . Several new estimators 
can be generated from the generalized variance estimator of 
which some are depicted. It can also be observed that  at 

 produces similar estimator as . PRE of the new 
ratio-product-type variance estimators for different values of 

 and  shown in Table 5 are far higher than 
the PRE of the estimators of the corresponding Yadav et al. 
(2013) ratio-product-type estimators and the estimators in 
Table 4 as well, in addition to reduced bias. It can also be 
observed that the new generalized estimator not only leads 
in its optimum value from that defined in Equation (8) rather 
all the new estimators for chosen values of scalars have 
significantly higher PRE than the minimized PRE of .
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خـلا�صـة

نقترح هذا البحث تقدير جديد للتباين من نوع ناتج ال�ضرب والن�سبة المعمم با�ستخدام معلومات من متغيرين جانبيين. قمنا بح�ساب 

درجة كفاءة التقدير الجديد بالمقارنة مع تقديرات �أخرى من نوع ناتج ال�ضرب والن�سبة المعمم للعينة الع�شوائية الب�سيطة بدون �إحلال. 

�أثبت التقدير تجريبياً �أنه �أكثر كفاءة بالمقارنة مع التقدير غير المتحيز العادي، وكذلك مع بع�ض التقديرات المتحيزة المعروفة تحت ال�شروط 

المفرو�ضة ولقيم منا�سبة للثوابت يكون عندها مقدار التحيز �صغير. ومن الجدير بالذكر �أن جميع التقديرات المُ�ستخدمة هي حالات خا�صة 

من التقدير الجديد.


