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Abstract
The aim of the paper is to establish regularity criteria for the weak solution of fluid passing through the porous media in

2a2
R’ . We show that if(vh"vasbs) e L™ with 34-2 23, 1< ¥ <o , then the weak solution is regular and unique; if

a y

(V,u,V.,b)e L% oith 2-!-3 <3, 1<y <o, then the weak solution is regular and unique; if (1, Vi,) € ) e

2

and (uy,b,06,b,Vh,) € LY withZ 4 3 <3, 1<y <oo.then the weak solution is regular and unique. Here we use

the notation V, = (8,,8,). @
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1. Introduction

In this paper we consider 3D flows of an incompressible
magnetohydrodynamics  fluid passing  through the
porous medium. Let (#,,u,,u,) and (b,,b,,b,) be the
components of velocity & and magnetic field brespectively.
The fundamental equations, which governs 3D equations
under the assumption of an incompressible and unsteady
MHD fluid passing through the porous medium are

-

cu

+u-Vu=vAu=VP+b-Vb=mu, (1
ot
2—f+u-Vb-=V,Ab+b-Vu, ()
Vu=V-b=0, (3)
u(x,0) = uy(x), b(x,0)= by(x), )

where u is the velocity, b is the magnetic field, v, is
the kinematic viscosity, V, is the magnetic diffusivity, and
P is the pressure of the medivm. For simplicity we let

= % , Where ¢ is the porosity of the medium and K is

the permeability of the medium. We also take v, =v, = 1.

The MHD fluid passing through the porous medium has
many practical applications such as the flow of mercury
amalgams, handling of biological fluids and flow of plasma.
The work on porous medium was first started by Darcy (1856)
and Forchheimer (1901). Sermange Teman (1983) proved the

local well-posedness of weak solutions of MHD equations
in the absence of porous medium for any given initial datum
Uy, b, € H(R?), s=3. But whether this unique local
solution can exists globally i1s an outstanding challenging
problem. Fundamental Serrien type regularity was given by
He Xin (2005) and Zhou (2005) in terms of the velocity. Chen
et al. (2007) derived regulanty by adding the condition on
V,(Vxu) and some further improvement was done by He
& Wang (2008). Ni er al. (2012) developed some regularity
criteria for 3D MHD equations when 15, du and &,b
are semin type integrable class. It is also mentioned that
logarithmicall regularity criteria was established in Fang ef al.
(2011) and Zhou Fang (2012). Gala et al. (2012) demonstrated
Serriens uniqueness results of Leray weak solution for the 3D
incompressible MHD equations in Orlicz-Morrey spaces.

The regulanity criterion on Vi was obtained by
Beirao (1995) who showed that if a weak solution u(x, 1)

satisfies Vu € L™ with -3-4--2 <2, 2 < y < o0, then
a y 2

u(x,1) € C*(R* x(0,T)). Chae Choe (1999) improved
Beirao (1995) condiction by applying two components of
the vorticity field. Further Zhou (2002) pointed that if the
Leray-Hopf weak solution u satisfyies Vu, € L™ with

—_— = %, 3<y<oand "Vu," is sufficiently small,
a
then # is strong.
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Regulanity criteria for the 3D MHD equations in terms
of pressure was obtained by Zhou (2006), who derived that,

VP e L*7 if with .2.4.2 < 3 provided u,, b, € H*(RY)

L £

for s 23, then the solution remains smooth on [0,7].

Later on Duan (2012) also improved the results of Zhon
(2006) and proved that (u,b) can be extended smoothly
beyond t = T, for any given u,, b, € H'(R*) with 5 >3
L o

and VP e L7 (0,T; L (R*)) for | < y < %0, Regularity
criteria for MHD equations in term for gradient pressure
1s obtained by Rahman (2014). Recently Beg er. al. (2014)
consider nonlinear stochastic equations and discussed the
stability of the equations.

The objective of current paper 1s to establish regularity
of weak solutions of 3D incompressible, MHD fluid
passing through the porous medium. The main results are
Theorem 1. Suppose that the initial velocity and magnetic

field (u,,b,)€ H'(R’), s23and V-u,=0=V-b,
in the sense of distribution. Additionally assume that

(V,u,08,) e P win 243 <3, 1<y 500, )
a v

or Ivhulll.‘-"'" IV,,ulL.u, Ia3b1|l.’-“‘ and "a3b3|1.‘-2

are sufficiently small, then the corresponding solution
(4, b) remains smooth on [0, T7].

Theorem 2. Assume (u,,b,)€ H'(R'), s=3 and

V-u, =0=V-b, in the sense of distribution. Suppose

2.3
that (V,u,V,b) € I’ with ;+;S3, 1<y <co,

o [V yoes [Vitd] 520 V8] ana lvhl’"y‘-2 are
sufficiently small, then (%, 5) is smooth on [0, 7].

Theorem 3. Assume (u,,b,)€ H'(R’), s23 and
V.u, =0=V.b, in the sense of distribution. Suppose

that (8,u, Vu,) € L% and (uy,b,8,b,Vb,) € L'“Y

sl B
vl ;+;S3’ Ay S ok lalull,”" |V“3|1.'-"°’

sl BBllace IV Bl 0t oo 052 IV ] 120

el 5, (0,54, .64, 54, and P, ave suficiently
small, then (x, b) remains smooth on [0, T"].

Proof of Theorem 1

To prove Theorem 1, it is enough to show

(u,b) e L*(0,7,H" YN L*(0,T,H?),

if (5) holds. Firstly we need the following Lemma.
Lemma 1: Suppose that (u,,b,)€ H(R’), s23

and V-u, =0=V-b, in the sense of distribution. If

1y S,
a

or |V,,u||’_,_m, IV,ulLu, la;b;ILl,::v and I63b3||l."2 arc
sufficiently small, then

sup (Vs +IV613) < vl + VB, ©

(V,u,85b;) € % with 233 3,
4

where C depends on the ™, T, norms of V puand 8.b,.

Proof: Multiplying (1) by Au and integrating over R* | we obtain

1d
2dt

3 3
= ;j R,(u,a,.u)Audx—‘."ZML,bta,a,u

3
||Vu|32 +||Au|3; = L,Au(u-Vu)dx- > L,b,a,aku laib,dx-mIVu“%z

Similarly, multiplying (2) by Ab and integrating over R, it follows

1 d 2

5 Vel + e
3

¢ %

0 J,R=

6.5 k=1
M
2.yl
1 & o 3 A
S Z“ L,o,u,,a.b,a,b,dr+ Z‘"I R,('),b‘o,u ,0.bdx
ik Ik
(8)

[ 58,8 b dx
1
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Combining (7) and (8), we get
1 2
—i(|v:¢|f, fvefd) + (auf? +ab)3) = 3 [ (0@ )M + (a2 0) A

- ZJ‘ B4,8,b,3,bdx + Zj ib,0,1,0,bycx = m|Val:

A= INF !

< L1+ |+ L+ ] v,

2 l 3
where I, = Zj duAudx, I, = | (udu)Auds, I, = Y. [:0,8,b,8bdx

i k=1

and /, Z jk,a,b,o,u,a b dx.

1,7 k=1

Now let us estimate one by one |/, |, i=1234:

= —ZZI (0 ,u,8,u+u,0,8,u)8 udx

J=li=
= —5:22:]‘ 0 u,0,u0 udx — Zj 04,0 ua,udx——ZZI 4,0,(0 u) dx
J=1 i=l ;°l il
= - =S 8 Bua udx — 63116:163udx+— ou(6 u)’dx
1 i=l 1 i=) ) J
J=l i= /- i

=: Lkl i+l

30

(€)

Now we estimate |/}, | using Gagliardo Nirenberg's where C, is a positive constant. Similarly |/, +/,, lis

mequality and Young»s inequality to get estimated as

i 4l
2 —_
1l < [ 10,1 ulldulde R L0 R L bl 7 3
N
< L;'VA“ I Vu |2 A Therefore 47
3y =310 12
< Ilel,,erV"ﬂz., 1, k- IIAule +2C2|V,,u||’2,, |Vu|],.z.
i To we split it into two parts and obtain
3 43 | |
S GVl Jad vl > b = b= i it
47 i l 3
= =) | 8,udud udct—Y | 3@ u) )dx
3 %IA“EI*'C:'VA“I 2 "V Il.' y'p'u‘ 2 Z;L‘“’ 2
3 1
4y = =X Qa0 e[ 0 e Y (oM
=l =l
<l eVl P, : :

Jul

2 1 32 ;
ZI 0 ;0,40 udx~ j d,(0.0) dr—-iggjk,a,u, (@ ) ).



31 Some new regularity criterion for MHD (hree-dimensional flow

With the same way to estimate /|, it yields
4y

IV R 0 i 2 3

Noting
I, = —-ZZJ’ B.u,8, babdx——ZLP 44,8,b,3,b dx
2% jA=1 (10)
= Iy+1y,
we have

PAIE —ZZ[ |80, 118,b, 1105, | dx

2% £d=l

2
< ELJ’V*“"V“ dx

]
< 5|vhu|L,, [ve|

3 43

< GVl I 8,2
4y

< |l + vl 7 vl
. &

< Ll el .
where C, 1s a positive constant constant;

|1;;] < -ZZI |8y, 1| 8, ||6b|dx+ j | Ost4, 1| 8,0y 83Dy | dx

20

IA

EL’ |V, || VB dx+EL,|63b, | VB Vi | dx
= Iy +1,

Since /,, is treated similarly to| /[, |, it gets
. 2

IS4 |Ab|,z+cnv.u|,%¢ ‘vel:
Iz "‘ b,l,., 'Vbllzr-‘ "V“Iur-'

3 ay=3 3. Ap=3

4 4
< Cs“as Jl,zr“AbI IVbl,z ¥ lA"" "vu|12 4
1 2 4y =3 -3
< gl + IIAbILz +Closbllz =7 IVl 21vH 2
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Ay

Ly 12 373 o2 2
< gl + HAsz+CH5b\| L (vl + VA

Then we have

4y 4y

1 3 — 2 2
| 1 < g+ AR + v a2 9B + o2 2 (v +Ivei).
Combining estimates of | /5, | and| Z,, | with (10) yields

4y 4y

JAE <HAuuLz+||Ab|| )+ 20|V, 7 T3V + Clob 1 T (Va3 +ve3).

Similarly, it follows

4y 4y
A <HA |2 +]A6|2)+2C, |V, 7 )|

VA + Colosb| 22 73 (3 + o2 ).
Using estimates of | /, | (i =1,2,3,4) into (9), we have

d 2
Svullz -+ B+ (i +[asl)

4y 4y

< 2G|Vl T +2c o 7 TVl +[VelE) + 2mvul

4y 4y

< AV 7 v2C o2 T+ my(val +|[VE[R).

where C, is a positive constant. Since3 + 3 <3implies( < 27
a y 3y-3

sup (Vuly -+ [V + [ (s + b

< o we obtain from Gronwall>s inequality,

<

(11)
< (Va|3 V5|5 e (2[ (C, IV 3% +2C, 0.5, %% +m)dt}.

Noting V,u,0,b, € L’** ,we chooseHth”Lzy and Ha b ||L27 being sufficiently small such that

T
exp{2| (G, |V, 5% +2C, |,y 2F +mydey < C.
Usingitinto(11), it followsthe required (6).
If ¥ = o0, then the corresponding terms| /, | (i =1,2,3,4) become

1

41 < gl e 209l Vi,
1

L1 < Sl 20l . vl
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14] <
1] <

From these estimates and (9), we have

{ 2
4wl +

1 2 2 2 %

E(IA""L’ * IAb“l.2 )+ ZC‘"V,,ulL, |IVb|1.2 + (‘ﬁlalbllll,‘ ("V"| + IIVbllz );
1

g(IA“I 83 + 200, VB + Colo bl Vel + 1915

Az Jad 2 0a b3

< 2G|V +2C 6.6 - +m)(]|Vu|L; +|Vb|L, ).

Now using Gronwalbs inequality and choosing 'V ,,u“ ) and IB,b,I

If y =1, then

1
Ll gl 260 vl

1 >
Ll < gl 26Vl vl
I,| <
I,] <

Putting these estimates into (9), we have

d 2
4 quf?

1= being sufficient small, we get (6).

Sl i)+ 209, 19eE + o L A9l + 198,
Sl <l + 20 Vb vel: + ool vl +Ivef

+ IVeE) + Qa3 +Jas3)

< 2ACIVulh +2¢ .5k + myvud +[vH).

Now using the Gronwall's inequality and choosing
"V,,u" 4.2 and |p3b3||1:'-1 being sufficient small, we also
get (6).

Proof of Theorem 1: Smoothness on [0, 7] of (u,b) is
followed by (7).

Proof of Theorem 2

To prove Theorem 2, we first show the following lemma.

s23and
=0=V-b, in the sense of distribution. Assume

Lemma 2: Suppose that (u,,b,) € H*(R?),
V.u,

estimated similarly to the way in Lemma 1. To /,, we have

= -—ZZI B,u,0,b,3,bdx - ZZL@ 4,0, b,0:b dx -

25 Jdw1 2% j=

1<y <o,

or"vhull.‘-"“ |vh"|l.‘-2‘ "Vhbll,'-"‘ and IV,,bIl,,zan:

sufficiently small, then

sup AVl +vH%) < CQva|% + Ve [>).

that (V,u,V,b) € L’“** with 2 +2 <3,
a y

(12)

where C depends on the m, T, norms of V,uand V, b.
Proof: Now let us begin with (9), then /, and /, are

1 3
Z | 0su,0:b,8.b dx

- __ZZJ‘ B0, b,a,b,dx--zzj Ost4,8,b,3,b dx + —sz du,|8b, ! dx

i=1 j A=

= L, +1,+1,.

k=) j=l

29 I

(13)
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Since

l 15, I < "thll’f IVbI2

Lly-l
3 4y-3
2 v e
4y
< IAbIIz+c Va2 3 el
-4y

< —|Ab|| s +CIVal v,
where C, is a constant;

1] = -ZZI 8.0, 1|8,b, || 856, | dx

klll

< -j |Vu|V,b| Vb|dx

< vl volasivel s

3 47 -3 3 4y -3
47 4y 47 4y
s GVl Qasl Vol Jauly Ve,
A

4y-3
< -IlAul,z+ IAbII +C vl " Ivull2Ivel,:

4y
1 2 3y=3 2 2
s §"Au ll.2 i lAb lll.2 +C, lV,,b 'LZ}; (IV" “L’ +|Vb 'IL2 )
where C, is a constant; similarly to| /;, |,
4y

|| < ""IAb"LZ +C4IV»~I,,3J_3IVbIIfz ]

we have

4y 4y

1 i
|15 g Qs + I + 26Vl Vel + IV = vl +[vefd).

For 1, we note
2.3 2 3
- gl;ljk,a,b,a‘u/aib,dﬂZ;;L,a,b,a,u,a,b,dx

3
+ D[ Bubduu,0.b,dx
j=

34
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- ﬁi[kabau ¢x+ZZjabauab¢x

i=] f k= k=1 =l

- iij 8,b,0,u,3,b,dx

=1 j=

= Jatlp+l,.

Since

1y < ZZJ,,lab,nr:n u, |8, | dx

i=1 j k=1
< I,lVblqu”VbIdx

< "V b'“:}’ IVu ||Lzy 1 IVb II 3yl
./ a8

IA I3 +— 5 LIss 3 + v, 3 Al (2 b3 |7 £3

|1,] < ZZL,IObIIo,u 18,b, | dx

k=1 j=1

< L,|V,,u||Vb|z dx

< GV 9,

Lly-l
.
1 2 4y -3 2
N X e .

4y

1 L
—la: + vl = 1ol

151 < ZZL;Iab 1834, 8., | dx

i=1 k=1

A

[ 51V, Vu || Vb dx

IV,,b IIB’ qu lllz"" IVb “12

IA

4y
1 2 - 2 2
ol s 3 + Ve Y 7 va B +ve i,

it yields by combining | 7, |, |/, | and| Z,; | with (14),

IA

4y 4y

1
kel o+ vl IR 20l A vl + v

(14)
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According to these estimates for | /, | (i =1,2,3,4) into (9), we have

d 2
S (vulz VB + (Al +]as]3)
A 4y

3y-3 3y-3
2AC IVl +3¢v 8]

IA

)|Vl + VB3 )+ 2m|vul3
4y 4y
3773 43¢, bH37 3

IN

2G|V, sm)([Vul3 +[vo3).

Since£+é <3implies( < 2y

< a, we obtain by using the Gronwall>s inequality,
a y 3y-3

sup (Va + [VB|2)+ [ (s + 6] e
0<t<T (15)

< (Va3 +|VBy|)exp 2 [ IV, 2% +3C, |V, B 3% +myds}.
AsV,u,V,be L’ ,we choose”vhu”Lz? and thbeg being sufficiently small such that

ep 2] (V2% +3C|V b2 +mydry <C.

From this, we get (12). For the cases y =1 and y = oo, the estimates are the same asLemma 1. So (13) is proved.
Proof of Theorem 2: Conclusions are followed by Lemma 2.

Proof of Theorem 3

In this section, we denote A, f = Z

2 0°f
oy
Lemma 3: Suppose (¢,,b,) € H'(R*), s>3andV-u, =0=V-b,, inthe sense of distribution.

Assumethat (9,1, Viey) € %% and (b, 0,5,Vb,) € L7 with 2+ 3 <3, 1<y <oo,or
a y

XY PP \ 77 PP N NP VPR \ A PP RV PP XV PR N PN A R
HVb || 54 a3bH L%f‘ ,and HbH L§’4 are sufficiently small, then
sup (|V, o+ IV + [V, 49V, de < OOV (9,000, (16)

where C dependsonthem, T,normsof Vu,, Osu, b, u,, Vb,and0,b.
Proof: Multiplying (1) by A,u and integrating over R3, it follows

(17)

2

1d 2
EEHthHLz +HVthH IR3(u Vu)A,udx — I (b-VD)A,udx — mHV uH
Similarly, multiplying (2) by A,b and integrating over R’,wehave

1d
EE”V"bHi HOV,BE = [ L VB)Abdx~ [ (b Vi), . (19)
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Combining (17) and (18), we get

1 d

EI(IV,.ulfz Vo) + YVl VY815 = [ VA ud - [ (b VB)A udx
4 [ VB bdx~ [ (b-Vu)A bdx—m|V,uf;

AR VARV ATIAR 7 .3 19)

where ;= [ u-Vu)Audx, J, = [ (b-VB)Audx, J,= [ (u-Vb)Abdx
andJ, = j (b~ Vu)A,bx.

Now let us estimate | J, |, where j =1,2,3.4

3
ZL,(u,a,.u A dx

=1

3
ZZ] (0,1 YA dx + Z [ 5(u,8,)A,u,dx

} 1i=1

I (u,0u,)Au dx+ZI S (u305u)Aqu, dx+ZI (1,8 1y )A juydx

=l

= Ji+Ju+ S,

We first estimate J, ,. After the integration by parts , we have

%2

—ZZL@ (u;0u,)0,u dx

i=1 j=\

: 2
= Z Ik;a,u,aju 0udx — ZI,s“saxas“ Ou dx

%
fj= i,j=

-i]’au,,u B,u dx — Zju,a(a

L™ l/l

'ZI 10,40 u,0u dx + — ij,au,(au)dx (20)

l;ﬂ
= Ja+dn.

Using GagliardoNirenberg:s inequality and Young>s inequality, it implies

|l S Zj |8, | By, || Byu, | dx

f.j=1

< [l V,ul dx

= |6,u|Lz,|V,,u||2i_
LZr—l
3 4y-3
= Cllas“ll,?’"vvh“l Ivk“lezy
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4y
l -

< lovall ecloul vl
4y

IA

AL PR X i (O 3
where C, is positive a constant. Also we have

1] = ZJ |Oyus || B, | ddx

L=l
< L} |Osu || Vyul dx
4y
—IVV,,uu  + Cloa? 3V .

127

Combining | /,,, and | J, ,, | with (20), it yields

4y

il = SIvVald +2c oy vl

For JI s We have

2 2

= =2 | B (uu,)oudx

k=11,4=1

2
- _”ZH [ Buu0u,0,u,dx~ ;S‘le 44,0,0,u,0,u dx
2

= —Z‘Laatuauaudxi» Zj (1,0,u,)0,u dx

if k= NS

2
= - Z I O, O u,0u dx + Z L,a,u Ogtt Oput dx + Z I 314,0,0,u,0,u dx
i k=1

ijhk=1

2
- - Z [ 8148, 8,u,dx - Z j 8ot @By + Z. [ B8y 8,u,dx

N

+ Zjﬂo‘ua,u du, desn ZIR,ua(au ) dx

u.u

- I 10,41,0,u,0,u,dx — j ReRTRGRTNG) 2uzdx—z I u,(0,u ) dx

NP

- Ix’a U0, u, 0, u,dx — I 10514,0,u,0,u, dx +— sz’ 2, (0, uj) dx

2/
= S+t

38
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Since

[Jin] < IR3|53M3||th|2dx
.
||vv,u| +Cloud 7319 lf3:
e
1
L AL R X A ¥ E
4y

Vsl < eIV 9l +Closl > Wl

IA

IA

/114

we obtain 4y

l yoro :
SVl + ol T V.

IA

111

Noting

Zz I (u,&‘,u,)@ ,u,dx

J=1i=1

= -ZZI 30 14,0150 dx ZZL,“ 10450 14yl

J=l i=1 J=1 i=l
2

T ZZI 04,00 uyddx -—ZZJ‘kluia: (O uy ) dx

J=l i=]

o _izjkj 0 4,00 u gl + = ZZLJau(au)dx

J 1= J=li=l

= —ZZI 40 u,0,u,0 juydx,

J=l i=l

it follows

/5| < ZZI |8,u, | By || 8 uy | dx

< L;qu, IV, dv

3 47—3
< Wl IVl Ve,
A
1 -
< VYl + vl TV
4y
A e (8 e L 3
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Using estimates for| J,, |, |J,, |and| /)3, it yields

4y 4y
R LA GRACSY G AoV LY A N 73
For J,, we have
= -;jk,ba,b A dx - ij,b,a b,Au dx - z;n,bo,b, Jtuycdx
= JytJpt+Jdy.
Since

= [,.0:5,0b8u,dx~ [ 8,b,8,b,8,u.dx~ Ej,ba b,3,0,u,dx

ijd=1

= J o
it follows
Il s [5108 25,010 uldx
< [ 1Vu|V,bF dx

< vl IVl

Zy-l

3 4y=3
< Vuslr IV 21 V.00, 2
dy
< —||vv B +C Vi | 73 Va3

Iaal S [ 188,118,818, | dx

< [ 51Vu || V,bF dx
4y
1 e
S ML PR |0 i VA

dsl & [ s15,118,5,118,8,u, || dx

i) k=

[ 1811V,611VV,u i dx

Ib"L‘Y "Vvl.“ I,Z "Vubllz;r-l

2 Ay=d

& |”||ﬁr IVV,,uIL, IIVVJ’I:Y lvkbl,,z o2

A

A

IA

8y

R T AL AR KA PR el (A
8y

1 1 2 3y-3 2

< vVl + vVl <G T IVl

40

(22)

(23)
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and then

4y 8y
Jul“ (|VV,, | +|VVhb||%2)+(2C’6|Vu,||?2{ “34q |b||3y 3)|V,.b|f;.

Noting
ZZ[ 0,b,0:b,0,u dx — sz b,0,:b,0,u dx

il j= =l =l

= 3 0bobaude-YY [ 2 bou0b,

=1 j=1 =1 j=1

B szkia'b:‘a:*bla‘uidx - leﬂalb otularbldx 'Iﬁbja}a uIO,b,dx
ij=

i=] j=l
(24)
= Jy I+,

we estimate one by one

|l < ZJ 18,6, 18,8, 1| 8,u, | d
iJ=1

< [ 18,6, | Vb | V| dx

"‘71"" ‘rlv bl 4y=i IV:.“" =

3 3 3 3

= Lo,

< ¢ o) vV, bl v, 87|vv,u|| V.l 8y
87

|
= % "ule + IVV bIL2 +C10|afvb“87 3lvhu"L2 lvhqlﬁ

A

8y
1 & s
< g0Vl A998 + Clodl ™ AVl + 19 01,

where C,, is a positive constant; similarly to|./,,, |,

S
37 -3 2 2
/22| = (IVVA"IL? +|[VV‘b|| )+Cofosb I dvk“lﬂ +|V,,b||,3)

| /23] < ZL3|b3 b, 11,0, | dx

INE ]
< [S11V,5]199,u]dx

8y

l —
S A R AU AR iy (o 3

and obtain

8y _8y

[2] = —(IVV,,uIIZ, +Hvv, bl )+2C,0, b||,3~f 3(]|V~“| +|V,,b|,,)+C,,“b||?,7: 3"Vl-b|127
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Since

ZZ [ 4:0.0,b:8 b,

i=l j=1
1t follows

AR ZZI,Iu,naabuabux

i1 j=1

< j luy | VV, b || V,b | dx

I"J IL" IVV bILz |IVI~b||1.-?“l
4y +3 4y -3
< G, I"J'z‘r |VV,,b|L2 o4 Ivabllz i
8y
1 2 4y =3 2
52Vl + Gl 7 IVblz
8y

1 2 3y=3 2
2alVViblz + Gl 7 IVl

IA

IA

where C,; is a positive constant.
Combining estimates for|J,, |,] /,, | and | J,, |in (22), we have
A 8y
[/:] < §(| h"l +v nb|L2)+(2Co||V“3| + 'l4|b|,_4r
8 8

+ Coul2 ™HIVE + 26, ol 7 AVl +Iv o).

where C,, = C; +C,,. Similar to J,, we can divide J, into the following form
2 2 3
= Y[ wdbAbde+ Y[ wobAbdx+Y [ udbAbdx
7= i,j=1 i=1

= J,+J5+J5.

Integrating by parts of J;, it gets

= -ZZI 8«,03b8bdx+ ZZI a;“;(ab ) dx

=l j=1 a-lll

= Jy+dh
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(25)
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Since

[Tnl < [ IVull 061 V,bdx

8y
< —<nvv a3+ 9V, 0120+ Clo bl 7 (V2 V02
Syl < Ekhwwvﬁfﬁ
4y
3 3 2
—uvv oA+ Gl 22 73 v 3,
we see
8y
] < —<va VB3 +Colost 2L T ( ulE +IV,3)
4y

37/ 3|

2
+ —WVVHh+CW8\\ V2

Similarly, we have

&
FARE —<va ula +[VV, 5120 + Colst] L T (Va3 + 9,50
/s
1 2 3y-3 2
IV Colowl IVl
[Tl < [LIV,ull VB |V, b dx
8y
3773 (v 2 + [V ,03).

< _4wvwﬁ+wvﬂ|w{MWbH

Combining these estimates with (25), we have

8y 8y
- - 2 2
1= (Va4 Ve + ol 7 + Culval w1y
a

3}/ 3‘

v 2G o] 3w .
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Now we estimate J, and have

= -Zj,b,au,Abdx Zj,bau,Abdx Z[,b, 20,0b dx

ij=l

It follows 8y 87
|
FAE- 2—4(|VV,,u| Vvl +eedval +c,6|,,|3y A

-8
|J.u | = —IIVV bIB +Cl1 Ib|3r ~ IV bILz ’

8y
| Jg] <€ (][V\?,,u"2 vv,b)+ Co ol =3 Qv V.6l
87 8%
3y-3 3y-3
e A\ el BN Al A 8

which implies
4y 8y )

121 < oVl v+ @ dvaly 3 vo 7 ol vl
_87
* ClolanPy 3(IVA“I +|Vhb":2)

where €, = C|; + C;. Using estimates for| /, | ( =1,2,3,4) into we have

Lol + (9 Q7Vall o9

4y 4?’ 8y
< Z(Cm“asulf?r’ + (’2°Iv“3| £ C"lk)lr"' C"'u’ “134 ); =
8y 8y

+ GVl 7 +scell T mv: +Iv.)

where Cjy = C,, +2Cs, C,, =7C, +C;, Cyy=2C, +2C;, and C,, =2C,,+C,,. Since 3+253 implies
a y
0522
3y-3

< a, we obtain
sup @Vl + V) + [ A7Vl 199, e
(“Vh“OIL‘ Vi 0" )“P{z,[, (Cwlas“|

+ €y ﬁ'?*cl’l"s 7 +Cn;|Vbs i +5Cm||a;b| 3y +m)dt}.

(26)
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As (Oyu,Vuy) € L and (uy,b,8,b,Vh,) € L' | we choose|a,u|fz? ||vu,|| o ||u,|,., ||b|§‘,’. lo.o]

and “ng| 4y being sufficiently small such that

ap{2L (Clolaau",_lr + CzollvutlLlr "'szIbL +C|z|"3| +C|:|Vb;",}r
+ 5c,,,|a,b|l_4, +m)dt} < C.

Using into (26) , we get (16).
If ¥ = 20, then

4] = IVVI-“l 2"’(SCz"as"Iz.*'+C4|V“s||1.==)|v ;.“I%z’
L1 s S0Vl 9V, + CVi - + Colv e + Coll NV
v Gl 4 +1v.613),
J,| < -(lvv,unz v, b3)+2C o8 - +ColVul, V3 +V.4%)
+ 260l IVl
Ll = vl <19V + CAVHL + Colbl,o + Cllo IV
v Colosbl e V. +19.613).
From these estimates for| J, | (i =1,2,3,4) and (19), we have
%(Ivulfz Vo2 + AV Vs + [0V, 85 < 2C ol o + Co Vit + € -
v Coul + CVB- +5C, 0.0, + Va3 + IV 43)-
Now using Gronwall’s inequality, choosing [0d,1.0+ [Vats s [btslps [l VBl and being [I6:8] 1.

sufficient small, we get (16).
If y =1, then

1
il < IVl + G ol
8 3
A -(]vv U2 +[VV, 012 )+ C Vas | + G VB3 + G Jus |5 IV 0
2 K 2 3 32 13 4 12 sl K2
+ G ua,bLS‘ (Ivh""f! +||V,,b||f, )
8 8

| 8 8
51 s A9Vl 9905 + Colo M + VBVl +I¥,8)

+ 2G lé‘v,u"fz IV hul?; 3
8 8

FAR: -(|vv,,u||2 v, b|L2)+(ZC,,|Vb,| 5 +C,,||b| 5+C Jel v ol
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+ Colodl Av,f3 +|v.013).

Using these estimates of | J, | (i = 1,2,3,4) into (19), it follows

8

. 8
vz + IV + (Vi + 19V, <2AColosd: + CaolVus it + €

8 8 8

b G5 + GBS +5C o bl + vl + V.

2
2).

Now choosing “6;14','4_2, "Vu;ILQ, |u,| ,;-‘, |b||,§~‘, ||Vb3||,§v‘, and |6,b|| L-}-‘ being sufficient small, we

obtain (16).

Proof of Theorem 3: From Lemma 3, we immediately

prove Theorem 3.

2. Conclusion

Here three new regulanty criteria for three-dimensional
flow of MHD fluid filling the porous medium are

established. Assuming (V ;.ll.a,b3) e [29

2
—+351
a 7y

(u,b) remain smooth on [0,7°]. Next it is seen that

(with

1<y <o ) the comresponding solution

replacing ;b by Vb one also has the regularity criteria
for solution (#,5) on [0,7°]. Finally it is observed that
letting (8,u, Vi) & L' and (4,b,0,b,Vb,) € L'*Y
(with Z-+-2 £3, 1Sy<w ), the solution (u,b)

a y
remain smooth on [0, 7).
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