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Abstract
Eichhorn & Hayre (1983) considered a randomized response procedure suitable for estimating the mean response, when 
the sensitive variable under investigation is quantitative in nature. They have obtained an estimate for the mean of the 
quantitative response variable under investigation and studied its properties. Bar–Lev et al. (2004) have suggested an 
alternative procedure, which use a design parameter (controlled by the experimenter) that generalizes Eichhorn & Hayre’s 
(1983) results. They have also proved that the estimator proposed by them has uniformly smaller variance as compared to 
that of Eichhorn & Hayre (1983) in certain condition. In this paper we have suggested a simple procedure of improving the 
Eichhorn & Hayre (1983) and Bar–Lev et al. (2004) models along with its properties. It has been shown that the proposed 
procedure is uniformly better than Bar–Lev et al. (2004) procedure. The proposed procedure is also uniformly better than 
Eichhorn and Hayre’s (1983) procedure under the same condition in which the Bar–Lev et al.’s (2004) procedure is more 
efficient than Eichhorn & Hayre’s (1983) procedure. Numerical illustration is given in support of the present study.
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1. Introduction

The problem of estimating the population mean of a 
sensitive quantitative variable is well recognized in 
survey sampling. Randomized response techniques 
(RRT) have been extensively used for personal interview 
surveys, ever since the pioneering work of Warner (1965). 
A rich growth of literature can be found in Fox & Tracy 
(1986), Chaudhuri & Mukerje (1988), Singh (2003) and 
among others. For recent references readers are referred to 
Gjestvang & Singh (2006, 2009), Bar–Lev et al. (2004), 
Singh & Mathur (2004, 2005), Odumade & Singh (2008, 
2009), Hussain (2012), Singh & Tarray (2013, 2016) 
and Tarray and Singh (2015, 2016, 2017). The present 
study rely on the models suggested by Eichhorn & Hayre 
(1983) and Bar–Lev et al. (2004) so the description of 
these models are respectively given in section 1.1 and 1.2.

1.1 Eichhorn & Hayre (1983) procedure:

Eichhorn & Hayre (1983) suggested a multiplicative 
model to collect information on sensitive quantitative 
variables like income, tax evasion and amount of drug 
used. By their procedure, the interviewees are asked about 
their value of sensitive response variable. In return, they 
are allowed to respond with a coded (or scrambled) value 
composed of their true value for the variable of interest, 

multiplied by some random number. The interviewer does 
not know which random number was used by each of the 
interviewees for coding their responses, but fully knows 
the underling distribution which generated the coding 
number. 

Let X be a random variabledenoting the quantitative 
response variable of interest and let S be a random 
variable denoting the random number used in the coding 
mechanism. Suppose that X  is independent of S and 
let Y = SX the coded response returns to the interviewee 
to the sensitive question, see Bar–Lev et al. (2004, p. 
256). It is assumed that the distribution of the scrambling 
variable S is known. In other words, 

where  and  are known and  and  are unknown. 
We also denote  and  for the 
coefficient of variation of X and of S, respectively. The 
mean and variance of Y= XS are respectively given by

                                                             (1) 

and

                                                                          (2)

Eichhorn & Hayre (1983) based on a random sample 
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(Y1, Y2, …,Yn) of coded (scrambled) responses suggested 
an unbiased estimator of the mean  of the sensitive 
variable X as

                                                               (3)

where  is the sample mean of the n coded 

responses. The variance of the estimator  is given by

                
                                     (4)

which is larger than that resulting from a simple 
random sample with direct interviews; namely  

1.2 Bar–Lev, Bobovitch & Boukai’s (2004) procedure 

Exploiting both, the randomizing mechanism used in 
Warner’s (1965) original randomized response model 
and the quantitative coding scheme in Eichhorn &  Hayre 
(1983), Bar–Lev et al. (2004) have suggested a procedure 
whose description is given below.

In Bar–Lev, Bobovitch & Boukai (BBB, 2004) model, 
the distribution of the responses is given by

                        (5)

Fig. 1. Bar–Lev, Bobovitch & Boukai (2004; BBB) randomized response device

In other words, each respondent isselected in a simple 
random and  replacement sample is requested to rotate a 
spinner unobserved by the interviewer, and if the spinner 
stops in the shaded area, then the respondent is requested 
to report the real response on the sensitive variable, say Xi; 
and if the spinner stops in the non-shaded area, then the 
respondent is required to report the scrambled response, 
say XiS, where S is the scrambled variable. Let P be the 
radial non- shaded area of the spinner as shown in Figure1

An unbiased estimator of the population mean  due 
to Bar–Lev et al. (2004) is given by:

                               (6)

with variance under SRSWR sampling given by

                     (7)

where

                           (8)

In this paper, we have made an effort in generalizing 
the results of Eichhorn & Hayre’s (1983) and Bar–Lev 
et al.’s (2004) and provide an alternative estimator 
to the mean response of the sensitive variable which 
has uniformly smaller variance as compared to that of 
Eichhorn & Hayre’s (1983) and Bar–Lev et al.’s (2004). 
The proposed estimator is also uniformly better than 
Eichhorn & Hayre’s (1983) estimator under the same 
condition in which the Bar-Lev et al.’s (2004) estimator is 
more efficient than Eichhorn & Hayre’s (1983) estimator. 
Numerical illustrations are also given in support of the 
present study. 

2. The proposed procedure 

In this section we suggest a quantitative randomized 
response procedure which generalizes that of Eichhorn & 
Hayre’s (1983) and Bar-Lev et al.’s (2004) results. The 
description of the proposed procedure is given below:

Let a and b be any two known positive real numbers 
(Gjestvang&Singh, 2006) or the functions of the known 
parameters such as mean  and variance  of the 
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scrambling variable S and we define such 

that  . In the envisaged model, the distribution 

of the responses is given by 

                         
(9)

In other words, each respondent in a simple random 

and with replacement sample is requested to rotate a 
spinner unobserved by the interviewer, and if the spinner 
stops in the shaded area, then the respondent is request to 
report the real response on the sensitive variable, say  
and if the spinner stops in the non- shaded area, then the 
respondent is required to report the scrambled response, 
say . Let P be the radial non -shaded area of the 
spinner as shown in Figure 2

Fig. 2. Proposed randomized response device

It is interesting to mention that for (a, b) = (1,0) and P=0 , the proposed procedure reduces to that of Eichhorn & 
Hayre (1983) while for (a,b) = (1,0) it reduces to that of Bar-Lev et al. (2004). Thus the proposed procedure generalizes 
the work of Eichhorn & Hayre (1983) and Bar-Lev et al. (2004).

It can be easily seen that the expectation of  is 

                                                                                                

(10)

and

                                  

(11)
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Hence, the proposed estimate for , based on random sample of the randomly coded responses   is 

                                                                                                                                               
(12)

Clearly, by (12),  is an unbiased estimate for . The variance of  is given by

        
                                                                                                                   

(13)

      
                                                                                                    

 (14)

3. Efficiency comparison
From Equation (7) and (13) we have

which is always positive if 

                                             

                                                                                                            

       

(15)

The condition  in Equation (15) is always true. Therefore the suggested estimator  is always 

better than Bar-Lev et al.’s (2004) estimator . Hence the suggested model is more efficient than that of 

Bar-Lev et al. (2004). Thus we established the following theorem. 

Theorem 3.1-The proposed model is uniformly better than that of Bar-Lev et al. (2004) i.e.

                                                                                                                                                (16)

Bar-Lev et al. (2004) have proved that if the scrambling distribution of S satisfies the condition

                                                                                                                                               
(17)

then

                                                                                                             
(18)

Thus we state the following theorem.

Theorem 3.2-If the scrambling distribution of S satisfies the condition (17), then from (16) and (18) we have 
following inequality:

                                                                                                   
(19)

It follows from Theorem -3.2 that if the scrambling distribution of S satisfies the condition (17), then from 

(19) it follows that the proposed estimator  is uniformly efficient than Eichhorn & Hayre’s (1983) estimator  

and Bar-Lev et al. (2004) estimator .
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4. Numerical illustration

To have the tangible idea about the performance of the 
proposed estimator  over Eichhorn & Hayre’s (1983) 
estimator  and Bar-Lev et al.’s (2004) estimator , we have 
computed the percent relative efficiencies of the proposed 
estimator  with respect to and  by  using 
the formulae:

       (20)

and

    
(21) 

for different values of Cx = 0.10,0.25,0.50,0.75; Cs 

= 1.5 (0.5) 3.0; P = 0.1(0.1)0.80, µs = 20(20)80 and h . 

Findings are displayed in Tables 1 and 2; where 

It is observed from Tables 1 and 2 that the percent 
relative efficiency are greater than 100 which follows that 
the proposed estimator  is more efficient than Eichhorn 
& Hayre (1983) estimator  and Bar-Lev et al. (2004) 
estimator  with larger gain in efficiency. Thus our 
recommendation is to prefer the proposed estimator  
over Eichhorn & Hayre (1983) estimator  and Bar-
Lev et al. (2004) estimator . Also we have shown 
the affect of a vale ‘a’ upon PRE  and PRE 

,  when other quantities are fixed in Figures 
3 and 4 respectively. 

Table 1. Table 2.
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Fig. 3. Effects of ‘a’ upon the PRE , when other quantities are fixed:

Fig. 4. Effects of ‘a’ upon the PRE , when other quantities are fixed:

5. Conclusion 

This paper illustrates enrichment over the Eichhorn & 
Hayre (1983) and Bar-Lev et al. (2004) models randomized 
response models. The proposed model is found to be more 
efficient both theoretically as well as numerically than the 
randomized response models studied by Eichhorn & Hayre 
(1983) and Bar-Lev et al. (2004).  Thus the proposed 
randomized response procedure is therefore recommended 
for its use in practice as an alternative to Eichhorn & Hayre 
(1983) and Bar-Lev et al. (2004) models. 
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خـلا�سـة

العائد في حالة كون  متو�شط  لتقدير  منا�شبة  الع�شوائي  العائد  Eichhorn & Hayre طريقة   )1983( ايكهورن وهايري  تناول 

المتغير الح�شا�س تحت الدرا�شة ذا طبيعة كمية. قاموا بالح�شول على تقدير لمتو�شط العائد الع�شوائي الكمي تحت الدرا�شة وقاموا بدرا�شة 

خوا�س التقدير. اقترح)2004( .Bar–Lev et al طريقة بديلة ت�شتخدم معلمة ت�شميم )محكومة من خلال �شاحب التجربة( توؤدي 

اإلى تعميم نتائج  Eichhorn & Hayre’s. قاموا اأي�شاً باإثبات اأن تباين التقدير المقترح من قبلهم دائماً اأ�شغر من تباين تقدير 

 Eichhorn من  كل  نماذج  لتح�شين  �شهلة  طريقة  البحث  هذا  نقترح في  حالت محددة.  في   Eichhorn & Hayre’s 
اأف�شل من طريقة   Hayre’s & و  .Bar–Lev et al والخوا�س الم�شاحبة. قمنا بتو�شيح اأن الطريقة المقترحة دائماً 
)Bar–Lev et al.)2004. وكذلك فاإن الطريقة المقترحة اأف�شل من  Eichhorn & Hayre’s في نف�س الظروف التي 

. نقدم اأي�شاً درا�شات عددية  Eichhorn & Hayre’s يكون فيها طريقة )Bar–Lev et al.)2004 اأعلى كفاءة من طريقة 

تو�شيحية لتدعيم الدرا�شة الحالية.
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