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Abstract

Eichhorn & Hayre (1983) considered a randomized response procedure suitable for estimating the mean response, when
the sensitive variable under investigation is quantitative in nature. They have obtained an estimate for the mean of the
quantitative response variable under investigation and studied its properties. Bar—Lev ef al. (2004) have suggested an
alternative procedure, which use a design parameter (controlled by the experimenter) that generalizes Eichhorn & Hayre’s
(1983) results. They have also proved that the estimator proposed by them has uniformly smaller variance as compared to
that of Eichhorn & Hayre (1983) in certain condition. In this paper we have suggested a simple procedure of improving the
Eichhorn & Hayre (1983) and Bar-Lev et al. (2004) models along with its properties. It has been shown that the proposed
procedure is uniformly better than Bar—Lev et al. (2004) procedure. The proposed procedure is also uniformly better than
Eichhorn and Hayre’s (1983) procedure under the same condition in which the Bar-Lev et al.’s (2004) procedure is more
efficient than Eichhorn & Hayre’s (1983) procedure. Numerical illustration is given in support of the present study.
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1. Introduction multiplied by some random number. The interviewer does

The problem of estimating the population mean of a not know which random number was used by each of the

sensitive quantitative variable is well recognized in interviewees for coding their responses, but fully knows

survey sampling. Randomized response techniques the underling distribution which generated the coding

(RRT) have been extensively used for personal interview ~ NUmber.

surveys, ever since the pioneering work of Warner (1965). Let X be a random variabledenoting the quantitative

A rich growth of literature can be found in Fox & Tracy
(1986), Chaudhuri & Mukerje (1988), Singh (2003) and
among others. For recent references readers are referred to
Gjestvang & Singh (2006, 2009), Bar-Lev et al. (2004),
Singh & Mathur (2004, 2005), Odumade & Singh (2008,
2009), Hussain (2012), Singh & Tarray (2013, 2016)
and Tarray and Singh (2015, 2016, 2017). The present
study rely on the models suggested by Eichhorn & Hayre
(1983) and Bar-Lev et al. (2004) so the description of
these models are respectively given in section 1.1 and 1.2.

1.1 Eichhorn & Hayre (1983) procedure:

Eichhorn & Hayre (1983) suggested a multiplicative
model to collect information on sensitive quantitative
variables like income, tax evasion and amount of drug
used. By their procedure, the interviewees are asked about
their value of sensitive response variable. In return, they
are allowed to respond with a coded (or scrambled) value
composed of their true value for the variable of interest,

response variable of interest and let S be a random
variable denoting the random number used in the coding
mechanism. Suppose that X (>0) is independent of S and
let Y = SX the coded response returns to the interviewee
to the sensitive question, see Bar—Lev et al. (2004, p.
256). It is assumed that the distribution of the scrambling
variable S is known. In other words,

i, =EB(X),p, =E(S), o; = V(X),y> =V(S)

where p1, and y2 are known and 1, and csi are unknown.
We also denote C, =o, /p, and C, =v/p, for the
coefficient of variation of X and of S, respectively. The
mean and variance of Y= XS are respectively given by

B(Y) =y, ()
and
V(Y)=oip’ +p2 1+CHY*. )

Eichhorn & Hayre (1983) based on a random sample



(Y,,Y,,....,Y ) of coded (scrambled) responses suggested
an unbiased estimator of the mean p, of the sensitive
variable X as

b =Y u.. 3)

J— n
where Y = 2 Y; /n ,is the sample mean of the n coded
i=1
responses. The variance of the estimator [1, is given by

i : [ci +c§(1+c§)] 4)

which is larger than that resulting from a simple

V(i) =

random sample with direct interviews; namely o/n.
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1.2 Bar-Lev, Bobovitch & Boukai’s (2004) procedure

Exploiting both, the randomizing mechanism used in
Warner’s (1965) original randomized response model
and the quantitative coding scheme in Eichhorn & Hayre
(1983), Bar—Lev et al. (2004) have suggested a procedure
whose description is given below.

In Bar-Lev, Bobovitch & Boukai (BBB, 2004) model,
the distribution of the responses is given by

v - X.S with probability (1-P) s
' |X, with probability P ©

Scrambled
Response Y;S

Spinner corresponding to BBB model

Real
Response Y;S

[l Real Response

[ ]Scrambled Response

Fig. 1. Bar-Lev, Bobovitch & Boukai (2004; BBB) randomized response device

In other words, each respondent isselected in a simple
random and replacement sample is requested to rotate a
spinner unobserved by the interviewer, and if the spinner
stops in the shaded area, then the respondent is requested
to report the real response on the sensitive variable, say X;
and if the spinner stops in the non-shaded area, then the
respondent is required to report the scrambled response,
say X.S, where S is the scrambled variable. Let P be the
radial non- shaded area of the spinner as shown in Figurel

An unbiased estimator of the population mean p, due
to Bar—Lev et al. (2004) is given by:
1 n

TR S %
O IR ©)

with variance under SRSWR sampling given by

2
V[ﬁx(BBB)]zi—x[Ci +(1+Ci)C%], 7
where
(-P2a+c?)+pf
Cp = ~1. 8)

(1-P)p, +P)*

In this paper, we have made an effort in generalizing
the results of Eichhorn & Hayre’s (1983) and Bar-Lev
et al’s (2004) and provide an alternative estimator
to the mean response of the sensitive variable which
has uniformly smaller variance as compared to that of
Eichhorn & Hayre’s (1983) and Bar-Lev et al.’s (2004).
The proposed estimator is also uniformly better than
Eichhorn & Hayre’s (1983) estimator under the same
condition in which the Bar-Lev et al.’s (2004) estimator is
more efficient than Eichhorn & Hayre’s (1983) estimator.
Numerical illustrations are also given in support of the
present study.

2. The proposed procedure

In this section we suggest a quantitative randomized
response procedure which generalizes that of Eichhorn &
Hayre’s (1983) and Bar-Lev et al.’s (2004) results. The
description of the proposed procedure is given below:

Let a and b be any two known positive real numbers
(Gjestvang&Singh, 2006) or the functions of the known
parameters such as mean (L) and variance (%) of the
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_ (@S+bpy)

scrambling variable S and we define S* =~ "%7guch  and with replacement sample is requested to rotate a
(a+b) spinner unobserved by the interviewer, and if the spinner

that E(S") = . In the envisaged model, the distribution stops in the shaded area, then the respondent is request to
of the responses is given by report the real response on the sensitive variable, say Xi;
. {Xis* with probability (1—P) and if the spmner s.tops in the non- shaded area, then the
L= ) . . (9) respondent is required to report the scrambled response,
X; with probability P say XiS". Let P be the radial non -shaded area of the

In other words, each respondent in a simple random  spinner as shown in Figure 2

Spinner corresponding to BBB model
Scrambled ResRs:lse X
Response X;S* P
Il Real Response []scrambled Response

Fig. 2. Proposed randomized response device

It is interesting to mention that for (a, b) = (1,0) and P=0 , the proposed procedure reduces to that of Eichhorn &
Hayre (1983) while for (a,b) = (1,0) it reduces to that of Bar-Lev et al. (2004). Thus the proposed procedure generalizes
the work of Eichhorn & Hayre (1983) and Bar-Lev et al. (2004).

It can be easily seen that the expectation of Y is
E(Y") = (1-P)E(XS")+PE(X)

= (1-P)E(X)E(S*) + PE(X)

(10)
=A=P)u,pu, +Pu,
=1, [P +p,(1-P)]
and
V(Y") =(1-P)E(X?*S™)+PE(X?)- {E(Y*)}2
= (1-P)E(X*)E(S™) +PE(X?) - {u [P+p,(1-P)]}°
= (1=P)u; 1+ CHP? 1+1°CH + Py (1+C) —{t, [P +p, (1-P)]f (1)

= 1+ CHP+ (=P (14+0°CH] - {u [P +p, A-P)If,

wheren =

(a+b)’
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Hence, the proposed estimate for 1, based on random sample of the randomly coded responses Y, Y5 ,...,Y, is

n
X7 *
- Y

b =S 55 (12)
[P+, (1-P)]
Clearly, by (12), (i} is an unbiased estimate for Mx. The variance of {i; is given by
uz
v =Erfez vascdey (13)
n

2 22
whereCy? [P 0=PUIA+’CD] "
(P+p,(1-P))

3. Efficiency comparison

From Equation (7) and (13) we have
PrA+CH|{P+piA+CHA-P)} {P+(1-Ppi+n’C))}

V(@ = V(i) =
(Brxmmp)) = VL) P+ (-P) P+p, (1-P)y

_ G+ CHA-P)(1-1?)
n{P+p, (1-P)}?

which is always positive if
1-1*>0
ie. if n2 <1

ie.if n<l (15)

<1

ie. if
(a+b)

a
The condition m <lin Equation (15) is always true. Therefore the suggested estimator ﬁi is always

better than Bar-Lev er al.’s (2004) estimator [, gpp). Hence the suggested model is more efficient than that of

Bar-Lev et al. (2004). Thus we established the following theorem.

Theorem 3.1-The proposed model is uniformly better than that of Bar-Lev et al. (2004) i.e.

V(ﬁi) < V(ﬁx(BBB)) (16)
Bar-Lev et al. (2004) have proved that if the scrambling distribution of S satisfies the condition
2E(S?)
O<p </ (17
{1+E(S7)}

then

o2

T"<V(QX(BBB)) <V(i,), VPe()). (18)

Thus we state the following theorem.

Theorem 3.2-If the scrambling distribution of S satisfies the condition (17), then from (16) and (18) we have
following inequality:
2

o s N N
< V() < V(i pes) < Vi), YPeOD. (19)

It follows from Theorem -3.2 that if the scrambling distribution of S satisfies the condition (17), then from
(19) it follows that the proposed estimator ﬂi is uniformly efficient than Eichhorn & Hayre’s (1983) estimator 1,
and Bar-Lev et al. (2004) estimator {1, ppp).



87 A simple way of improving the Bar-Lev, Bobovitch and Boukai Ra

4. Numerical illustration

To have the tangible idea about the performance of the
proposed estimator ﬁ; over Eichhorn & Hayre’s (1983)
estimator {1, and Bar-Lev et al.’s (2004) estimator , we have
computed the percent relative efficiencies of the proposed
estimator {1 with respect to and QX(EH) by plx(BBB) using

the formulae:

e o]

(i) PRE(fi.}) . 00, (20)
Hol [CI+Cr+CH)]

nd lc2 +c2a+c?)]

(i) PRE(fl,ppp) M) = -5 ——5 —52x100, (1)

[CT+Cy(1+C5))]

for different values of Cx = 0.10,0.25,0.50,0.75; Cs
=1.5(0.5) 3.0; P=0.1(0.1)0.80, us = 20(20)80 and h .
Findings are displayed in Tables 1 and 2; where

Table 1. The PRE ({i ,(})

A, Adel

ized response

[P+pld-P)+C] |

C2 =
’ [P+p, (1-P))?
and

v |[P+pZ(1-P)1+n°CD)]
Cy = ~ -1
[P+p,(1-P)]

It is observed from Tables 1 and 2 that the percent
relative efficiency are greater than 100 which follows that
the proposed estimator {i; is more efficient than Eichhorn
& Hayre (1983) estimator {i, and Bar-Lev et al. (2004)
estimator QX(BBB) with larger gain in efficiency. Thus our
recommendation is to prefer the proposed estimator [i}
over Eichhorn & Hayre (1983) estimator {i, and Bar-
Lev et al. (2004) estimator QX(BBB). Also we have shown
the affect of a vale ‘a’ upon PRE ({i_,{i}) and PRE
(l:lx(BBB) l:li ), when other quantities are fixed in Figures
3 and 4 respectively.

Table 2. The PRE ({i, ggp), 11y

P [u |c, Jc,]a]m n PRE P [u]c, [c.Jc,JTa]bv ] n]erRE
20 | 010 [ 150 | 1 5 | 017 | 22562 20 [ 0.0 [ 150 [1.50 | 1 5 (017 ] 25172
40 [ 025 [200] 5 | 10 | 033 | 392.13 40 | 025 200200 5 | 10 [033] 44284
60 [ 050 [250] 10 [ 15 | 040 | 51899 60 | 050 [ 250 [2.50 ] 10 | 15 [ 040 | 58141
0.10 | 80 | 075 [300 | 15 | 20 | 043 | 551.14 0.10 | 80 | 075 [ 300 [3.00 | 15 | 20 | 043 | 61476
20 [ 0.0 [ 150 [ 20 | 25 | 044 | 22430 20 [ 0.10 [ 1.50 [ 1.50 [ 20 | 25 [ 044 | 295.12
40 | 025 [200] 25 | 30 | 045 | 37798 40 | 025 [ 200200 25 | 30 | 045 487.20
60 | 050 [250 ] 30 | 35 | 046 | 468.06 60 | 050 [2.50 [2.50 [ 30 | 35 [ 046 | 594.15
020 | 80 | 075 | 300 | 35 | 40 | 047 | 476.64 020 | 80 | 0.75 | 3.00 | 3.00 | 35 | 40 | 047 | 599.99
20 | 0.0 [ 150 [ 40 | 45 | 047 | 22366 20 | 0.10 [ 1.50 [ 1.50 | 40 | 45 [ 047 | 34257
40 | 025 [200] 45 | 50 | 047 | 369.90 40 | 025 | 200 | 2.00 | 45 | 50 | 047 | 55149
60 | 050 [ 250 ] 50 | 55 | 048 | 43554 60 | 050 [ 2.50 [2.50 [ 50 | 55 [ o048 | 63548
030 | 80 | 075 | 300 | 55 | 60 | 048 | 426.17 0.30 | 80 | 0.75 | 3.00 | 3.00 | 55 | 60 | 048 | 61439
20 | 010 [ 150 ] 60 | 65 | 048 | 22296 20 | 0.10 [ 1.50 [ 1.50 | 60 | 65 | 048 | 403.06
40 | 025 | 200 65 | 70 | 048 | 36L.10 40 | 025 | 200 | 2.00 | 65 | 70 | 048 | 633.60
60 | 050 [250 ] 70 | 75 | 048 | 40287 60 | 050 | 250 [2.50 | 70 | 75 | 048 | 68828
040 | 80 | 075 [ 300 75 | 80 | 048 [ 37838 040 [ 80 [ 075 [3.00 [3.00] 75 | 80 | 048 | 636.80
20 [ 000 [ 150 [ 80 | 85 | 048 | 22208 20 [ 000 [ 150 [ 150 [ 80 | 85 [ 048 | 48252
40 [ 025 [200] 85 | 90 | 049 | 35023 40 | 025 [ 200 [2.00] 85 | 90 [ 049 | 74020
60 | 050 [250 ] 90 | 95 | 049 | 36657 60 | 050 | 2.50 | 2.50 | 90 | 95 | 049 | 751.85
050 | 80 | 075 [3.00 ] 95 | 100 | 049 [ 32927 0.50 | 80 [ 0.75 [3.00 [3.00 ] 95 | 100 | 049 | 663.79
20 | 0.0 [ 1.50 [ 100 | 105 | 049 | 220.89 20 | 0.10 [ 1.50 [ 1.50 | 100 | 105 [ 049 | 591.25
40 | 025 [200] 105 | 110 | 049 | 33592 40 | 025 [ 200 ]2.00] 105 | 110 | 049 | 88339
60 | 050 [250 [ 110 [ 115 ] 049 | 32461 60 | 050 [ 2.50 [2.50 [ 110 | 115 [ 0.49 | 828.00
060 | 80 | 075 [3.00 | 115 | 120 | 049 | 277.22 0.60 | 80 | 0.75 [3.00 [3.00 | 115 | 120 | 049 | 69449
20 | 010 [ 150 [ 120 | 125 | 049 | 219.19 20 | 0.10 [ 1.50 [ 1.50 | 120 | 125 [ 049 | 748.14
40 | 025 [200] 125 [ 130 | 049 | 31592 40 | 025 [ 200200 125 | 130 | 049 | 1085.28
60 | 050 [250 [ 130 | 135 | 049 | 274.80 60 | 050 [ 2.50 [ 2.50 | 130 | 135 [ 049 | 919.98
070 | 80 | 075 [3.00 | 135 | 140 | 049 | 221.4 070 | 80 [ 075 [3.00 [3.00 | 135 | 140 | 049 | 728.78
20 [ 0.0 [ 150 [ 140 | 145 | 049 | 21657 20 | 0.10 [ 1.50 [ 1.50 | 140 | 145 [ 049 | 989.89
40 | 025 [ 200 145 | 150 | 049 | 28588 40 | 025 [ 200 ] 2.00 | 145 | 150 | 0.49 | 1389.69
60 | 050 [ 250 [ 150 [ 155 | 049 [ 21439 60 | 050 [2.50 [ 250 [ 150 | 155 [ 049 | 1032.58
080 | 80 | 075 [ 300 | 155 | 160 | 049 | 16051 0.80 | 80 | 0.75 [3.00 [3.00 | 155 | 160 | 049 | 766.78
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Fig. 3. Effects of ‘a’ upon the PRE ( {i,,{i; ), when other quantities are fixed:

600 -

400 -

200 -

affect of a upon
PRE

1 5 10

Fig. 4. Effects of ‘a’ upon the PRE ( ﬁx(BBB) ,ﬁi ), when other quantities are fixed:

5. Conclusion

This paper illustrates enrichment over the Eichhorn &
Hayre (1983) and Bar-Lev et al. (2004) models randomized
response models. The proposed model is found to be more
efficient both theoretically as well as numerically than the
randomized response models studied by Eichhorn & Hayre
(1983) and Bar-Lev et al. (2004). Thus the proposed
randomized response procedure is therefore recommended
for its use in practice as an alternative to Eichhorn & Hayre
(1983) and Bar-Lev et al. (2004) models.
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