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1. Introduction

Various issues concerning the theory of integral equations
were studied by Lavrent’ev (1959); Magnitskii (1979);
Lavrent’ev et al. (1986); Imanaliev & Asanov (1989; 2007,
2010); Asanov (1998); Bukhgeim (1999); Denisov (1999);
Shishatskii et al. (2001); Apartsyn (2003); Imanaliev et
al. (2011); Ismat Beg et al. (2014). More specifically,
regularizing operators in the sense of Lavrent’ev were
constructed by Lavrent’ev (1959) for solving linear
Fredholm integral equations of the first kind. Imanaliev &
Asanov (2007, 2010) and Imanaliev et al. (2011) proved
uniqueness theorems for systems of nonlinear Volterra
integral equations of the third kind and for systems of
linear Fredholm integral equations of the third kind
and constructed regularizing operators in the sense of
Lavrent’ev. In this paper a new approach is proposed
for the study of Fredholm integral equations of the third

Throughout this paper we assume that

m  s(i)

kind. Following this approach, we prove uniqueness and
existence theorems for the linear and nonlinear Fredholm
integral equation of the third kind.

2. Preliminaries

Let consider the linear and nonlinear integral equations
of the third kind

P(x)u(x) = A[ K (e, u(y)dy + f(x) . xela,bl. (1)

P(x)v(x) = A M (x,y,v(3))dy + f (x) , x€la,bl, ()

where P(x) and flx) are given continuous functions on
[a,b], K(x,y) is given continuous function on G =[a,b]?,
M(x,y,v) is given continuous function on G*R, u(x) and
v(x) are sought continuous functions on [a,b] , 4 is a real
parameter, P(x; )=0, x,€ [a,b], i=1,2,...,m.

P =T][]E,™. B,x)=0, P,x eClab]

=1 j=I

Pi,j(x);tO, x#x, i=1,..,m,

Setting x = x;, we find from (1) and (2) that

j=1,..,50). 3)

AJKGryu(ndy + f(x) =0, 4)
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b
A[M(x,y.v(y)dy+ f(x) =0. )
Subtracting (4) from (1) and (5) from (2) yield
b
P()u(x) = A[[K(x,) = K (i, ) ]u(p)dy + £ () = £(x), (©)
b
P(x)v(x) = A[[M (x,y,v(y) = M (x, y.v (3D ]dy + F () = f(x), @)

where x €[a,b].

Assume that the following conditions hold:
a) Forall i =1,...,m,j = s, +1, ..., 5, K, ,(x,9) € C(G),
where

$o=0, 5= 2 s()), K ,(x,y)=K(x,y),
j=1

Jj=

1 .
Kl,jl (X,)’) = P],j1 (X) ':Kl,jl—l (-x’y)_Kl,j1—l('x] ’y)} (.]1 = 1,...,81),
1
Kz,sl (-x7y) = Kl,s, (x,y) s K2,j2 (x,y)= P—(X)[Kz,qu (x,y)— K2,j2—1 (x29y):|
2,8

(j2 = +1,...,s2), s Ko () =K, (X)),

1

K, (xy)=——
o y F)m,jm—sm,l ()C)

I:Km,jm—l ('x’y) - Km,jm—l (xm’y)i| (jm = sm—l +1""’Sm);

b) For all i=1,..., m, j=s.1+1,....s;,, M;; (x,y,v)e C(G*xR), where

i

s, =0, si=2s(j), M, (x,y,v)=M(x,y,v),

Jj=1

1 .
M, (x,y,) =—[M]‘jl_l(x,y,v)—Mlyjl_,(x],y,v)] (i =1rns,)
R, (x)
MZ,sl ('x’y’v) = Ml,sl (xsy,V) 5
1
M, (x,y,v) = P—(x)[Mz’jrl(x,y’V) —Mz,jrl(xz,y,v)]
2. =5

(j2 =S +l,...,s2), oM, (xyv)=M, o (x,y,V),

1 .
Mm,j,,, (X,y,V) = (X) ':Mm,jmfl(x’yav) _Mm,jm,l(xm,y,v):l (]m = sm—l +1,...,Sm);

P

s Jm =S m-1
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c)Forall i=1,.,m,j=s.,t1,..,s, F,(x)e Cla,b], where

i

50=0, 5= 5(j), F,(x)=f(x),

Jj=1

F,(x)= [F, o 0=F, )] (i =ls). B () =F, ().
B, (x)
F, ,(x) =m[F2,jzl(x)—F2,jzl(x2)] (=5 +1008), oo,
1
Fro 0= Fyiy (0, (0= —— = )[Fm,_,-,,,fl(x) ~F,, 1(x)],
m,j,, =S,

(jm =58, +1,...,sm).

3. The linear Fredholm integral equation of the third kind

Theorem 1. Let conditions (3), a) and c) are satisfied. Then the solution of the integral equation (1) in Cla,b] 1is
equivalent to the solution of the linear integral equations of the second kind

b
u(x) = AJ.Km‘Sm (x,y)u(y)dy + Fm’sm (x), x€la,b], ®)

with the conditions

b
A[K Gy +F 4 (5) =0, =1,

b
A[K, (o u()dy +F, , (6) =0, j, =5, +1,..0.8,,

A[K, G () dy+F, , (x,)=0, j, =5, +1...5,.
a 9

Proof. First, let u(x)e C[a,b] is a solution of equation (1). Then identities (4) and (6) hold. Taking into account (3) and
conditions a) and ¢) we find from (6) that

s(l) m_ s(i) b
{HR,,-I (x)}{ 11 P,,,(x)ju(x) = A K, (xu(y)dy + F,(x) . xlabl. (10)
If P(x)=P1’1(x), x€ [a,b], then

[ﬁf;’j](x)][ T Pi’j(X)J:L xela,b].

1

i=

)
~.

If s, =s(1)=1 and P(x,)= 0, then

s(1)
(HP]JI (x)J =1, xelab].
=2
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If 5, > 1, then setting x = x;, we find from (10) that

b
A[K, (o yu(y)dy + F () =0. (11)

Subtracting (11) from (10) and taking into account conditions (3) , a) and c), yields

=2 j=1

(1) m s(i) b
fHPI,A (x)J[HHB,j<x>]u<x> = A[ K\, (x, y)u(y)dy + F,,(x), x €[a,b].

If 5, =2, then

s(1)
(HPM (x)} =1, xela,b].

Q=3

Continuing this process, we see that the function u(x) solves the following equation

m s(i) b
(HH E’j(x)]u(x) = A[ K, (x,y)u(y)dy +F, , (x) (12)

=2 j=I

with the conditions
b
A[K, G yudy+F, (5) =0, ji =18,

Setting x =x, we find from (12) that

b
ﬂ’J‘KZ,sl (x2,y)u(y)dy+F2’sl (xz):(). (13)
Subtracting (13) from (12) and taking into account conditions a) and c), yields
5(2) m_ s(i) b
HPz,j2 (x) HHPIJ(X) u(x) = /1‘[K2,sl+l(x,y)u(y)dy +F,, ,(x), xela,b]. (14)
h=2 =3 j=1 "

Continuing this process with respect to equation (14), we see that the function u(x) solves equation (8) with the
conditions (9).

Conversely, let u(x)e Cla,b] is a solution of the equation (8) with conditions (9). Multiplying the equation (8) by
P, .m(x) and taking into account condition (9) at j, =s,, gives

b
Py @) = A[ K, (. )u()dy+F,, (x), xela,b]. (15)

Multiplying the equation (15) by P, (x) and taking into account condition (9) atj,, =s,,,, we have

m-12

b
Py oma (OB, i(x) = 2 j K, (. u(dy+F, ,(x). xelab]. (16)

Continuing this process with respect to equation (16) 1) The solution of equation (1) is unique in C[a,b].
and t?klng into accognt condition (9), we see.: that u(x) is a 2) The solution of equation (8) can be written as
solution of the equation (1). The theorem 1 is proved.

b
Corollary 1. Let conditions (3), a) and c) are satisfied u(x) = F,., (x)+jR(x,y,l)Fm’sm(y)dy, xelab]. (17)

L. : :
and N is a real number, that is not an eigenvalue of kernel where R(x,y,1) is the resolvent of the kernel AK,, . (x,y).

K __ (x,y). Then: In this case, the function u(x), defined by (17) is a solution

m,s,,
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of the equation (1) if and only if u(x) satisfies the condition
9).

Corollary 2. Let conditions (3), a) and c) are satisfied,
% is a real number, that is an eigenvalue of the kernel
K, (x,y) and the functions ¢,(x),p,(x),...,,(x) and
W, (%), w,(x), ..., w, (x) are the eigenfunctions of the

kernels K, . (x,y)and K, . (y,x) that correspond to the
eigenvalue % Then the following assertions hold:
1) If there exists i € {1, 2,..., ¢}, such that

b
[F,, Gy, (x0dx 0,

then the equation (1) has no solution in C[a,b].

2)If
b
[F,, (), (x)dx=0

for all i = 1,2,..., ¢ and r(A) # r(B), where 4 is an s,%Xq
matrix with s, = Y s(j),i=1,2, ..m,

J=1

A B,
A= A2 ,0=| 7 |.B=(A0), (18)
Am Bm
all,l all,q bll
A= . B, = ’
1s;.1 1s,.q bls1
is; 1 +1,1 aisi,ﬁl,q is; g+l
A = ) Bl = )
a, a b

is; .q is;

b
aljl P = l.‘- Kl,jlfl (xl ’y)qop(y)dy )
b
by =—F ()= A[K (5. 0@(0dy. j =15,
b
a,,=A[K,, ,(x.9),()dy.

b
by ==F, ()= A[ K, (x5, )@, ()dy,

Jo=s_,+1L..s,i=2,...mp=1,..4q,

r(4) is the rank of the matrix 4 and ¢,(x) is a particular
solution of the equation (8), then equation (1) has no
solutions in C[a,b].

3)If
b
j F,, (xy,(x)dx=0

foralli=1, ..., g and r(4) = r(B) = g, then equation (1)
has a unique solution in C[a,b] and that solution can be
represented as

u(x):¢0(x)+zcj(pj(x), xela,b]. (19)

Here ¢ = (cy, ¢, ... , ¢,)" is the only vector satisfying

the system

Ac=0, (20)

where the matrices 4 and Q are defined by formula (18).
4 If

b
J‘Fm,sm (x)l//l (x)dx = O

foralli=1, 2, ...,q and r = r(4) = r(B)<q, then equation
(1) has a solution in C[a, b] and that solution can be
s €)'
depends on g-r arbitrary constants and satisfies system
(20).

represented as (19), where the vector ¢ = (¢, ¢, ...

Proof. In case 1) by the Fredholm alternative the equation
(8) has no solution in C[a,b]. Therefore, the equation
(1) has no solution in C[a,b] either. In cases 2)-4), by
the Fredholm alternative the equation (8) has a solution
representable as (19), where ¢y, ¢, ... , ¢, are arbitrary
constants. Substituting (19) into (9) we have system (20).
Applying the Kronecker-Capelli’s theorem to system (20),

we prove assertions 2)-4) in Corollary 2.

Example 1. Consider the equation
1Y 1
X (x _Ej (x—=Du(x) = /IJ(I +2x°y —4x4y2)u(y)dy +
0

+ax’ +axt+ B+ +y,, x€[0,1],

@n

where 4, a, a4, B, y1, y, are real parameters. In this case
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1
x1=0, x2=5, x3=1, m=3,s(H=1, s2)=2, sB3)=1,
1
Ri(®)=x", Py(x) = Py(0) = x==, Py(x) =x-1,
Kl,l(x’y) =2x4y_4x2y2’ Kz.z(x’)’) :(2x+1)(x2 +ijy_4(x+%jyz s
2 3 2

K2,3(x’y)=2['x +X+ij_4y ’ K3,4(xa)7):2(x+2)y,

4 B 1 , 1 1

F(x)=ax +ox +px+y,, F,,(x)=«a Xt || g e wt o +5,

F,,(x) zoz(x2 +x+%)+al . B, =a(x+2).

Then by theorem 1, the solution of the integral equation (21) in C[0,1] is equivalent to the solution of the integral
equation of the second kind

u(x) :2/1(x+2)'|.yu(y)dy+(x+2)a , xe[0,1] (22)

with the conditions

1
A j u(y)dy+7, =0,

1
/IJ.( Ju(y)dy+%a+za+ B+y =0,
0
1 1 (23)
/1J. y—4y? u(y)dy+5a+al+,8=0,
0
1
11 11
A 4y” lu(y)ydy+—a+a, =0.
!( S V=4 ) (y)dy 2 |
Then from (22) and (23) we obtain:
1) Let A # % Then the equation (21) has a solution in C[0,1] if and only if
1 (42-3) 272 3a 150
o, = ’ﬁ: N="om o 2T " 575 oo
4(3-821) 4(3—8/1) 2(3—8&) 2(3—8/1)
This solution is unique and given by the formula
3a(x+2)
x)=——*, x€e[0,1]. 24
u(e) == 2= xel0.l) (24)

2) Let A :g and o #0. Then the equation (21) has no solution in C[0,1].

3)Let A= g and o =0. Then the equation (21) has a solution in C[0,1]$ if and only if

18 4 15

= , a., v, =—a,.
ﬁ1117/111172221
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This solution is unique and given by the formula
u(x)=—%0{l(x+2), xef0.1]. 25)

Example 2. Consider the equation

3
In(1+ x) cos(x + 1 jsm(— - x]u(x) AI{COS y+sin (— - xj X
0
x{sin y+In(1+ x) ((sm xX— 8 yjcos(x + %j + yﬂ}u(y)dy + (26)
7’
+a, +sin(%—x}{al +1n(1+x){052 cos(x+%)+a3}} ,XE [0%} ,

where 4, ¢, @, @, , &, are real parameters. In this case

%,xﬁo, x3=%,m=3, sth=1, s(2)=1, s3) =1,

X, =
(7 Vs
P, (x) =s1n(5—xj, P (x)=In(l+x), B, (x) =cos(x+zj,
. 8 V4
K, (x,y)=sin y+In(l+x) smx——y cos x+Z +y],

. 8
K ,(x,y)= (smx—iyjcos(x+%]+y , Ky5(x,y)=sinx——y,
Vs

F,(0)=q +1n(1+x){0:2 cos(x+%j+a3}, F,x)=a, cos(x+%j+a3, F,(x)=a,

Then by theorem 1, the solution of the integral equation (26) in C {O,E} is equivalent to the solution of the integral
equation of the second kind 2

ux)=4

O 0 | N

(smx—iyju(y)dwraz, xe{o Z} 27)

with the conditions

u(y)cos ydy+a, =0,
u(y)sin ydy +a, =0, (28)

yu(y)dy +a, =0.

c'—.m\:\ o'—.n\:\a o'—,z\:m
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Then from (27) and (28) we obtain: This solution is unique and given by the formula
The equation (26) has a solution in C {O,Z} if and A A-Da T
only if 2 (x)=————a,sinx+—--2, [ } (29)
2A() A(A)
2 212
o, = i, A-la, . a = T A, Mi-Da, . 4. The nonlinear Fredholm integral equation of the
4A(L) A(A) 8A(A) A(A) third kind

L a, A -1) a, Theorem 2. L.et conditions '(3), b') and c) are 'satisﬁe'd.
a; = - ; Then the solution of the nonlinear integral equation (2) in

2A(A 8A(A . . . . .
) ) Cla,b] is equivalent to the solution of the integral equation

of the second kind

4 ) b
A(4) = —K— - 1j/1 +1} <-1 VAeR. v(x) = AJMM (x,y.v())dy+F, (x), x€la,b] (30)

where

T

with the conditions
b
AJ.Ml,jl—l (x, y,v(y)dy + E,jl—l (x) =0, j,=1...5

b
ﬂVJ.MZ’jr1 (x,,y,v(y)dy + F,, (x)=0,j,=5+L..5s,, 31)

A’J.Mm,jm—l('xm’y’v(y))dy + Fm.j,,,*l('xm) :0, ]m = Sm—l +1""’Sm'

a

Proof. First, let u(¢) € Cla,b] is a solution of the equation (2). Then identities (5) and (7) hold. Taking into account (3)
and conditions b) and ¢) we find from (7) that

s() m_ s(i)
[]‘[ 1,,(x>][1'[ B, JV(") ijM“(xyv<y>)dy+ (0. xelab]. (32)

A =2 j=1

If P(x)=P,,(x), xe [a,b], then

s() m  s(i)
{H 1,,00][]_[1_[ ,(x)jzl, xela,b].

If 5, =s(1)= 1 and P(x,)= 0, then
s(1)
(H IJI(X)J=1’ XE[Cl,b],

If s, > 1, then setting x = x,, we find from (32) that

b
[ M, (3. y.v(3)dy + F, (3) =0 33)

Subtracting (33) from (32) and taking into account conditions (3), b) and ¢), yields

s(1) m_ s(i)
(H ,,l(x)J[H P (x ]v(x) AIMlz(xyv@))dw (), xelab].

i i=2 j=1
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If 5, =2, then Subtracting (35) from (34) and taking into account
s(1) conditions b) and c), yields
[12,® |=1. xela.b].
7=3 5(2) m s(i)

Continuing this process, we see that the function v(x) 11:[2P2,J‘z (x) 1;[1}1 F;(x) |v(x) =

solves the following equation

m  s(i)

[TT12 v = A[ M, ey v(dy+F,, () (34)

=2 j=1

b
=A[M,, ., (e.y.v(dy+F,, ,(x), xelab]. (36)

Continuing this process with respect to equation (36),
we see that the function v(x) solves equation (30) with the
conditions (31).

with the conditions

b
A[M,, GoLy Ny +F () =0, ji =108,
a Conversely, let v(x)e C[a,b] is asolution of the equation

Setting x =x, we find from (34) that (30) with conditions (31). Multiplying the equation (30)
by P,.,m(x) and taking into account condition (31) at

b
A[M,, (5, y, vy +F, () =0 (35)  Ju = Supgives

b
P, o (OV(x) = /1J.Mm’sm_1(x, yv(dy+F, (x), x€la,b]. 37)

Multiplying the equation (37) by P, m.1(x) and taking into account condition (31) at j,, = s,,.;, we have

b
Pm,.v(m)—l (x)Pm,x(m)v(‘x) = Z’J.Mm,sm—z (‘x’ y,V(y))dy + En.sm—Z (x) » X € [a’b] . (38)

Continuing this process with respect to equation (38) and taking into account conditions (31), we see that v(x) is a
solution of the equation (2). The theorem 2 is proved.

Corollary 3. Let conditions (2) and b) are satisfied. But the condition c) is not satisfied. Then the equation (2) has no
solution on Cl[a,b] .

Example 3. Consider the equation
1 1
x(x —2j (x=Dv(x)= j[(\/; + x3y)v(y) + y2v3(y)}dy +
0

+o,xt +ax’ +ax + fx+ fx+y . xel01], (39

where ¢, a, &, B, B, and y are real parameters. It is easy to see that equation (39) satisfies conditions (3), b) and c)
for

m=3,5(0=2,2=1, 52)=sG) =1, (0= R,(0 =¥, P, (¥) ===,

P(x)=x-1, M ,(x,y,v)=M(x,y,v) = (\/;+x3y)v+ v,

M, (x,y,v)= (1+x2\/;y)v s M, (x,y,v)=M,,(x,y,v) = xyv,

1
M, (x,y,v) =M, (x,y,v) = [x+5j w, M, (x,y,v)=yv,
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Fo(x)= f(x)=ax* +ax’ + ax’ +ﬂx+,b’l\/;+}/,
F,(x)= a0x3 X+ 0{)62\/;4- alx\/;+,6’\/;+ﬂl ,
F,,(x)=F,(x)=ax’ +ax’ +ax+ 3,
, 1 1 1 3
F.(0)=F,x)=a)| x"+=x+— |[+a|x+= |+a,, F,,(x)=ax+—-a,+ .
" | 2 4 2 ' 2
Then, for equation (39), the equation (30) and conditions (31) are written as
‘ 3
v(x) = jyv(y)dy +oyx+ an +a,xe[0,1]
0

with the conditions

2

YV (y)dy+y =0,

=0,

<
=
<
N
S

+
=

1 1 1
v(Vdy+—-—a,+—a+—ca, + =0,
w(y)dy gl T atoa s

N|w K|~

yv(y)dy+%0{0 +%a+a, =0.

Cl— — O~ O~ O —

Then the equation (39) has a solution in C[0,1] if and only if

2
a, =-5a, —3a , ﬁz%a0+a, B =—Z5a0—2a,

3 2 3

a, 3 L(11 j 3 (11 j 1[11 )
=—|—+=-a,| —o,+2a |+—o,| —a,+2a | +=| —a,+2a | |.
7/{650(30 4N\ 3% 3l 3%

This solution is unique and given by the formula

11
v(X) =a0x+?ao +2a, xe[0,1].

Example 4. Consider the equation

T

cos x(e’“1 —l)v(x) = lj{e”(”)y +cos x[vQ(y)(e“1 —1) +v4(y)J}dy +0, + 0, COSX, X € [O,E} i
0

2
where 4, &, o, are real parameters, A #0. In this case
V4
X, =5, x,=1,m=2,s()=1,5(2)=1,
B (x)=cosx, P,,(x)=¢"" =1, M, (x,y,v) =V’ (e"_l - 1) +v*,

Mz’z(x,y,v) =2, F,(x)=«,F,,x)=0.

26

(40)
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Then, for equation (40) the equation (30) and conditions
(31) are written as

T

2
v(x) = /1_[1/2 (s8)ds 41
0
with the conditions
3
ljev(”ydy +a,=0,
0 (42)

2
/1-‘.\/4()/)dy+051 =0.
0

Then from (41) and (42) we obtain:

1) The functionv(x) =0, x € [O,%} is unique solution of
the equation (40) in C [0,%} if and only if

2
a0=—%, a,=0.

2) The function v(x) = 2 ,X € [O,E} is unique solution
A 2

of the equation (40) in C ‘:0,%:‘ if and only if
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