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Abstract

In this work, firstly, some concepts of conformable fractional calculus in literature are given. Secondly, definitions
of a-analytic point, a-ordinary point and regular o singular point are presented. Finally, the fractional power series
solutions are given around a regular-singular point, in the case of variable coefficients for homogeneous sequential
linear conformable fractional differential equations of order 2a.
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1. Introduction

Though fractional derivative idea is more than 300 years
old, intensive studies about fractional calculus were
carried out by many researches in the last and present
centuries. Several mathematicians such as Liouville,
Riemann, Weyl, Fourier, Abel, Leibniz, Grunwald and
Letnikov made major contributions to the theory of
fractional calculus. The most popular ones of fractional
derivative definitions are Grunwald-Letnikov, Riemann-
Liouville and Caputo definitions. For Grunwald-Letnikov,
Riemann-Liouville, Caputo and other definitions and the
characteristics of these definitions, we refer the reader to
Kilbas et al. (2006); Miller (1993); Podlubny (1999).

(I) Grunwald-Letnikov definition:

x-a

DEFCO = limh=e > (=) () fx = )

j—0

(IT) Riemann Liouville definition:

a = 1 d " n—-a-1
D) = e () | -,
n—-1<as<sn
(III) Caputo definition:

DEF() = s [ = 7 O 0,
0

n—-a)

n—-1<a<sn

By the help of these fractional derivative definitions,
a lot of works have been made with regard to finding
analytical approximate solutions (Shawagfeh, 2002; Das,
2009; Garg & Manohar, 2013) and exact solutions (Luchko
& Srivastava, 1995; Gepreel & Omran 2012; Ghany &
Hyder, 2014) of fractional ordinary and partial differential
equations.

Recently, Khalil et al. (2014) gave a new definition
of fractional derivative and fractional integral. This new
definition based on a limit form as in usual derivatives.
The authors also proved the product rule, the fractional
Rolle’s theorem and mean value theorem. This new
theory is improved by Abdeljawad (2015). For instance,
he gave Taylor power series representation and Laplace
transform of certain functions, fractional integration by
parts formulas, chain rule and Gronwall inequality.

In short time, a lot of studies about new fractional
derivative definition have been presented. Some works
in this field are with regard to conformable fractional
fourier series (Khalil, 2014), the fractional power series
solution of Legendre conformable fractional equation and
Legendre fractional polynomials (Khalil & Abu Hammad,
2014), conformable fractional semigroups of operators
(Horani et al., 2014), conformable fractional calculus
on arbitrary time scales (Benkhettou & Torres, 2015),
fractional Newton mechanics (Chung, 2015), boundary
value problems for conformable fractional differential



equations (Batarfi et al., 2015; Anderson & Avery, 2015),
existence and uniqueness theorems for sequential linear
conformable fractional differential equations (Gokdogan
et al.,2015), the existence of solutions around an ordinary
point of conformable fractional differential equation of
order 2o (Unal et al., 2015).

In this work, we analyze the existence of solutions
around a regular a singular point of conformable fractional
differential equation of order 2a.

2. Conformable fractional calculus

Definition 1. Let f: [a, ) — R be given function. Then,
the left conformable fractional derivative of f of order a
is defined by

f(x te(x—a)'") - f(x)

&

(T Hx) =

forallx > a,a € (0,1]. Whena = 0, it is written as T,,. If
(Tef) (x) exists on (a, b) then (T3 f)(a) = lim (T f)(x).
xX—a

Definition 2. Let f: [a, ) — R be given function. Then,
the right conformable fractional derivative of f of order «
is defined by

fO+eb =01 - f(x)
(4Tf) () = ~lim :

forallx < b,a € (0,1]. If (an) (x) exists on (a, b) then
(ETH®) = lim (GTf)(x).

Theorem 1. Let @ € (0,1] and f, g be a-differentiable at a
point x > 0. Then,

%9 toralla,b € R:

() 2o (af +bg) =aSL+b2L

2 —(xp) = pxP~% forallp € R;

dx®

3) ;TO; (1) = 0, for all constant functions f(x) = 4

@) T (f9) = f () + 9= (f):

d% d%
gdxa(f)_fdx_“(g) .
g? ’

(5) 2 (f/9) =
(6) If, in addition, f s

(@) =L 0.

differentiable, then,

Theorem 2. Assume that f is infinitely o-differentiable
function, for some 0 < a < 1ataneighborhood of a point
Xo. Then, f has the fractional power series expansion:
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fx) = i ((k)Tofof) (xx0) (x — x)*®

akk! ’
k=0

xXo < x <xo+RY%  R>0.

Here, ((R)T‘f 0 f)(xo) means the application of the

fractional derivative k times.

3. Conformable fractional differential equation and
solutions around a regular « singular point

The most general sequential linear homogeneous (left)
conformable fractional differential equation is

WTay +ay 1 (D" VTEy + o+ a (DT Ly
+ap(x)y =0 (1)

where (")To?y =TaTE .. T}y, (n times).

Definition 3. Let a € (0,1], xo € [a,b], N(x,) be a
neighborhood of x, and f(x) be a real function defined
on [a, b]. In this case f(x) is said to be a-analytic at x,
if f(x) can be expressed as a series of natural powers of
(x — x0)“ for all x € N(xg). In other word, f(x) can be
expressed as following:

PRACEEILICHT
k=0
This series being definitely convergent for

|x — xo| < 8(6 > 0). 6 is the radius of convergence of
the series.

Definition 4. Let & € (0,1], xo € [a, b] and the functions
ay (x) be a-analytic at x4 € [a, b] fork =0,1,2,..,n—1.
In this case, the point x4 € [a, b]is said to be an a-ordinary
point of the equation (1). If a point x, € [a, b] is not
a-ordinary point, then it is said to be o singular.

Definition 5. Let a € (0,1], ai(x) be o-singular at

€ [a,b] for k=0,1,2,..,n—1. If the functions
(x — xo) @02 q, (x) are a-analytic at the point x, € [a, b]
for k =0,1,2,...,n — 1, then, the point x, is said to be a
regular a singular point of (1). In the contrary case, x is
said to be an essential a singular point.

Example 1.a) We shall consider the following conformable
fractional differential equations

Ty —y =0,
x?% 2T,y — 2x%y = 0,

x2% 2Ty — 2x%T,y + x*%y = 0.
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The point x = 0 is a regular a singular pointfor the
above equations.

b)
(x—1D%T,y—-y =0,

(x — 1)?* 2T,y — 2(x — 1)°T,y + (x — 1)?%y = 0.

For these equation, the point x = 1 is a regular «
singular point.

Now, we consider the following homogeneous sequential
linear fractional differential equation of order 2a:

(x = x%0)* T ° Ty + (x = x0) (T y

+q(x)y =0 @)

where a € (0,1]. Ifthe point x;is a regular « singular point
of the equation (2), then this point is a-analytic point for
functions p(x) and g(x). In this case, functions p(x) and
q(x), respectively, have the following series expansions:

p(x) = zpk(x _xo)ka (0<x—x9<6; 8, >0)
k=0

and
q(x) = Z Qre(x — x)** (0 < x — xy < 81; 8; > 0).
k=0

Suppose that, for the equation (2), we have a solution
the form

y(x;8) = Tiezo e (5) (x — xp) KF9) 3)

where let be ¢, # 0, S being a number to be determined.

If we substitute the equation (3) and conformable
derivatives of the equation (3) in the equation (2), then
we get

Colo(s) (x — x¢)°*

crlo(k +5)

k=1
k-1

+ Z C]'Ik_]'(j + S) (
j=0

X — xo)(k+s)a

= O‘
where
Iy(s) = a?s(s — 1) + aspy + qo, 4)
Im(s) =PmaS + qm ()

The equation (4) is called fractional indicial equation of
the equation (2). The coefficients ¢y, is

] 0 a]Ik G +s)
Iy(k+s)

Cp = —

(6)

Theorem 3. Let a € (0,1] and x, be a regular a singular
point of the equation

(x — x0)?%T° T,y + (x — x0)“p ()T, y
+q(x)y = 0.

Let s4, s, be distinct and s; — s, # n for n € N two real
roots of the fractional indicial equation. Then, there exist
two linearly independent solution to the equation (2) as
following:

Gss) = ) el —x)*He ()
k=0

ya(6552) = ) (s —x) e ()
k=0

for x € (xg,x¢9 + p) with p = min{d;,d,} and initial
conditions ¢y = y(x), acy = Tpy(xy). Since x, is a
regular a singular point of the equation (2), by Definition
3 and Definition 5, it can be written that,

p(x) = Y=o Pk(x — x0)*%, x € [xg, %0 + 8,1, 61> 0 (9)

and

400 = ) qulx =), x€ [x0,x0 + 8,]; 6, > 0. (10)
k=0

Proof. We must prove that series the equation (3) converges
for € (xg,x9 + p). Let be s = s; and s = s, such that
51—55 is not a positive integer. We note that

Iy(s) = a?(s — s1)(s — s5).
Hence, the following equations can be written,
Io(sy + k) = a®k(k + s, — 53),
Iy(sy + k) = a?k(k + s, — s1).
Therefore, we get
Io(sy + k) = a?k(k — (11)

Is1 = s2),
Iy(s, + k) = a?k(k — (12)

Now, let r be any number such that 0 < r < p. Series

sy — s1l)



in (9) and (10) converge for x € [x,, xo + 7]. Hence, there
is a constant number M > 0 such that

|pjlre <M

(GeEN), (13)

lg;|r’*<M  (eN). (14)
Using (11), (12), (13) and (14) in (6), we have

FoaG+ 1+ IsiDri®|ci(sy)]
ak(k — |s1 — s21)

(15)

ler(s1)] < Tka

Now, let N be an integer number such that
N—1<|s; —s,| <N.
We define
Co=c¢o(s1) = 1,6 = ler(s)l,-v, Cyor = ley—1(s1)l.
Let the coefficients Cj for k > N be defined by

C, = M S5 aG+14lsiDri%c (sy)

T rka aZk(k—|s1—s3])

(16)

From the definition of Cj and the equation (15), we
see that

|Ck(51)| < Ck k = 0,1,2, ...

We prove that the series

> Gl = x)* (17)
k=0

is convergent for x € (xy,xo + p). By using (16), we
obtain that

T“a’z(k + 1)(k +1-—- |51 - SZl)Ck+1
= a?(k)(k — |sy — 52D Cy
+aM(k + 1+ |s1])Cx.
Hence,

Crs1

Cy
_a?() (ke —|sy — sp]) + aM(k + 1 + |s])
B rea?(k+ 1) (k+1—|s; —s,])

is obtained. By the help of the ratio test, we have that

(lx - x0|>a
= <1
r

Thus, the series (17) converges forx € [xg, xo + r]. This
implies that the series (3) converges for x € [xg, xg + 7]

lim |Crea (x = x0) *+D®
koo [ C(x — xo)k

and s;. Since r was any number satisfying 0 < r < p, the
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series (3) converges for x € (xy, Xy + p).

Similarly, the same computations with s; replaced
by s, everywhere show that the series (3) converges for
X € (xg, Xy + p) and s,.

Example 2. We consider the following conformable
fractional differential equations:

X T, Toy —saTyy +y = 0. (18)

Here, p(x) = —%a,q(x) =x% and x = 0 is regular
a singular point for the above equation. Roots of the
fractional indicial equation for this equation are s; =§
and s, = 0. Hence, according to Theorem 3, this equation
have solutions which forms of (7) and (8). That is,

y(x) = Ckx('”%)“ (19)
and
y200) = ) dyxe. 0)
k=0

Substituting conformable fractional derivatives of (19)
in (18),

ket k=12, ..

Ce =~ azk(k+3)’

are obtained. Similarly, for (20), we have

dg—1
dy = — 3

ATy = L2

Hence, the first solution and the second solution of the
equation (18) are obtained as, respectively,

0 _1\kp(5
}’1(x)zcoz b F( /2)

(k4d)a
4 a?kiT(5/, + k) ’

o (_1)kr(_ 1/2) .
y2(x) = doz K] 1 x*%,
& a?] ) T(= /5 + k)
Because of §; = o and §, — oo, it is that p = min
{61162} — 00.

Theorem 4. Let xy be a regular a-singular point of the
equation (2). For this equation, p(x) and q(x) have
fractional power series expansion, for x € (xq,xo + p)
with p > 0. Let s; and s, be two real roots of the fractional
indicial the equation (4).

If s; =s,, then, there are two linearly independent
solution and these solutions have, respectively, the
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following forms:
[o9]
. — k+si)a
Y1551 = ) e = 1)K (e, # 0),
k=0

v2(x;81) = In|x — xo|y1 (x;51)

+ Z bk(x _ xo)(k+51+1)a
k=0

for x € (x9,%x0 + p).

If's; — s,isapositive integer, then, linearly independent
solutions have, respectively, the following forms:

[o9]

yi(x;51) = z ¢ (x — x0) *F$DE (¢ # 0),
k=0

v2(x;55) = C.ln|x — xoly; (x; 51)

+ Z by (x — xq) (kFs2)e
k=0

for x € (xy,xy + p) where C is a constant and it may
happen zero.

Proof. For s; = s,, according to Theorem 3, first solution
of (2) has form
J’1(x; S1) = Z cr(s))(x— xo)(k+51)a.

k=0

21
We rewrite the equation (2) as following

T Ty + P(O)T;°y + Q(x)y =0

p(x) _ q)
(x—x0)%’ Q(x) = (x=x0)2%"

where P(x) =

By the help of conformable Abel’s formulas in Abu
Hammad & Khalil (2014), we write

e_lfxco(P(x))
[h@W)'

Now, let s; — s, = N be such that N is non-negative

y2(x) = }’1(95)130 ( (22)

integer. Hence, s; and s, = s; — N are roots of indicial
equation. Therefore, we get

—po — 2as; = a(-1—N), (23)
P(x)
_Po + p1(x —x)* + P (x — x0)** + -
(x —xp)«
=L+p1+P2(x_xo)a+'” :
(x —xp)“

Hence,
(-1 (PG)

_ e mmee-)

_ x| =P — e )E—P2 (s x Y2 _...
— o(~potnlx—ol-Ble-x0)*~22(x~x0)?~)

= (X —_ xo)_poe(_%(X—xo)“—g_;(x_xo)za_m) .

That is,
e(—I;O(P(x))) = (x — x5) 7P (1
+ A (x — x)“

+ A, (x — x0)%% + ). (24)

Now, we choose ¢, = 1and substitute (21) and (24) in
(22). In this case, we get

y2(x)

=N (x)lgo (

(x = 2) PO (1 + Ay (x — x0)* + Ay (x — x0)2% + )
(x = x0)251% (1 + ¢, (x — x0)* + 5 (x — x9) %% + - )2)'

y2(x)

=N (X)I;CO (

(x — x0) POZ18(1 4+ A, (x — %)% + Ay (x — x)2% + )
(14 By (x — x0)% + By (x — x0)2% + ) )

= )’1(35)1;0 ((x - xo)a(ilim(l +C(x —x0)* + C(x — xo)za +o ))
For N = 0, that is 5; = s,, we have

¥2(x) =y, GO ((x — x0) ™ + C; + Co(x — x)*
+ )’

y2(x) = y1(x) In(x — x,)

G

31 (2= x)"
C
+ i(x —xg)%% + - )

y2(x) = y1(x) In(x — x¢)
+ (x — %)% (1 + ¢, (x — x)”

C,
) (2 -2

G
+ —x0)?% + - )
2a (x — x0)

y2(x) = y1(x) In(x — xo)
+ (x — x0)°1%(bo (x — x0)*
+ by (x — x0)%% + by (x — x¢)3% ...).

Consequently, for s; = s;, the general form of second



solution is

y2(x) = y1 () In(x — x,)

+ (x — x) 1+ De Z by (x — xg)*®.
=0

For N > 0, thatis s; — s, = N, we have

Y200 = 71O (G = %)M (L + €4 — x0)°
+ Co(x — x¢)%% + -
+ Oy = %)™ + ),

Cy 1
=) =z

Gy
)

Y2 (x) = Cyy, () In(x — xp)

x — xo) N

+ ¥, (%) <( “Na

Cy(x — xo) TN+ +
(=N + Da ’

72 () = L ((

y2(x) = Cyy, () In(x — x0)
+ (x — x0) 2 ME(1 4 ¢, (x — x)*
1

)@= x) ™ (—N—a

Cy(x — xp)%
T N T Da )

Hence, for N > 0, the general form of second solution
is

y2(x) = Cyy, () In(x — x)
+ (x — xp)%* Z b (x — x0) @
k=0
where by = =2 # 0.
N

4. Conclusion

In this work, power series solutions around a regular
o singular point in homogeneous sequential linear
differential equation of conformable fractional of order 2a
with variable coefficients are given. Firstly, definitions of
o-ordinary point and regular a singular point is presented.
Then, for distinct roots of indicial equation,where the
differences between them is not positive integer, general
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form of solutions is given. Finally, for equal roots, distinct
roots and roots in which the differences between them is
integer, general form of solutions is obtained. It is appears
that the results obtained in this work correspond to results,
which are obtained in ordinary case.
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