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1. Introduction

The main objective of Tauberian theory is to obtain
convergence of such sequences out of the existence
of certain limits by some summability methods and
some additional conditions, which are called Tauberian
condition. Furthermore, a Tauberian theorem is a theorem,
which deduces convergence of sequences follow from a
summability method and some Tauberian conditions. One
of the summability methods, which is used in theorems is
the logarithmic summability method. Recently, there have
been many studies about some summability methods and
Tauberian theorem (Canak, 2015; Canak & Totur, 2015;
Et et al. 2014a; Et et al. 2014b; Totur & Okur, 2015)).

The logarithmic summability method was first
introduced by Hardy (1949). Naturally, Tauberian type
theorems of this method were established by various
authors (Kwee, 1966; Moricz, 2013). The logarithmic
average or logarithmic mean of a sequence is more general
than its arithmetic average. So, Tauberian theorems in this
paper are more general than their arithmetic analogues.

Here, we introduce the logarithmic summability
methods.

Given a sequence (u,) of real numbers, the logarithmic
mean of order 1 of (u,) is defined (Hardy, 1949) by

n

1 u
0y =—3
! 7n’,kzz(;k+l

where

n

1
=N ~logn.
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A sequence (u,) is said to be logarithmic summable of
order 1, in short, (/,1) converges, to a finite number s if

lim ¢, (u)=s. @)

n—»0

Now, we introduce the (/,2) summability method. The
logarithmic mean of order 2 of (u,) is defined (Moricz,
2006) by

n
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where
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—— ~log(logn).
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}/n,Z =
A sequence (u,) is logarithmic summable of order 2, in
short; (£,2) converges, to a finite number s if

lim 7, ,(u)=s. 2)

n—»0

The convergence of (u,) to s implies that the limits (1)
and (2) also exist. In other words, the logarithmic methods
of order 1 and 2 are regular methods. Additionally, every
(£,1) summable sequence is (£,2) summable to same value
(Moricz, 2006). These implications can be summarized as
in the following diagram:

convergence = (/,1) convergence = (£,2) convergence.
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However, the converse implications are not always
true. Namely, the (/,1) convergence of (u,) doesn’t imply
convergence of (u,), and the (/,2) convergence of (u,)
doesn’t imply (/,1) convergence of (u,).

Example 1.Consider the sequence (u,) = (2(-1)"n+(-1)").
The sequence is (/,1) convergent but not ordinary
convergent. If we get the arithmetic mean of (u,), we

. 1 n R
obtain that o, (u):mzkzouk ~ (=1)". Then, the

logarithmic mean of order 1 of a sequence can be written
in terms of (o, , (1)) as follows:

_ o) 1 &0,
IMOE UZ P 3)

n,l
Hence (u,) is (/,1) convergent to 0.

Example 2. Consider the sequence (#,)=((-1)"((n+1)
log(n+1)+nlogn)). The sequence is (/,2) convergent
but not (¢,1) convergent. If we get the arithmetic mean of
(u,), we obtain that o, | (u) ~ (~1)"log n. If we write o, (1)
in (3), then we have /, ()~ (=1)", and we obtain that
(u,) is not (£,1) convergent. Also, the logarithmic mean of
order 2 of a sequence can be written in terms of (/,,(u))
as follows:

a1 )
£aa)= Voo +n,2;klog<k+1> @

Therefore, the sequence (u,) is (/,2) convergent to 0.

We are interested in the “converse” case of these
assertions. The converse cases are true under suitable
Tauberian conditions. The first classical Tauberian
theorem for the logarithmic summability method of order

1 obtained by Ishiguro (1963).

Theorem 3. If (u,) is (4,1) convergent to s and

nlognAu, = o(1),where Au, =u, — then (u,) converges

nl’

to the same value.

Later, Kwee (1966) proved the following theorem that
was generalized to Theorem 3.

Theorem 4. If (u,) is (¢,1) convergent to s and

logm
logn

liminf (#,, —u,) >0 when m>n— o and -1,

then (u,) converges to the same value.

Notice that Tauberian condition in Theorem 4 is the
slow decrease of (u,) with respect to (4,1).

As the (C,1) summability method, the classical one-
—C, for some C >0

implies that the slowly decrease of (u,) with respect to

sided Tauberian condition nlog nAu, >

(4,1). Indeed,

u, —u, = iAuk > i -

>—Clog logm .
k=n+1 k=n+1 k log k log n

Taking liminf of both-sides when m>n—o0 and
logm

0 —1, it is obtained that (u,) is slowly decreasing
ogn

with respect to (/,1).

Moricz (2013) presented that a sequence (u,) is
slowly decreasing with respect to (/,1) if and only if the
condition

u,)=0.

limsupliminf min («; —

RN =0 p<j<n

Note that the conditions n < j <n”* and logn <log j <
Alogn are equivalent.

Moricz (2013) improved Kwee’s Tauberian condition

as follows:
[f u;—u,
limsupliminf
PR n—0 ([ ] n)j/nl J=n+l
1 i
limsupliminf
asim n—» (l’l [ ])}/nl j= [}’LZ/‘LJ‘*J

where [-] denotes integer part.

A slowly decreasing sequence (u,) with respect to
(4,2) is defined (Moricz, 2004) by

limliminf min («;—u,)20. (5)

A1t no® n<j<e(logn)

. oy . ogn)?
It can be easily seen that the conditions n < j < """

and log(logn) < log(log j) < Alog(log n) are equivalent.
The condition (5) can be equivalently reformulated as

follows:

limliminf min («;—u,)20. (6)

- n—»0
Al logn) <j<n

The de la Vallée Poussin means of (u,) with respect to
(4,2) are defined by
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T 2 ( —_—,
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A
[e(logn)ﬂ’ 12 k:[e(bg”) 141



for 0 < 4 <1, where [-] denotes integer part.

The main goal of this paper is to establish some
Tauberian theorems for the logarithmic summability
method order 2 with a different viewpoint and to
generalize above-mentioned classical Tauberian theorems
and Moricz’s theorem for the logarithmic summability
method order 1 and 2.

2. Main results for (/,2) summability method

In this section, we give Tauberian theorems for the (/,2)
summability method. First of all, we represent the most
prominent Tauberian theorem.

Theorem 5. If (u,) is (¢,2) convergent to s and

V,,(Au)=o0(1), where V, ,(Au) = 1
4

n2

n
i Vi1 21

then (u,) converges to the same value.

Proof. It is sufficient to show the following identity in
order to prove the theorem. The difference of a sequence
and its logarithmic mean order 2 is represented by the
identity

u,—0,, @)=V, ,(Au). 7

Indeed,

n

Z B = Zn:(7k,2 Vi)l

i (k+Dy =

n n
= Z?’k,z”k - z7k—1,2”k
=0 =0

n+l

= Z}/k—l,zuk—l 2V k12U
k=1 k=0
= Zyk—l,z (uk—l - ”k) + 7.4,
k=1
where y_,, =0. After multiplying both sides of equality

by !
7/)1,2

, wWe obtain

13 u, I3
— ) ————=——D> v A +u,,
Vno k=0(k+1)71<,1 7}1,2;](12 ‘

and
1 n

u, <
u,—— ) ————=—» v, Au,.
7n,2kz=(;(k+1)7k,1 7n.2kz:l: e

Therefore, the identity (7) is satisfied.
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By the identity (7) and the convergence of the sequence
(¢,,(u)), the proof is completed.

Next corollary generalizes Kwee’s Tauberian theorem
to the (¢,2) summability method.

Corollary 6. If (u,) is (/,2) convergent to s and
nlognlog(logn)Au, = o(1), then (u,) converges to the
same value.

Proof. We need to show that the condition
nlognlog(logn)Au, = o(1) implies V,,(Au)=o0(1) as
n— co. In fact, for a sequence (u,), since we take P, =y, ,
and m =0 in Totur & Canak (2012, Lemma 1), we obtain

the identity
u,—0, W)=V, ,(Au). ()

Since nlognlog(logn)Au, =0(1), the condition
V,,(Au)=0(1) as n— o is satisfied from the regularity

of (¢,2) summability method.

Notice that the Tauberian condition in Theorem 5 can
not be replaced with the conditions V, ,(Au)=0(1) or
V,,(Au) =2 -C, for some C > 0. Although the following
one-sided condition is a Tauberian condition for the (/,2)
summability method.

Theorem 7. If (u,) is (¢,2) convergent to s and
nlognlog(logm)AV, ,(Au)>—-C,

for some C > 0, then (u,) converges to the same value.

It is clear that the Tauberian condition of Theorem 7 is
more general than the condition in Corollary 6. Indeed, if
we write the term nlognlog(logn)Au,, instead of u,, in the
identity (7), then the identity

nya v Au, =V, , (Au) =n7//<,17k,2AVn,2(AM )

is obtained by the identity (8).

Therefore, the condition nlognlog(logn)Au, =o(1)
implies nlognlog(logn)AV, ,(Au) =0(1) as n — 0.

Corollary 8. If (u,) is (/,2) convergent to s and
nlognlog(logn)AV, ,(Au) =0O(1), then (u,) converges to
the same value.

Now, we give a Tauberian theorem which generalize
Theorem 7. In the next theorem, we show that we obtain
the convergence of the sequence (u,) under the condition
of slow decrease of the difference of (u,) and its (/,2)
mean sequence (7, ,(«)) instead of being the slow decrease
of (u,).
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Theorem 9. If (u,) is (£,2) convergent to s and (V, ,(Au)) 1 (ellozn’ | " —u
is slowly decreasing with respect to (/,2), then (u,) limsupliminf >0
aort e Y i T Va2 k= (k +1)7k,1
converges to the same value. [eloem™
A natural corollary of Theorem 9 is given as follows.
) 1 . u, —u
Corollary 10. If (u,) is (,2) convergent to s and (V, , (Au)) limsupliminf ———— Z ——£—>0
) N e I A S 4 A (k+Dy,,

is slowly oscillating with respect to (/,2), then (u,) (elloem™ | 5 k=peloem”

converges to the same value.

. are satisfied, then (u,) converges to the same value.
In the last theorem, we extend Moricz’s theorem

(Mboricz, 2013) to (£,2) summability method. Theorem 11 can be proved by using the same steps
Theorem 11. If () is (,2) convergent to s and the S that Theorem 2.1 in (Moricz, 2013). So, the proof of
conditions Theorem 11 is omitted.

3. A Lemma
In the proofs of main theorems, the following lemma will be used.

Lemma 12. (i) For A >1,

A
(logn)
j/[e(logn)}“ 12 1 le ] u,—u,

)1, () — LSl
? _7;1‘2 k=n+1 (k+1)7/k,1

un _gn,Z (ll) = (o )l
_7/11,2 le & 12

}/[e(logn)l 12 [e(log”))b 1.2

(i) For0< A <1,

Y 2
(logn) 1 1t u —u
I 1.2 k
w, =L, , () =—— (=L W)+ >,
Vup =7V 2 re(1oem”™ 12 Vi~V 2 2 (k+1)}/k1
n, [e(logn) 12 n, [e(logn) 12 k=[e(logn) I+l >

Proof. (i) From the definition of the logarithmic de la Vallée Poussin mean of (u,) with respect to (/,2), we have

A
(logn)
1 [e 1 uk

_7n,2 k=0 (k+1)7k,1 k=0 (k"'l)]/k,]

n

U

7 1 (u) =
[e(IOgn) 12 }/ 2
[e(logn) 12

1
— (}/ E y) (u) - )/;1,26)1,2 (M))

A L
_7/”!2 [e(logn) ] [e(logn) 12

}/[e(log”))b 1.2

y[g(logn)’a’ 12 y[(f(logn)’a’ 12

P
— (logn)

[e 12
7[e(1°g”)1],2 Vn2 7[6(1ogn>’1],2

[n 2 (u) + fn 2 (u)

_yn,2

7 2
(logm)™ ;5
— [e ], (g

A
— 7n,2 le(logn) 12

@)=L, )+, ,u).

}/[e(logn)ﬂ' 1,2



Substracting /, , () from the last identity, we get

T w) =1, ,(u)=

[e(logn)ﬂ' 12

Also the sequence (u,) can be written as

2
(logn)
1 [e ] u,

4 (llozm? |5

v 2
[[e(logn) 12
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(o )g (u)_én,z(u))- (9)
[0 12

_j/n,Z

[o(logn® |

1 1

u = -

- 7/,1,2 k=n+1 (k + 1)71{,1

[g(log")l 12

Substracting ¢, , (1) from the identity (10), we obtain

[e(log”)ﬂv 12

—(u, —u,). (10)
~ Vs S Dy, "

| [oloem™ | |
u -0, (wy=7_  , (w—L, ,(u)— —(u, —u,).
> [E(IOg”) 1,2 ’ ¥ - }/n,Z k=n+l1 (k + 1)j/k,l
[e(logn) 12
Writing (9) in the last identity, we obtain
7/ 2 [e(logn)'i]
[e(logn) 12 1 1
u,—0, ()= ¢4 oam w)—1,,(u))— —(u, —u,).
— Vs 1loEn o Vo k= (k+Dy,

[e(logn)l 12

This completes the proof.

[e(logn)ﬂ ]

(i1) The proof of Lemma 12 (ii) is similar to that of Lemma 12 (i).

4. Main results for (/,1) summability method

All the main theorems established above can be given in
the form below according to the (£,1) summability method.
We omit the proof of the theorems since the theorems are
proved with similar steps.

Theorem 13. If (u,) is (/,1) convergent to s and

nlognAV, (Au)>-C, for some C>0, where

1 .
V., (Au) = —Zk_l Vi1 Auy, then (u,) is convergent to s.
y -

n,l

Corollary 14. If (u,) is (/,1) convergent to s and

Lemma 17. (i) For A >1,

Yy
u, —ﬁn,l(u) =
7/[”},] _yn

(i1) For0< A <1,

i 1
u,— 0, w)y=———0U, (u)— E[n’i],l (@) o

A

n [n

]

(05 =1, )=

nlognAV, (Au) =0(1), then (u,) is convergent to s.

Theorem 15. If (u,) is (4,1) convergent to s and the
sequence (V,(Au)) is slowly decreasing with respect to
(4,1), then (u,) is convergent to s.

Corollary 16. If (u,) is (¢,1) convergent to s and the

sequence (V ,(Au)) is slowly oscillating with respect to

n,l

(¢4,1), then (u,) is convergent to s.

We require the following lemma to be used in the
proofs of main theorems.

A
[n”]
1 W —u,

7[’1],]_7;1 k=n+1 k+1

N un_uk'
Z k+1

n 7[,,/1] k=[n? 1+1




61 On logarithmic averages of sequences and its applications

5. Proofs

In this section, we give the proof of the main theorems of the paper which are Theorem 7 and Theorem 9 for the

logarithmic summability method of order 2.
Proof of Theorem 7
Suppose that nlog nlog(logn)AV, ,(Au) = —C for some C = 0. Then, we obtain

C .
nlognlog(logn)

=AV, ,(Au) <
From Lemma 12 (i), we have

Y (togny? 5
Vn,2 (Au) _gn,2 (V2 (Al/t)) = le 1, (f

- n22

a ),1 (Vz (Au)) - f,l,z (Vz(Au))
y (logn)/1 1.2 2
[e ,

- —_— u)=V, ,(Au
— 7 S e+ y, M ’

yle(logn)l 1.2

A
Logn)™ 5
— [e 1, (E

A
— yn,Z [e(logn) 12

V,(Au)) = £, ,(V, (Au))

j/[e(logn)ﬁ' 12

1 [e(log")i] 1 k
- —— > AV, (Au)
- 7/,1,2 k=n+1 (k + 1)7k,l j=n+1

[e(logn)}L 12

y[e(log")l 12

(V,(Au)) = £, ,(V,(Au))

A
_ (logn)
[e 1.2
}/[e(IOgn)ﬂ]’z n2

A
(logn)
Le ] 1 k c

Va2 k=ntl (k+ 1)7k,1 j=n+l Jlog jlog(log j)

1

—+

/4

[e(logn)l 12

7/[8(10gn)}b 12

< (0

A
— ]/”’2 [e(logn) 12

V,(Au)) =1, ,(V,(Au))

}/[e(logn)}L 12

log(logle™*"" 1)

+C, lo
108 log(log n)
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for some C, > 0. Taking limsup of both sides of the inequality above as n — co, and using that

we get

Since (u,) is logarithmic summable of order 2 to s, we

' A
(logn) 2«
[e 1,2 <

_]/n,Z _/1_1

limsup

n—0

2

[e(logn)}L 1.2

limsup(V, ,(Au)— £, ,(V,(Au))) < % t4 togm? V,(Au)) = £, ,(V,(Au))) +C, log A.
- [e 1,2

n—o0

have (7, ,(u)) is convergent to s. Because of regularity of n—ee

the (/,2) summability method, (7, , (1)) is (£,2) convergent
to s. Therefore, (7, ,(V,(Au))) is convergent to 0.

Hence the first term on the right-hand side of the limsup(V, ,(Au)—/ , ,(V,(Au))) <O0.
inequality above vanishes and we obtain n—o0 ’ ’

limsup(V, , (Au) — £, ,(V, (Aw))) <C, log A.

62

After taking the limit of both sides as 1 — 1", we get

(11)

On the other hand, from Lemma 12 (ii) and the hypothesis nlognlog(logn)AV, ,(Au) = —C for some C > 0, we

have

4 s
e(lo n)
V,2(8u) = £, ,(Vy(Au)) = — 2 (0, (Vy(Au) =0 (Vy(Aw)))
le 1,2

7/"’2 y[e(logn)/l 12

1 L 1
+ —(Vn (Au)=V,_,(Au))
Vor—V 2 (k+Dy, "

)
ellogm™ | 5 kagellosm” 1

7/[6(10gn)'1 12

= (L, VyAup =t (V,(Auw)))
yn,2 - [e(logn) 1.2

[e(logn)]“ 12

1 & 1 k
+ Z k+1 Z AV, (Au)
[e(logn)i]’z _7}1,2 k:[e(l()gn)l 11 ( + )]/k,l Jj=n+l1

7/[6(logn)]L 12

> (0, (Vy(Au))— ¢
7/,,,2 - [

] 2(VZ(AM)))

A
J(logn)
e
y[e(log n))“ 12

1 L 1 k C
- 7/11,2 k:[e(k)g")l " (k + l)yk,l Jj=n+l .]log ]log(log .])

[e(logn)/1 12

7/[8(10gn)]L 12

> L,V (Aupy -0 (Vy(Aw)))
yn,2 - [e(logn) 1.2

[e(log ”))’ 12

log(logle"="" 1)

—C lo
log(log n)
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for some C, > 0. After taking liminf of both sides as n — oo, and using that

Y 2
[e(logn) 12 > ﬂ

liminf 2 )
n—o0 7/11,2 - y[e(logn)/l b 1-4
we get
A
liminf (V, ,(Au) = £, ,(V,(Auw))) = ) (0, ,(V,(Au))— ¢ ogny’ (V,(Au))) —C, log A.
n—>ow - [e 1.2

Since (£, ,(V,(Au))) is convergent to 0, the first term on the right-hand side of the inequality above vanishes and we
obtain

liminf (V, ,(Au) = £, ,(V,(Au))) =2 C,log A.

n—00

Taking the limit of both sides as 4 — 17, we get

liminf (V, ,(Au) - £, ,(V,(Au))) 2 0. (12)

n—0

Combining (11) and (12), we obtain lim,.V,,(Au) =lim,. £,,(V,(Au)) =0. By Theorem 5, we obtain
limy—e u,= limy—e Z,I,z(u) .

Proof of Theorem 9

From Lemma 12 (i), we have

4 logm™ | 5

0

A
_ 7/’1’2 le(logn) 12

V() =12, ,(Vy(Au)) = (V,(Au)) = £, ,(V,(Au)))

7/[e(logn)}L 12

A
(logn)
1 le I 1

- ———— V. ,(Au) =V, ,(Au)),
_7n,2 k=n+1 (k+1)7k,1 ‘2 ?

[e(logn)ﬂ' 12

and

[e(log”)/1 12

¢4

A
~Vua 1F 02

V.,(Au)—1, ,(V,(Au)) < V,(Aw)) -1, ,(V,(Au)))

j/[e(logn)l 1.2

A
(logn)
1 e

- ——— min (V,,(Aw)=V, ,(Au))
_yn,z k:zml (k"'l)]/k,] ,,<k56(10‘gl1))b o ?

7/[6(10‘%")/1 12

Y (logm*
[e ogn) 12
< (¢ . VL(Auw) -1, ,(V,(Au)))

_}/n,Z [e(logn) 1.2

}/[e(logn)}L 12

— min (V,,(Au) =V, ,(Au)).

n<kSe(10gn)
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After taking limsup of both sides as n — oo, we have

7/[6,(logn)/1 12

limsup(V, ,(Au)— £, ,(V,(Au))) < limsup

n—»0 n—>0

it

A
_ 7/'1’2 [e(logn) 12

(V,(Au)) = £, ,(V,(Au)))

]/[e(logn)]L 12

— min (Vk,z(Au)—Vn,z(Au))]

n<k£e(10gn)

7/[6.(10g”)/1 1.2

¢4

< limsup toam?
_7n,2 le ¢ 1.2

n—o0

V,(Au)) =1, ,(V,(Au)))

7/[ e(log ’l)l 12

+limsup [— min  (V,,(Auw)-V,, (Au))J

e n<k£e(10gn)

A
< lhmsup(f[e(bwm v, (Aw) ~ 1, (VZ(AM))j

- n—0

+limsup L— min  (V,,(Aw)-V,, (Au))j .

no® n<k£e(10gn)

Since (4, , (1)) converges to s, the first term on the right-hand side of the equality above vanishes and we obtain

limsup (V, ,(Au)— £, ,(V,(Au)) < —liminf min (V,,(Aw)—V, ,(Au)).

no® e n<k£e(l°gn)

After taking the limit of both sides as 1 — 17, we get

liminf (V, , (Au) =1, ,(V,(Au))) 2 0. (13)

n—0

On the other hand, from Lemma 12 (ii), we have

e 2

e(lo n)
V(M) =0, (V, (Au)) = — 112 ORUAGENS
[e

o V(A
n.2 B (logn)i ¢ 12
[e 12
1 1 1
+ > T(Vm2 (Au)-V, ,(Au))
Vn2 _7[e(logn)/1]2 k:[e(logn)l ]+1( +Dy,,
V4 (logmy™*
[e ogn) 12
> 0, ,(Vy(Au))— 1 2 Vo (Aw)))
Vo~ e )2

7/[6(104‘4");t 1.2
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1 . 1
+ ———— min (V,,(Au)
}/n,Z - }/ Z (k + 1)7k’1 e(logn)ﬂ' <k<n ’

2
elogm” | 5 k=ellosm” 1

— Vi, (Au))

y[e(“’g”)ﬂ 12

> (1> (Vy(Au))—
yn,2 - [

] 2(V ,(Au)))

A
(logn)
e
}/[e(logn)l 12

+ min (Vn,z (Au) _Vk72 (AM)) .

e(logn) <k<n

After taking liminf of both sides as n — o0, we get

7/[(_,(10g”))b 1,2

?/n,Z_j/

[e(log”)l 12

timinf (V, ,(Aw) = £, ,(V,(Au))) > liminf

n—>0 n—0

(gn,z (Vz (Au)) - E[ ( )A | 2(V2 (Au)))

logn

+  min (Vn,z(Au)—Vk,z(Au))J

A
g(logn) <k<n

y[e“"g")/1 12

2 liminf
n—o 7/n 2= 7/

logn)
[C(logn)]L 12

(£, (V,(Au)) - EI - 2(VZ(AM)))

+liminf ( min (Vn’z (Au) _Vk,z (Au))j

n—oo
e(IOg") <k<n

>

liminf ((ﬂn,z WV, (Au)) -1

1-4 now

1]2(V2(Au)))j

(ologm

+liminf [ min (anz (AM) _Vk 2 (Au))J .

n—»o
e'(l()g n) <k<n

Since (7, , (1)) converges to s, the first term on the right-hand side of the equality above vanishes and we obtain
liminf (V, ,(Aw) =, ,(V,(Au)) = liminf ~ min  (V,,(Au) =V, ,(Aw)).
Nn—>»0 n—>0 E(logn) <k<n
After taking the limit of both sides as 4 — 17, we get

liminf (V,,(Au)— £, ,(V,(Au)) )) > 0. (14)

n—0

Combining (13) and (14), we have lim,.V, , (Au) = lim,.., , (V,(Au)). Hence, we obtain that lim—.#, = S.



6. Conclusion

A convergent sequence is both logarithmic summable of
order 1 and 2 to the same limit. But the converse of the
both statements are not true in general. Our main results
in the present study answer the question under which
conditions logarithmic summable sequences of order 1 or
2 are convergent, and improve some classical Tauberian
theorems.
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