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Abstract

In this paper we prove some theorems on simultaneous approximation by trigonometric or algebraic polynomials in
Orlicz spaces constructed by Young functions belonging to a reasonably wide class.
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1. Introduction

The problems of approximation by trigonometric/
algebraic polynomials in classical Orlicz spaces were
investigated by several mathematicians. Tsyganok (1966)
obtained the Jackson type inequality of trigonometric
approximation. Kokilashvili (1965) obtained inverse
theorems of trigonometric approximation. Ponomarenko
(1966) proved some direct theorem of trigonometric
approximation by summation means of Fourier series.
Cohen (1968) proved some direct theorem of trigonometric
approximation by its partial sum of Fourier series. On
the other hand simultaneous approximation of functions
by trigonometric/algebraic polynomials in the classical
Orlicz spaces were proved by Ramazanov (1984) and
Garidi (1991). In these results the generating Young
function of Orlicz spaces is convex. When the generating
Young function satisfying quasiconvexity condition,
similar problems were investigated in Akgiin (2012),
Akgiin (2011), Akgiin (2016), Akgiin & Israfilov (2011)
and Israfilov & Akgiin (2010).

Present work deals with central problems of
approximation by trigonometric/algebraic polynomials
in Orlicz spaces having non convex generating Young
functions. First of all we give basic definitions and

notations.
Let ¢:[0,00) — [0,%0) be a right continuous, monotone

increasing function with f(0)=0; lim f(#)=c and
f () >0 whenever ¢ > 0; then the function defined by

4

O(x) = [ f(t)dt

is called N-function (Krasnosel’skii & Rutickii, 1961).
The class of strictly increasing functions will be denoted
by ®. When ¢ is an N-function (Krasnosel’skii &
Rutickii, 1961) we always denote by (1) the mutually
complementary N-function of ¢@(u). Let ¢(u) be an
N-function. We shall denote by L, the class of real-valued
functions, defined on [ == [a,b] < R such that

p(u;gp) = Iigo“u (x)‘]dx < o0,

The classes L, are called Orlicz classes. The class of
measurable functions f'defined on 7 such that the product
f (x) g(x) is integrable over (a,b) for every measurable
function g € L,,, will be denoted by L; which is called
(classical) Orlicz space. We put

[£1:=1£1, =sup|['s (x)g(x)dx‘

where the supremum being taken with respect to all g
with

p, = p(g.v) = w(lgCohdr<l.

Now we will give definition of another class of
functions (Chen, 1964) that is wider than the classical
Orlicz spaces L,. The wider class will be denoted by L
and the generating function ¢ of L is not necessary to
be convex (Chen, 1964). We set —o < p < g <o and we
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denote by Y [ P.q ] the class of even functions ¢ € @ defined
on (—0,00) satisfying the following two conditions

(1) (p(u) /u” is non-decreasing when |u| increases;
(i1) (p(u) /u? is non-increasing when |u| increases.

When p < g we will denote by YV (p,q) the class of
functions ¢ satisfying p et [p +&,q —5] for some small
numbers ¢,6 > 0.

The notation @(x) ~[ Dy pz], 0<p <p,<o (or
similarly —oo< p, < p, <0) will indicate that for non-
negative even function ¢(x), the function ¢(x)-x " is non-
decreasing and the function ¢(x)-x " is non-increasing
when x is increasing in (0,00).

Let ¢(x) ~ [pl’p2]’0 <p<p,<wand ) =p@)/1.
We suppose that ¢, (1) > as t — oo, and ,(¢) be the
inverse function of the positive non-decreasing continuous
function ¢ . Defining as

D, (x):= jigol (®)dt and ¥, (x) := j.l//1 (t)dt

we get that @ is a convex function and the functions @ ,
¥, are complementary functions. By L) we will define the
set of functions f(x), a < x <b, such that the product f(x)
g(x) is integrable over (a, b) for any g € L, . In L] one can
define a norm as

,» (LD

Hﬂby=ﬂﬂbw>:s?offcogumﬁ

where the supremun being taken for all g satisfying
b
p(g. W) =¥, (sxhdx<l.  (12)
Namely
b
L= {f [a.b] > RI [ f(0g(x)dx <o forall g e L, }

For fel],ge L, the generalized Holder inequality
(Chen, 1964)

<t e, o

[ £

holds, where

||g||M ::inf{k >0:p(%;wlj31}.

There are several important classes of N —functions.
Among other things, these conditions relate to the growth

of N—functions. Let ¢ be an N—function. Then ¢ is said
to satisfy the A, doubling condition (in notation: @ € A,)
(Chen, 1964); namely, there is a constant C >0 and x, >0
such that ¢(2x) < Co(x) for all x> x,. An Orlicz class is
linear if and only if it satisfies the A, doubling condition
(Krasnosel’skii & Rutickii, 1961). Then the above defined
function classes L,, L, and L] are identical (Chen, 1964).
In general the class I is wider than L, and L preserves
the same properties of L:,. In the class E; the function ¢ is
not necessary to satisfy the convexity condition.

Ramazanov (1984) has obtained Jackson type theorem
for the functions in Orlicz spaces L. For further results
see e.g. Akgilin (2012), Akgiin (2011), Akgiin & Kog
(2012) and Akglin & Kog¢ (2016). Later Garidi (1991)
extended the results of Ramazanov and proved Jackson
type theorem for derivatives in the space

L;’::{feL’;lf(’)eL’;}.

But there are functions in L or I that does not
belong to the class I, or L ..

For example taking as ¢)~<2,3>, (/)(x) =x" for
0<x<I, ¢(x)=x"" for x>1 we have that (Chen, 1964)
@ is not a convex function. There exists (Chen, 1964)
a method to find such functions. The main aim of this
paper is to consider the simultaneous approximation by
algebraic/trigonometric polynomials for functions in the
Sobolev type space.

For a=—x and b =7 then we will use the notations
L, . and L. For the simplicity every where in this work,
the constant ¢ will denote different positive real number
in different places.

L=t f.f" e L,

g . (r) ok *
L ._{f.f,f eLW\LM}.
Our main results are the following.

Theorem 1.1. Let 1< p<g<w, peY(p.q), r=1,2,3,...
and v=0,1,2,....,r. For any feL)" there exists an
algebraic polynomial P of degree n such that

) <co,_, ., (f(“),l/n)

holds for any integer n>1 where c is some constant

Hf(”) _P(U) <

depending only on r and ¢.

Theorem 1.2. Let 1< p<g<w®, pe Y(p,q), r=12,3,...
and v=0,1,2,...,r. For any f eLf;;:
trigonometric polynomial T of degree n such that

there exists a



<cw

Hf(“)_ ru(q))(f(l))’l/n)

(o)

holds for any integer n>1 where c is some constant
depending only on r and ¢.

In these theorems @ denotes r-th modulus of

o)
smoothness which given in (2.3).

2. K — Functional and modulus of smoothness in Lf;

Suppose thatr =1,2,3,...,v=0,1,2,...,7,t>0and f € L:‘”.

We define

2.1)

-1
?) Z(; (o)
and K-functional by

Kﬁw(f,t)::inf{||f—g||u‘<¢>+; g<r)HU,<¢>; geL™ } 22)

For >0 and
I = [a,b—h] O0<h<b—-a
ST Jh>b-a
the expression

r

A:(f,x):z

i=

O (-1)" (: j f(x+ir)

brh
(S _Pﬂ’x)H<¢>[a,bfrh] - sup{ J-

gely, | 3

b—rh
=Ssup

a |1=

/_/_\

r r b—rh
(‘ I‘f x+lh
0

r (r b—rh
< (l]{sup J. ‘f (x+ih)—P

i=0

J .ro(—l)”(g(f—l’n)(xﬂh)

j\f (x+ih)— P, (x+ih)||g (x)
:)‘f(x”h) P, (x+ih)||g(x)|dx:g €Ly .p(g.¥,)<1
> (x+ih)||g (x

x+zh Hg
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is called r-th difference of the function f.

For the empty set &, we define |H|<W>(®) =0.For feL,

we define its 7-th modulus of smoothness as

0] <¢>(f,t)=sup A;(f,.)
0<h<t

. 2.3
(2)(In) 2:3)

Remark 2.1. The modulus o, ( f, t) possesses the
following usual properties:
(1) o, (f t) is a monotone increasing function of tand

10(/:0)=0
() Foranyf el o, (f 1) > 0ast—0iff p function
sastisfies A, condmon

B) IffeL,)  thenaw,, (f,t) <t'w,, (f(") ,t).
4 o, (f nt)<n’ o, (f t) for any non-negative
znteger n.

Theorem 2.2. The function ¢ satisfies the A,-condition if
o (f:1) =0

and only if “'for given any positive znteger 1o,
holds true ast —0 for every f € L.

Proof of Theorem 2.2. Suppose that ¢ satisfies the A,-
condition and that P, (n=1,2,..) is a sequence of
polynomials which convergence to f € L. As in Garidi
(1991) for 0 < h < =4 we have

! (f—ﬂ,x)g(x)‘dx:p(g,‘l’,)gl}

‘g(x)‘dx:g €L, p(g.¥))

IN
p—
—

‘dx:geL\Pl,p(g,‘Pl)Sl

- Z(JH f(x+ih)-P, (x+ih)H<¢>[a’b7m] .



21 Simultaneous approximation by polynomials in Orlicz spaces generated by quasiconvex Young functions

Since the space is invariant under translation, writing x+ih=uand 0<i<r,a<x<br—h,a < x+rh <b we obtain

A(S) A(f =B )+ AL (R )

‘<<ﬂ>[a b=rh]

‘<¢>[a,b_rh] -

h h
S CAUALAY L LA CAD
2N =Pl (A7 By
Therefore we have
‘Af (/) ‘<‘P>[a,b—rh] szl -k (ollebri] ‘ A (B) ‘(fﬂ)[a»b*h] =&

Proof of Theorem 2.3. First, let us prove the lower

Thus, @_, . — 0, as n —> oo since

(0
! estimate. We will follow the method given in (Garidi,

Ca, (f) <é&. 1991). ForO<v<r, f e L’;*” and any g € L’Z”’“, from the
roperty (3) of @ ,t), we obtain
The opposite way of Theorem 2.2 is easy. property (3) o) (/1)

Suppose E — L, for suitable # >0, we introduce the 4, . ( £, t) <o, ( £ g,t) ro,_,, (2.1)

o,

following best degree of approximation ) (r-s)
<2 a)ov@(f —g,t)+t a)oy<¢>(g ,t)

<¢>)'

ct'e, . (F0) <k, (). eo

po(r Byl —el,. @9

< c(“f(“) - g”w> +1""|g

Theorem 2.3. Suppose that r =0,1,..., v=0,1,...,r, >0

d L. Th . . .
and f €L, en Since g is arbitrary we have

ar'o, ., (f(“),t) <K', (f1)<ct'o,, (f(“) ,t) (2.5)

where the constants ¢, and c, are depending only on r

and . and forfelZ‘”,i:O,l,...,u—lthere holds
v—t (1) _ . (1) _ r—t (1‘4) . **,(r+t)—2t)
KH#, (f ,t) =inf {Hf g ot/e) +1 7 |g stlp) g€ L(p }
> @+ (1) r=t || (r-t) X o (r+0-21)
>inf {IH f g ot1le) +1' 7 ||g otile)” gelL,

> ¢.inf {H g e L**,(Huz,z)}

4

e H At
)

v-t-1{p v-t-1{p)

=t.K""! (f(”l) ,t).

r—t-l,p (27)
From this recurrence formula, we obtain Now, let us prove the upper estimate. For =0, in
view of Ky, (f.1)=|f],., =@y, (f:1). the conclusion

v v 0 (v) 0.0 \J > (p) 0(p) \J 2% )>
Kr,fp(f’t) 21 'Kr—v,co (f ’t>' (2.8) " of Theorem 2.3 is obvious. In the following, we

Thus, from (2.6) and (2.8), it follows the lower always assume that 7 >1and f € I*". First, we suppose
0<tr<Z¢ and we define

estimate. 2

ct’ @, (f(”),t) <K, (f.1).
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I, :{a,a+3(b_a)}, I, :‘:a+b;a ,b:l, I,=1,N1 :|:a+b;a ,a+3(b_a)},

4

8 (x):f(x)th’j....j-(—l)r+l A (f.x)du,..du,, xel,,

t t
81(x I I m — f x)dul du, , xel|.
0 0

Suppose | ¥, (v(x))dx <1. Then fori=0.1,....r, we have
Iy

It

I(f(i) (x) — g(()i) (x))v(x)dx

- j ...j.A;lt_ﬂr (f(i) ,x) du,..du, jv (x)dx‘
0 0

IO
t t )
= t”I...I A (f(l),x)v(x)dx du,...du,
0 0\,
t t
<t [ [, (£ r)du,..du
0 0
_ () r (@)
_a)r<¢>>(f rt)Sr a)r<¢><f ’t)
Hence
(0) _ () r () v-i ()
Hf 8o H((p)(lo) <r a)r,@ (f ,t) <ct a)rfu?<¢7> (f ,t), (2.9)
By simil t t flg N <o ) 2.12
y similar arguments, we ge £ o) ct a)r_u’<¢> ). (2.12)
Hf —g1 o <ct” ia)rfu’@> (f(u),t), (2.10) Let us take a function ¢(x) with ¢(x)=0 for
xela,a+t], p(x)=1 for xe[a+@,b] and go(i)(x)‘SC
() ISy () ear (40 fori=0,1,...,2r, xe[a,b]. We extend g, € L, (1, ) and
! ‘go {o)(1s) ;( ) (j]] i (f ") i) g, € L (I,) according to g, g, € L;;"* (This is possible

by a method of Ramazanov (1984)). Let

e (0 (v)
= [jjj wr,<w>(f ]t)<Ct @, v,<w>(f ’t) (2.11) g(x):=(1—(p(x))g0(x)+¢(x)gl(x). (2.13)

Jj=1
and Then, fori=0,1,...,r +v, we have
8" (x)=(1-0(x)) 8" (x) +o(x) 8" (x)+ 20" " (x) (81" ()~ 1" ()) (2.14)
=0
hence, fori =0,1,...,r + v, from (2.9), (2.10) and (2.14), we have
A H ot 5 @i (£1): @13
Hf(i) ~8 H (1-1) Hf ¢’>(1—11) SCtUiiw’—UK@(f(U)’t)’ (2.16)
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16, 55

+CiHé7f” gy
=0

o) 7= ‘(i)me

(o)(12)

<o, (f(“) ,t) +c 2(”fm _ g
=0

<’/’>(11) j

o) |7

<o, ( £ ,t). 2.17)
Fori=0,1,...,r from (2.9) to (2.14) and Lemma 1a in Ramazanov (1984), we deduce
(r+i) (r+i) (r+i)
I, < C( A TS L T
S oD () o) () — o)
S -,
(r+i) (r+i) _
: C(Hg‘) ) I8 Ny ™ ls.-&: ”<‘/’>(’z)j
(r+i) (r+i)
= c(”go (o)1) +H81 (o)1) +r - go”(@(lo) +f - g1||<(p>(ll)j
<ct” o, (). 2.18)
Hence using
Mo =Moo+ Mln
from (2.15) to (2.18), for 0 <7 < 2= we have
v r|l () v (v)
K:o(F0)<[F =gl +t Hg vy S0 (). 2.19)

On the other hand, for any s >1 we have

K2, (f.51) 57Kz, (£.0).

Hence, from (2.19) and monotonicity of t“a)ww> ( f ©) ,t) , we get

Key (fost) <57 et o (F0) < (570 (s1) @y (£ s1).

Thus, for 0 <t <b—a, we have

K:'),(P (f’St) < Ctua)r—u,<¢> (f(U) st) (220)

where ¢ is a constant depending on » only. Obviously,
P c L™ and for any p(x)eP_ and i=0.1,..0,
p""(x)=0. Hence, for r =1, K", (f.t)< p,,(f.P.)-
Thus, by Lemma 2.4 given in below, we can easily prove
that Theorem 2.3 is also true for # >b—a. Now the proof
of Theorem 2.3 is completed.

Lemma 2.4. Suppose that r =1,2,...and v =0,1,...,r, then

forany f e} andt>b—a,we have

pr,(p (f’P,«_l) < Ctua)r,u’<¢,> (f(v) ,t)

where P._ is the set of all algebraic polynomials of degree
r—1and c depends on r and ¢ only.

Proof of Lemma 2.4. From the first part of the proof
of Theorem 2.3, it follows for f € L*" that there exists
g € L™ such that



g(r)

(b-a) T (b-a)

r=1 (i
Like in Garidi (1991) we set p(x) = ¥ £ (x -
i=0

()= p Y () -

¢

Thus, fori =1,...,r, it is easy to see that

= sup

v{¢)(b-a)
a)i € P_,.Then fori=1,...,r and x €[a,b], we have

_ ()(t))dt
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<c(b-a) @, (f(“),b—a). 2.21)

= (o)) ar <[ - ﬁ””w 1., -

j(g“-‘)(x)—p“-”<x>)v<x)dx\

o) plvrpstfs

<|s - H I, sup Ilv(x)|dx

=l I, e -7, <

Hence, for t >b—a, we can obtain

v.(o).t

{ U
S{(bi@] |

t 1%
< C((b - a)} {”f N g”w(tﬂ%(b

In view of (2.21), (2.22) and the following inequality

(b—a)’ comw(f( V) b a)<t o U<¢>(f(“),t)

for ¢t > b —a, we complete the proof of Lemma 2.4.

Corollary 2.5. Suppose that L is a bounded linear operator
from L) to L and ||L||u,<(p> <c,. If for any g e ;""" the
inequality

s =L(8)l,,,
holds, then for any [ € L[/,
|-

<c0 ‘

v{p)

, we have

) ve) SO, (f(U)’t)’

+(b—a)r

ctr-as" 5],

vp)t

(r)

8

@;W’}

+(b-ay [¢"]], (w+1)

o) (b- a)}'

and ¢ depends on r and

ba‘

(2.22)

where ”L”U,@, = sup ”L ||u5<go>

171, 4o
@ only.

3. Proof of the main results

For the proof of the main results we will need the following
Lemmas.

Lemma 3.1. Suppose that Iz[a,b] and J=[C,d] are
closed intervals such that I — J, r =0,1,..., and f(x) is a
function defined on 1. We extend f(x) from I to J by the
following formula
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J(x)
%al.f<a+2"i Z%Z(a—x)) ,X€E [c,a)

, xe[a,b]
fi(x)=

izé)ﬂ,.f(b—Z’ ta(x-b)) ., xe(b.d]

where {a,} and { B} are real numbers which satisfy the
following conditions

o (2t) =1 2 a(27 ) =L j=00r

Then fori, j=0,1,...,r,t >0 and any f eLZ'i,we have
(1) (1)
;o (1) S €@, (£11).

where ¢ depends on r, I and J.

The proof of Lemma 3.1 can be done by using the method
of that Lemma in Ramazanov (1984) and Theorem 2
(Ramazanov, 1984). Let P, be the set of all algebraic
polynomials of degree .

We take 4, (1) € P, such that

1

4r

A,(t)de=1.

3.1)

Let

(3.2)

|7 ()0 (1.)

where ¢ depends on r only.

<ciw
() {

(v) 1 1-4r+v
,u,<¢7> (f 7;]+n

fpn(f):=i(—1)k+l[,’;jl<n(é]/k- (3.3)

k=1

If f(x) is a function defined on [-1,1], we extend f(x)
to [-2,2] by using the method of Lemma 3.1 and denote
the extended function of f(x) by £ (x).

Let
2

©,(f.x)=[ (), (t-x)dteP,, (4

-2
F(x)= If(t)dt.
0
Assume that O, (x) is a r-th interpolation polynomial
of F(x) with interpolation nodes -1+, i =1,2,...,r.
Set ¢(f.x)=Q (x). We define an important

polynomial as following.

Ln(f,x)=q)n(f—q(f),x)+q(f,x)ePn, n>1. (3.5)
Lemma 3.2. (Yiqun, 1984) Suppose that r,n=1,2,... and
i=0,1,....4r = 2. If the K, is defined by (3.2) then satisfies

4 .
[ &, (r)dt <cn™, (3.6)
4

K (1) <en', 1 e[-3.3)/ [—1 ,1} (3.7)
r r

where ¢ depends on r only.

Lemma 3.3. Suppose thatr =1,2,...and v =0,1,...,r. Then
for the linear operator ®, which defined by (3.4) and any
fe lf(;” which has at least U zeros on [—1,1], we have

() }

f(U)

Proof of Lemma 3.3. Following the arguments in Garidi (1991) let

Ei,x :|:—2'—X’2—'X:|/(__’_
1 1 r r

then, we have
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Therefore

‘f(v)(-)_q)g))(fa-) (o) S‘ _Av(: )(f")H<¢>> +‘B’(’U)(f’.)H<¢>'

Assume that g € I,""” and g is the extended function of g from [-1,1] to [-2,2]. Then, it follows that from (3.1),

1

g ()= A" (g.x)=(-1)" [ &7 (2" x) K, (1)dt, i=0,1,....v.

1

Fori=0,1,...,0, from Lemma 3.1 and (3.6), we have

Sc”

—11] (o)1)

I | K, (t)dt <cn” Hg(”r)
Hence, forr =1 and any g € Lq, , we have

le ()4, (2, <c( j

On the other hand, for f € Lf:”“ [—1,1] andi=0,1,...,0, we easily get

(3.8)

o, oS f e s s wa
K (¢)
<o, ¢ s {ZI( ) Of (x+ jo)K ()dt}v( )

Y
<¢7>+/Z.;(jj'[{ Sup1

1+ jt

[ A )v(y=jt)dy

—1+jt

}Kﬂ (r)dr
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1

<[ (x) +;{; ] jl {p(f,‘if’)gu Ao 11]} (¢)dr
il |
stU)( +ch0 [22]len(t)dtSc‘ (0 .
Thus, we obtain
[4,CF N, ) DNy £ 257 [=01]

which implies

4], <. (n=12...).

(3.9)
(3.8), (3.9) and from the corollary of Theorem 2.3, for £ ¢ L [_1 1]
Q=AM <o L] o[ £
: Moty =7\ ) Trde) n)
Therefore, it follows that
) @ 1
Hf (f )H@> <cw, ., 1, (f n} (3.10)

In addition, in view of

i=0
and

.

{(N][ (- f><z>z<,5f>(2;"]—

from (3.7), we can obtain

J

1

I{EI fo x+lt)K ( )dt}v(x)dx

fo(“)(erit)Kn(t)dt = sup

p(v.¥))<1

(o) !

1+it
< I{ sup J. N (y—it)dy}Kn(t)dt
E; . p(v ¥ ) —1+it
(v) 1=4r || (V)
<c| £ (ol22] EI X K, ()dr<en™ 17 s
<cn™ | FV " (3.11)



Thus, by the assumptions, we have that /@ have zeros H f(i)
on[-1,1]fori=1,2,....,0—1.

] el

Suppose that the zeros of /@ are ¢; fori=1,2,...,0—1.

Then, for x € [—2,2] , we have Thus for x € [_2’2] > we have

‘fo(o ( x)‘ < c” f(”])H@ < < CH £

‘fo(i) (x)‘ _ ‘Ifo(m) (t)dt < j“fo(m) (x)‘dx

Therefore, for j=0,1,...,0-1
i+1
< Hfo( +1)

(i+1)
(P)-22] ”1”<‘*’1> = CHf

Hence, it follows that fori=0,1,...,0—1

(o)1) o

A (2)<e

()

By using (3.7) again, we get

g{(_%jm [ £ (2) kD (2 : X j - (=2) kY (_21-_ XHH

Hence, we have

(G

fo(u—l—j) (2) KU (2_xj—f0(u_l_j) (_2) K(,»)(—2.—XH}

1-4r+v

f(U)

<cn .
(®)

From (3.11) and (3.12), we obtain

HRi(U) ()H <cn~h

(v)
(®) /

(o)’

Therefore,

H B’(IU) ( f")H@ < eplAr

From (3.10) and (3.13), we can complete the proof of Lemma 3.3.

Lemma 3.4. Suppose that r =1,2,...,0=0,1,...,r and q(f,x) is the same as above.

e i s 7]

Hf(U)(')_q(U)(f")

where ¢ depends on r only.

- Then, for any f € L)', we have
P,

=kl o-a o, (70.0-)

Proof of Lemma 3.4. Assume that Q(x) € P_,. Then, by using Lemma 2.4, we obtain (Garidi, 1991)

f(U) (')_q(U) (f")H<¢> = Hf(U) _Q(U)H<¢> *

q(u) (f _ Q")H<¢,>
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(o)[-11]

, fo(u_l_j) (—2)‘ <c

,i=0,1,....,0—-1.
()

f(U)

(o)

(3.12)

(3.13)
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s{e-ay a1 -
gc{

Proof of Theorem 1.1. Suppose that v =0,1,...,r for x € [—l,l]. By the Markov’s inequality, we have

v{p)(b-a)

- )U} D,y 1) (f(u) ,b —a).

4 (/-5 e mayla(/-0)l=e mayle (] <e mayfo. () o

By using Lemma 4 in Yiqun (1984), we obtain

cmsfo (= ()

j £t

1
= C_Uf () ax<elfl, My, <clrl, - (3.15)

From (3.14) and (3.15), it follows that

) ©
o 7, <l o,

By Lemma 3.3, Lemma 3.4 and notice that ¢( f,x) is a polynomial of degree r —1, (see for example Garidi, 1991)
we have

<c

7020 (7, =1 0= (7.)-0 (£ a(£).)

()
<clw g 1 i
R A G (o

(v) 1 1-4r+v (v)
= c{wr—v@ (f ,;j+n @r-v (o) (f ’2)}

v 1 —4r+v r—v v 1 . 1
< c{a),u,@ (f( ),;)+n1 v (2n) O, 101 (f( )’;j} <co_,, (f( )’;j_

Proof of Theorem 1.2. From chapter 4 in Lorentz (1966), 1Y
- ists (R s ()-8, <€
it follows that for r =1,2,..., there exists {Kn (t)} T, n v {p)k n
such that 7, is a trigonometric polynomial of degree n,

(9)

f(v)(')_q(v)(f’.)

g , geL’™ (3.19)

vle)s

we have L, olo) <c, n=1,2,.... (3.20)
J. [{'n ( t) dr=1, (3.16) Hence, for any f € L™, by the corollary of Theorem
- 2.3, it follows that

z
J‘ i
-

Let (Garidi, 1991)

L(f.)= [ {F )+ (1) & (£ 0K, (i €T, G.18)
| I 9 0-2(s.)
By similarly reasons as in (3.8) and (3.9), from (3.16)
and (3.17), we easily prove

K, (t)|dt<en™, i=01,...r. (3.17) 1F()-L,(£.)

1y o 1
s =[] 0o [ 717

Therefore, we can obtain

w 1
<cw ,— |
O B (f n]




4. Conclusion

In conclusion, in this paper we gave definition of another
class of functions (Chen, 1964) that is wider than the
classical Orlicz spaces L. The wider class denoted by L]
and the generating function ¢ of L*; is not necessary to
be convex (Chen, 1964). Then we proved some theorems
on simultaneous approximation by trigonometric or
algebraic polynomials in Orlicz spaces constructed by
Young functions belonging to a reasonably wide class.
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