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ABSTRACT

Einstein like (¢)-para Sasakian manifolds are introduced. For an (g)-para Sasakian
manifold to be Einstein like, a necessary and sufficient condition in terms of its curvature
tensor is obtained. The scalar curvature of an Einstein like (¢)-para Sasakian manifold is
obtained and it is shown that the scalar curvature in this case must satisfy certain
differential equation. A necessary and sufficient condition for an (¢)-almost paracontact
metric hypersurface of an indefinite locally Riemannian product manifold to be (g)-para
Sasakian is obtained and it is proved that the (¢)-para Sasakian hypersurface of an
indefinite locally Riemannian product manifold of almost constant curvature is always
Einstein like.

Keywords: Einstein like (g)-para Sasakian manifold; indefinite locally
Riemannian product manifold.

INTRODUCTION

Sato in 1976 introduced an almost paracontact structure on a differentiable
manifold, which is an analogue of the almost contact structure (Sasaki, 1960;
Blair, 2002) and is closely related to almost product structure (in contrast to
almost contact structure, which is related to almost complex structure). An
almost contact manifold is always odd-dimensional but an almost paracontact
manifold could be even-dimensional as well. Takahashi in 1969 studied almost
contact manifolds equipped with associated pseudo-Riemannian metrics. The
indefinite almost contact metric manifolds and indefinite Sasakian manifolds are
also known as (g)-almost contact metric manifolds and (¢)-Sasakian manifolds,
respectively (Bejancu & Duggal, 1993; Duggal, 1990). Also, in 1989 Matsumoto,
1989 replaced the structure vector field & by— £ in an almost paracontact
manifold and associated a Lorentzian metric with the resulting structure and
called it a Lorentzian almost paracontact manifold. In a Lorentzian almost
paracontact manifold given by Matsumoto, the semi-Riemannian metric has
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only index 1 and the structure vector field £ is always timelike. Because of these
circumstances, the authors in Tripathi er al. (2010) introduced (¢)-almost
paracontact structures by associating a semi-Riemannian metric, not necessarily
Lorentzian, with an almost paracontact structure, where the structure vector
field £ is spacelike or timelike accordingase =1 ore = —1.

In 1982 Sharma introduced and studied Einstein like para Sasakian
manifolds. Motivated by his study, in this paper we introduce and study
Einstein like (£)-almost paracontact metric manifolds. The paper is organized as
follows. Section 2 contains some preliminaries about (¢)-para Sasakian
manifolds. In section 3, we give the definition of an Einstein like (¢)-almost
paracontact metric manifold and give some basic properties. For an (¢)-para
Sasakian manifold to be Einstein like, we also find a necessary and sufficient
condition in terms of its curvature tensor. We also find the scalar curvature of
an Einstein like (¢)-para Sasakian manifold and show that the scalar curvature
in this case must satisfy certain differential equation. In section 4, we find a
necessary and sufficient condition for an (e¢)-almost paracontact metric
hypersurface of an indefinite locally Riemannian product manifold to be (¢)-
para Sasakian. Finally we prove that an (¢)-para Sasakian hypersurface of an
indefinite locally Riemannian product manifold of almost constant curvature is
always Einstein like.

2. PRELIMINARIES

Let M be an n-dimensional almost paracontact manifold (Sato, 1976) equipped
with an almost paracontact structure (o, &, 1) consisting of a tensor field ¢ of
type (1, 1), a vector field £ and a 1-form 7 satisfying

P =I-10¢& nE) =1, p&=0, noyp=0.

By a semi-Riemannian metric (O’Neill, 1983) on a manifold M, we
understand a non-degenerate symmetric tensor field g of type (0,2). In
particular, if its index is 1, it becomes a Lorentzian metric (Beem & Ehrlich,
1981). Throughout the paper we assume that X, Y, Z, U, V, W e ['(TM),
where I'(TM) is the Lie algebra of vector fields in M, unless specifically stated
otherwise. Let g be a semi-Riemannian metric with index(g) = v in an n-
dimensional almost paracontact manifold M such that

g(pX, oY) =g(X, Y) —en(X)n(Y), (2.1)

where ¢ = +1. Then M is called an (¢)-almost paracontact metric manifold
equipped with an (e)-almost paracontact metric structure (¢, &, 7, g, €)
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(Tripathi ez al., 2010). In particular, if index(g) =1, then an (¢)-almost
paracontact metric manifold is a Lorentzian almost paracontact manifold. In
particular, if the metric g is positive definite, then an (g)-almost paracontact
metric manifold is the usual almost paracontact metric manifold (Sato, 1976).
The equation (2.1) is equivalent to

gX, pY) =g(eX, Y) along with g(X, &) = en(X) (2.2)

Note that g(§, &) = ¢, that is, the structure vector field £ is never lightlike. An
(e)-almost paracontact metric structure (p, & n, g, ¢) is called an (¢)—para
Sasakian structure if

(Vo) Y = — g(pX, pY)& —en(Y) @*X, (2.3)

where V is the Levi-Civita connection with respect to g. A manifold endowed
with an (¢)-para Sasakian structure is called an (¢)-para Sasakian manifold. In
an (g)-para Sasakian manifold we have

V¢ = ep, (24)

DX, Y)=g(pX, ¥) =cg(Vx&, Y) = (Vin) Y. (2.5)

Example 2.1. Let R® be the 3-dimensional real number space with a
coordinate system (x, y,z). We define

o) =5 o) #@)-°
g1 = (dx)’ + (dv)’ - (d=)’,

g2 = —(dx)? = (dv)’ + (d2)”.

Then the set (p, &, 7, g1) is a timelike Lorentzian almost paracontact structure,
while the set (p,&,m,g2) is a spacelike (g)-almost paracontact metric structure.
We note that index(g,) = | and index(g,) = 2.

Example 2.2. Let R® be the 3-dimensional real number space with a
coordinate system (x, y,z). We define
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=dx — yd ==
n=dx—ydz, ¢ o’

DY o (DY__ 0 (9\__ o @
g08)6_’(’08y_(9)/’@82_82)/616’
g1 = () + (&) —n e,

g = (dx)* + (dy)* + (dz)* — y(dx @ dz + dz ® dx),
g3 = (dx)* + (dy)* — (dz)* — y(dx @ dz + dz ® dx).

Then, the set (¢,&,n) is an almost paracontact structure in R3. The set
(p,&m,g1) is a timelike Lorentzian almost paracontact structure. Moreover, the
trajectories of the timelike structure vector £ are geodesics. The set (p, &, 7, g>) is
a spacelike Lorentzian almost paracontact structure. The set (¢,&,1,g3) is a
spacelike (¢)-almost paracontact metric structure with index(g3;) = 2.

Example 2.3. (Tripathi et al., 2010) Let (M",J,G) be a semi-Riemannian
almost product manifold, such that

P =1JX,JY)=GX,Y).

Consider the product manifold M"” x R. A vector field on M" x R can be
represented by (X, f(d/dt)), where X is tangent to M, f'is a smooth function on
M" x R and ¢ is the coordinates of R. On M" x R we define

d d
=dt =— X.f—) =JX
n ;€ 7 @( ,fdt> JX,

g(<X,fjt>, (Y,h:lg) =G(X,Y) +¢efh.

Then (¢, &, n,g)is an (¢)-almost paracontact metric structure on the product
manifold M" x R.

Example 2.4. (Tripathi et al., 2010) Let R be the 3-dimensional real number
space with a coordinate system (x, y, z). We define

9Y_o  (9\__ 0 () _,
“\ox) ~ ax SDBy_ oy’ \oz) — 5

g = (dx)? + ¢ (dy)? + e(dz)?,
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Then (¢, &, 7, g) is an (¢)-para Sasakian structure.

For more details refer to Tripathi et al. (2010).

3. EINSTEIN LIKE (¢)-PARA SASAKIAN MANIFOLDS

We begin with the following definition analogous to Einstein like para Sasakian
manifolds (Sharma, 1982).

Definition 3.1 An (¢)-almost paracontact metric manifold is said to be
Einstein like if its Ricci tensor S satisfies

S(X, Y)=ag(X, Y)+bg(eX, Y)+cn(X)n(Y), (3.1)

for some real constants a, b and c.

Proposition 3.2 In an Einstein like (¢)-almost paracontact metric manifold, we
have

S(pX, Y) = ag(pX, Y) + bg(pX, ¢Y), (3.2)

S(X, §) = ean(X) + en(X). (3.3)
Moreover, if the manifold is (¢)-para Sasakian, then

ea+c=1-n, (3.4)

r = na + btrace(p) + ec, (3.5)

where r is the scalar curvature.

Proof. The equations (3.2) and (3.3) are obvious. In an (g)-para Sasakian
manifold, it follows that S(X, &) = —(n — 1)n(X), which in view of (3.3) implies
(3.4). Now, let {ey,..., e,} be a local orthonormal frame. Then from (3.1), we
have

r="> {ciagle, ¢)) +ebglpei, ;) + cicg(€, ei) g(&, e},
i=1

which gives (3.5).
Remark 3.3 From (3.1), it follows that the Ricci operator Q satisfies

OX =aX+ bpX +cecn(X)<&. (3.6)
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Differentiating (3.6), we find
(VyQ) X = b(Vyp) X +ec(Vyn) (X) § 4 een(X) Ve,

Using (2.3), (2.5) and (2.4) in the above equation we get

(VYQ) X = —ebn(X) Y+ en(X) oY a7
—(bg(X; Y) = 2ebn(X) n(Y) — ecg(pX, Y))¢&.
Now, using (3.7) we have
(divQ) X = {e(1 — n) b + c trace(p) } n(X). (3.8)
From (3.5) and (3.4) we get
r = btrace(p) —e(n— 1) (¢ +n) (3.9)

Using Xr = 2(divQ)X and (3.9) in (3.8) we obtain that in an Einstein like (¢)-
para Sasakian manifold, the scalar curvature r satisfies the following differential
equation

bér—2cr =2e(1 —n) (b* — & — cn). (3.10)

Proposition 3.4 In an Einstein like (¢)-para Sasakian manifold, if trace(yp) is
constant then

¢ trace(p) = e(n — 1)b. (3.11)
Proof. Using Xr = 2(divQ)X in (3.8), we get
dr =2(e(1 —n) b+ ctrace(p))n. (3.12)
Since trace(yp) is constant, from (3.5), it follows that r is constant. Hence
(3.12) gives (3.11).

From now on in this section the trace(y) will be assumed to be constant.

Theorem 3.5 An (e¢)-para Sasakian manifold with constant trace(p) is
Einstein like if and only if the (0, 2)-tensor field C}(¢R) is a linear combination
of g, ® and n ® n formed with constant coefficients.

Proof. In an (¢)-para Sasakian manifold the curvature tensor R satisfies [12]
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RIX, Y)pZ =@R(X, V)Z+e0(Y, Z) X —c®(X, Z) Y = 2 0(Y, Z)n(X) £+ 26 B(X, Z)n(Y) &
—eg(Y, Z) oX +eg(X, Z) oY + (Y)n(Z) X = 2n(X)n(Z) pY.

Then we have
S(Y, 92) = Cl(@R)(Y, Z) +(n = 2) (Y, Z) + (2n(Y) (Z) - eg(Y, Z))iracel). (3.13)

Since in an (¢)-para Sasakian manifold, it follows that of Tripathi et al. (2010)
S(X, pY) = S(pX, Y), and also it can be verified that C}(oR)(Y, Z) = C(¢R)(Z, Y);
therefore the equation (3.13) is consistent. Now, if the manifold is Einstein like then from
(3.2), (3.13) and (3.11), it follows that

c(C}(@R)) =blc+n—-1)g+cla—em—-2)®—c(c+2b(n—1))nen, (3.14)
which shows that C}(¢R) is a linear combination of g,® and 7 ® n formed with

constant coefficients. The converse is easy to follow.

Corollary 3.6 In an Einstein like (¢)-para Sasakian manifold with constant
trace(ip), the (0, 2) -tensor field C}(pR) is parallel along the vector field .

Proof. Since in an Einstein like (¢)-para Sasakian manifold V¢® =0 and
Ven = 0, therefore from (3.14) we conclude that C}(pR) is parallel along the
vector field &.

Theorem 3.7 In an Einstein like (¢)-para Sasakian manifold, we have
LeS =2as® + 2be(g —en @ ). (3.15)
Proof. In an (¢)-para Sasakian manifold, we obtain
Ln=Ve=0, LP=2(g—n®mn), Lg=2d. (3.16)

Now, taking Lie derivative of S in the direction of £ in (3.1) and using (3.16),
we obtain (3.15).

Theorem 3.8 In an Einstein like (¢)-para Sasakian manifold with constant
trace(p) , we have

¢(Le(Cl(pR))) = 2eb(c+n—1)® +2ec(a—e(n—2)) (g —n®n). (3.17)

Proof. Taking Lie derivative of C}(¢R) in the direction of ¢ in (3.14) and
using (3.16), we get (3.17).
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4 .(e)-PARA SASAKIAN HYPERSURFACES

Let M be a real (n+ 1)-dimensional manifold. Suppose M is endowed with an
almost product structure J and a semi-Riemannian metric g satisfying

gJX,JY)=g(X,Y), (4.1

for all vector fields X, Y in M. Then we say that M is an indefinite almost
product Riemannian manifold. Moreover, if on M we have

(VxJ)Y =0, (4.2)

for all X, Y € I'(TM), where V is the Levi-Civita connection with respect to g,

we say that M is an indefinite locally Riemannian product manifold.
Now, let M be an orientable non-degenerate hypersurface of M. Suppose that
N is the normal unit vector field of M such that g(N, N) = ¢, £ belongs to M and
JN =¢. (4.3)

Let
JX = X +n(X)N. (4.4)

Proposition 4.1 The set (¢, & n, g) is an (¢)-almost paracontact metric
structure, where g is the induced metric on M.
Proof. We have
X=X =@ X+n(eX)N+n(X)¢,

where (4.4) and (4.3) are used. Equating tangential and normal parts we get
©*=T—n®¢andno ¢ =0, respectively. We also have

N=JN=J¢ =€+ () N,
where (4.4) and (4.3) are used. Equating tangential and normal parts we get

©& =0 and n(§) = 1, respectively. Finally, we have g(X, Y) = g(JX, JY), which
in view of (4.4) gives (2.1).

The Gauss and Weingarten formulas are given respectively by

VxY = VyY +eg(AX, Y)N, (4.5)

VyN = —AX, (4.6)
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where V is the Levi-Civita connection with respect to the semi-Riemannian
metric g induced by g on M and A4 is the shape operator of M .

Proposition 4.2 The (¢)-almost paracontact metric structure on M satisfies

(Vyp) Y =n(Y)AX + eg(AX, Y)E, (4.7)
(Van) Y = —eg(AX, ¢Y), (4.8)
Vyé = —pAX. (4.9)

Proof. Using (4.4), (4.3), 4.5) and (4.6) in (VyJ) Y = 0, we get
0= (Vxp) Y =n(Y) AX — h(X, Y)§+ ((Vxn) Y) N+ h(X, oY)N.

Equating tangential and normal parts we get (4.7) and (4.8), respectively. Eq.
(4.8) implies (4.9).

Now we obtain the following theorem of characterization for (e)-para
Sasakian hypersurfaces.

Theorem 4.3 Let M be an orientable hypersurface of an indefinite locally
Riemannian product manifold. Then M is an (¢)-para Sasakian manifold if and
only if the shape operator is given by

A=—el+en®¢. (4.10)
Proof. Let M be an (¢)-para Sasakian manifold. By using (2.4) and (4.9) we get
AX = —eX +en(X)E+n(4X) & (4.11)
In particular, we have A = n(AE) . Thus, we have
N(AX) = eg(§, AX) = eg(AE, X) = eg(n(4€) &, X) = n(AE) n(X).  (4.12)

Using this in (4.11) we get
A=—cl+ (e+n(AE))n@E. (4.13)

Now, we use (4.13) in (4.7) to find
(Vxp) Y = —en(Y)X 4 2en(X) n(Y)E + 2n(A) n(X) n(Y)E — g(X, V)& (4.14)

From (4.14) and (2.3) we get n(A¢) =0, which when used in (4.13) yields
(4.10).

Conversely, using (4.10) in (4.7) we see that M is (¢)-para Sasakian manifold.
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Now, assume that the indefinite almost product Riemannian manifold M is of
almost constant curvature (Yano, 1965) so that its curvature tensor R is given by

RX, Y, Z, W) =kgY,2)gX, W)—gX, Z)g(Y, W) 415)
+E(JY, 208X, W) — §JX, Z)FJY, W)}, '

for all vector fields X, Y, Z, W on M. If M is an (¢)-para Sasakian
hypersurface, then in view of (4.10) and (4.15) the Gauss equation becomes

RX, Y, Z, W) =(k+e){gY, 2)g(X, W) —g(X, Z)g(Y, W)}
+g(X, Z)n(Y)n(W) — g(Y, Z) n(X) n(W)

+g(Y, W)n(X)n(Z) — g(X, W)n(Y)n(Z).

(4.16)

After calculating R(X, Y)¢ from (4.16) and comparing the resulting
expression with (Tripathi ez al., 2010)

we find that £ = 1 — 2¢ . With this value of &, from (4.16), we obtain
S=((1-¢e)(n—2))g+ (1 —2¢) trace(p) ®+ (¢ —n)nn.

Thus we have proved the following:

Theorem 4.4 An (e)-para Sasakian hypersurface of an indefinite locally
Riemannian product manifold of almost constant curvature (1 — 2¢) is Einstein like.

Remark 4.5 A hypersurface is called a quasi-umbilical hypersurface (Chen, 1973) if
h(X,Y)=ag(X, Y)+ Bu(X)u(Y),

where « and 3 are some smooth functions and u is a 1-form. From (4.10) we see
that the (¢)-para Sasakian hypersurface is quasi-umbilical.

ACKNOWLEDMENT

This paper was prepared during the visit of third author to Indnii University, Turkey
in May- June 2010. The third author was supported by the Scientific and Technical
Research Council of Turkey (TUBITAK) for Advanced Fellowships Programme.



Einstein like (€)-para Sasakian manifolds 41

REFERENCES

Beem, J. K. & Ehrlich, P. E. 1981. Global Lorentzian geometry. Marcel Dekker,
New York.

Bejancu, A. & Duggal, K. L. 1993. Real hypersurfaces of indefinite Kaehler
manifolds.International Journal of Mathematics and Mathematical Sciences
16(3): 545-556.

Blair, D. E. 2002. Riemannian geometry of contact and symplectic manifolds.
Progress in Mathematics (203). Birkhauser Boston, Inc., Boston, MA.

Chen, B.-Y. 1973. Geometry of submanifolds. Pure and Applied Mathematics
(22). Marcel Dekker, New York.

Duggal, K. L. 1990. Space time manifolds and contact structures. International
Journal of Mathematics and Mathematical Sciences 13: 545-554.

Matsumoto, K. 1989. On Lorentzian paracontact manifolds. Bulletin of
Yamagata University Natural Science 12(2): 151-156.

O’Neill, B. 1983. Semi-Riemannian geometry with applications to relativity,
Academic Press.

Sasaki, S. 1960. On differentiable manifolds with certain structures which are
closely related to almost contact structure I. TOhoku Mathematical Journal
12(2): 459-476.

Sato, 1. 1976. On a structure similar to the almost contact structure. Tensor
(NS) 30(3): 219-224.

Sharma, R. 1982. On Einstein-like P—Sasakian manifold, Matematicki Vesnik
6(19)(34) (2): 177-184.

Takahashi, T. 1969. Sasakian manifold with pseudo-Riemannian metric,
Tohoku Mathematical Journal 21(2): 644-653.

Tripathi, M. M., Kil¢, E., Perktas, S. Y. & Keles, S. 2010. Indefinite almost
paracontact metric manifolds, International Journal of Mathematics and
Mathematical Sciences. pp. 19.

Yano, K. 1965. Differential geometry on complex and almost complex spaces,
International Series of Monographs in Pure and Applied Mathematics (49) A
Pergamon Press Book. The Macmillan Coorporation, New York.

Submitted : 27/12/2011
Revised : 12/12/2012
Accepted : 12/12/2012



42 Einstein like (€)-para Sasakian manifolds

ol Sl glatas dgad S Lol — oo b s

uﬂL‘Sﬂ l ;ﬁ . l sesiesiesic ‘%;,'L?i; %;;La 0‘95""9.’:-}.1-7\(‘ . ‘.'l*; d‘gﬁ‘%‘-}é . ]- - ‘saui\"
LS5 = LY = gl dnalr = pladly SV LS - SLsl )l ™
Jo\-@-“ _}M uﬂbL@ :Uub _ QL:..&L.’VJ\ (’-wé-n--n-

oM

Jai L pliind Sl dend ASlale = o Sk Coul b pu
b latag Lot Uglate SLaldl = oo (g shanadl 08 83155 &5 by s e
CJQM‘ o.l.g_j do.l,wj\ u“"}m‘ S LS u"‘}iﬂ\ % :dﬂ.w\).: iU)j u_lLL,MJ
Lol fuass . a3dows 2Ll Dslas G OF Y cdldl sdn 3 ¢ gl OF (i
Sshed g edl poedll = o A sl ad S5 G500 by S e
OF ety Sl = o bshate whau ddll s rrad c30me 2 Slouy <l
ol (S ska et sk Lils pn Al sda b ala il



