Kuwait J. Sci. 43 (4) pp. 68-74,2016
Norms and compactness of operators on absolute weighted mean summable series
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Abstract

In a recent paper we characterized the classes of triangular matrix transformations mapping from the spaces |IVp|
and |N§|k into the spaces |1qu|k and |1Vq
summability method. In the present paper we show that each element of these classes corresponds to a bounded linear
operator, and determine exactly or estimate their norms and those in some well known classes. Also, we characterize

, respectively, where the spaces |IVpe o k>1, series summable by absolute

compact operators in these classes by using Hausdorff measure of noncompactness.
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L. Introduction (Sarigdl, 2010). If A= (N,p,) and 6, = P,/pn, then
the summability |4, 8] ; is reduced to the summabilities
IN, Dn, G|k and | N, p,, |, (Sulaiman, 1992; Bor & Thorpe,
1987), respectively. Also, |4, 8|, = |C, a|, for A = (C, @)
and 8,, = n, (Flett, 1957). By a weighted mean matrix we

Let }; a, be a given infinite series with s,, as its nth partial
sums. Let A = (a,,) be an arbitrary infinite matrix
of complex numbers and (6,,) be a positive sequence.
By A(s) = (A,(s)) we denote the A-transform of the

. mean one such that
sequence S = (Sy), i.e.,

o _ (py/By,, 0<v<n
Gny = 0 v>n
An(s) =Zanv Sy (1) ’
v=0 where
provided that the series are convergent for = 0,1, .... A P,=py+p ++p, > 0asn - o,
series ). a,, is said to be summable |4, 8|, k = 1, if P,=p,=0. )
i By ng |k, we donete the set of series summable by the
k-1 k _
Z Or " 1An(s) = An_1 ()] < 0, summability method |N, py, O, |x. Then it can be easily
n=1

seen that

k

< © 1k211

n
Pn Z
— > P, _
P"Pn‘lvzl v-1Qy

and so it means that a series ), a, is summable |N, p,,, 6, | if and only if the sequence a = (a,) € |IVpQ |k. Also, it is
routine to verify that |1Vg |k is a Banach space with respect to the norm

n
Pn
_— E P,_
P”Pn‘lvzl v—14y

with 8,, = 1(Sarigdl, 1991). In addition, the space |IVp | (M, 1, q,s) generalizing the space |N,‘,9 |k with 8,, = 1 was studied
by Altin et al.(2004).
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Let X ve Y be two sequence spaces. We say that the
matrix A defines a matrix transformation from X into Y,
and denote it by writing A : X = Y if A(s) exists and is
in Y whenever s € X. By (X,Y), we denote the class of
all infinite matrices which map X into Y. For a long time,
problems of comparision of summability methods and
summability factors have widely been examined by many
authors (Bor & Thorpe, 1987; Bosanquet, 1950; Kuttner,
1985; Mazhar, 1971; Mehdi, 1960; McFadden, 1942;
Mohapatra & Das, 1975; Orhan & Sarigdl, 1993; Sarigol,
1991; Sanigol, 1993; Sarigdl, 2011; Sarigdl & Bor, 1995;
Sar1g6l, 2010; Sarigdl, 2015; Sulaiman, 1992; Sunouchi,
1949). Now, according to other viewpoint we note that
most of these results correspond to the special matrix
transformations [, W € (X,Y), where [ is identity matrix
and W is the matrix defined by w,,,, = ¢, for v =n, zero
otherwise, respectively. In a recent paper (Sarigol, 2011),
in this way, the following classes of triangular matrix
transformations in (|1Vp|,|1vg|k) and (|Nz§|k, |1Vq|) have
been characterized, which also include some well known
results of Bosanquet (1950), Orhan & Sarig6l (1993), and
Sunouchi (1949).

Theorem 1.1. Assume that A = (a,, ) is a triangular matrix
of complex numbers and (6,,) is a positive sequence. Then

A€ (IN,L,IN¢]| )1 = k < oo, if and only if

1
=0
aw = 0 {ev k P:q:} )

k

5 s -] o)

n=v+1 |m=v

[o%e] n %
Z 0 4nQm-1 .
QnQn—l

n=v+1 |m=v+1

my+1| =0(1),asv - oo.

Theorem 1.2. Let 1 <k <o0,1/k+ 1/k* = 1. Assume
that A = (ay,) is a triangular matrix of complex numbers

and (6,,) is a positive sequence. Then A € (|1V;,9 |k, N, |) if

and only if
.
) <o

Z : 1 : :
Gv
results for our

anm—l
pinQn—l

m=v

(Pvamv - Pv—lam,v+1)

v=1 n=v
We also need the following

investigations:

Lemma 1.3. (Stieglitz & Tietz, 1977). Let 1 < k < oo.
Then, A € (I, 1) if and only if

1
VS

[e0)

Al = supq .
N

v=0

[ee)

nenN

< oo,

where N is any finite set of positive numbers.

It may be noted that the norm [|All(, ;) is exactly
determined by Lemma 1.3. However, it exposes a
rather difficult condition to apply in applications. So the
following lemma, which gives equivalent norm, is more

useful in many cases.

Lemma 1.4. (Sanigol, 2015). Let 1 <k < oo. Then,
A € (I, 1) if and only if

1
o0 o0 "\ &
lal = Z(Zlanvl)
v=0 \n=0

and there exists 1 < ¢ < 4 such that ”A”Elk,l) = ¢All @, -

< oo,

The second part of this Lemma is easily seen by
following the lines in Sarigdl (2015) that

ANl < 1Al < 4llAll 0,

From this inequality we can obtain the required result.

Lemma 1.5. (Maddox, 1970). Let 1 < k < oo. Then,
A € (1, 1) if and only if

1

* k
”A“(l,lk) = sup {Zlanvlk} < oo,
v =0

Lemma 1.6. Let1 < k < co.Then, the spaces |1Vg|k and [,
are isometrically isomorphic.

Proof. Let us consider the mapping T : |Nf |k -1
defined by
1
n pn
T.(a) = Pv 14y, To(a) = aq. 4)
B,P,,_ 14

Then, it is clear that T is linear and one to one. Now, given
y € [ for surjectivity. Take, forn > 1,
P, L P,

0= 6,5
Pn ' Pn-1

=0, L )’n v =Y (5)
Then, T(a) =y and so € |1Vp9 X which
that T is surjective. Also, it preserves the norm, i.e.,
||a|||,vg|k = IT@lly, -

Lemma 1.7. Let 1 < k < 0. If (p,,) is a sequence of
positive numbers satisfying

implies



P,=py+p ++p, 2>oasn—-o, P ,=p_4=0.
then
1 = p
<P PP’; <1. (6)
n=y M -1

Proof. Let us consider the function f : [0,1) = R defined
by
1—x
10 =125
Then, since f is a positive decreasing function and
flx) - %asx—>1—0, we have%ﬁf(x)31for all

x €[0,1). So, if we take x = P;_l , it follows that

n

1/ 1 1 Pn 1 1

“N=——== S— =,

K\PLy BE) T BBy By B
which implies (6).

2. The hausdorff measure of noncompactness

If R and H are subsets of a metric space (X,d) and € > 0
then S is called an e-net of H, if, for every h € H, there
exists an s € S such that d(h,s) < g; if S is finite, then
the e-net S of H is called a finite e-net of H. Let X and Y
be Banach spaces. A linear operator L : X — Y is called
compact its domain is all of X and, for every bounded
sequence (x,,) in X, the sequence (L(x,,)) has a convergent
subsequence in Y. We denote the class of such operators
by C(X,Y). If Q is a bounded subset of the metric space
X, then the Hausdorff measure of noncompactness of Q is
defined by

x(Q) ={&>0:Qhas afinite e-net in X },

and y is called the Hausdorff measure of noncompactness.

Lemma 2.1. (Rakocevi¢, 1998). Let Q be a bounded subset
of the normed space X where X =1[;, forl < k < ooor
X =c¢y. If B, : X - X is the operator defined by B.(x) =
(x9, %1, o) X7, 0,...) for all x € X, then

x(Q) = lim (Slelgll(l - Pr)(x)||>-

Let X and Y be Banach spaces and x, and y, be
Hausdorff measures on X and Y, then, the linear operator
L:X —>Y is said to be (x;, x,) —bounded if L(Q) is a
bounded subset of Y and there exsists a positive constant
M such that x,(L(Q)) <M x,(Q) for every bounded
subset Q of X. If an operator L is (x;, x,) —bounded then
the number
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”L”(Xl»)(z) = inf{ M>0 :XZ(L(Q)) < MXl(Q)
for all bounded Q © X }

is called the (yx;, x,)-measure noncompactness of L. In
particular, if 1 = x, = x, then we write [|L|| () = IILIl .-
Lemma 2.2. (Malkowsky & Rakocevi¢, 2000). Let X and Y

be Banach spaces, L € B(X,Y)and Sy ={x € X : ||x]| < 1}
denote the unit sphere in X. Then

LI, = x(L(SY).

Furthermore, L € C(X,Y) if and only if ||L|,, =0,
and the Hausdorff measure of noncompactness satisfy the
inequality || L]| ¥ < ||L]| (Malkowsky & Rakocevi¢, 2000).

Let X ={x e w: T(x) € X}, where T = (t,,,) is a
triangular infinite matrix. Then, we have

Lemma 2.3. (Malkowsky & Rakocevi¢, 2007). Let X be
normed sequence space and y, and y denote the Hausdorff
measures of noncompactness on My, and My, the
collections of all bounded sets in Xy and X, respectively.

Then, xr(Q) = x(T(Q)) for all Q € My,.

3. Main results

In the present paper we show that each element of the
classes (|1Vp|, |IV(;9 |k) and (|1Vp9 |k, |Nq |) corresponds to a
bounded linear operator, and determine exactly or estimate
their norms and also those in some well- known classes.
Besides, we characterize compact operators in these
classes by using Hausdorff measure of noncompactness.

Theorem 3.1. Let A = (ay,) be a triangular infinite
matrix and (6,) be a positive sequence. Then

(1N, INg|) = B(IN,| INg|,). 1<k <oo, i,

every matrix A € (|1Vp|, |1qulk) defines an operator

La € B (|N,], [N¢|, ) such that L,(x) = A(x) for all

X € |1Vp ,and if A € (lIVp , |1Vg|k),then
1
® k
Allp gy = Z d, |
” ”(|Np|’|Ng|k> Sgp {n:Vl nV| }
and

bl

lAll, = rlijgosup{ > |dnv|k} ,
v

n=r+1

where the matrix D = (d,,, ) defined by
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oo,
1
P
en qn
Qn Qn—l

dpy =

Proof. Since |N£|k is a Banach space for k> 1, it is
sufficient to prove the first part of the Theorem that
coordinate functional B, : |1V£) |k — Cis bounded. In fact,
by (3) and (4), we have

lall e, ={|To(a>|k+2m(a)|k} ®)
* n=1
and so it follows from the inversion of (4) and (8) that

n
Qm-1

o 3 g,
An(a) = ) J6F
n(a) Z { " QnQn—l e pv

v=0 vV

This gives that A € (|1Vp|, |Ing|k) = De (). On
the other hand, we get A=L"1oDoT if the maps
T:|N,| — land L: |1V§|k — [, are defined by

n

p
To(@) = 55— Py say To(@ = ao
BPpq 4
v=1
and
i n
0% q
Ln(a) =" ZQv—lav:TO(a) = Ay,
QnQn—lv=1

respectively. Therefore, by Lemma 1.6, we obtain
IL71 (D (T (@)l
All/1~ (1m0; |\ = SU k
WAl 1 1mg1,) = S92 Tally
ID(T (@I,
=sup——F7——
azo  llall|y,|
=Dl 1)

which completes the proof of the second part together
with applying the matrix D to Lemma 1.5.

Finally, let S = {x € |N,| : llx|l < 1}. Then, it follows
from Lemma 2.1, Lemma 2.2 and Lemma 2.3 that

lAll, = x(AS) = x(LAS) = x(LAT~'S) = x(DS)
= lim supl|(I = R)DW)II,
T yers
where B.:l;, — I, (r =0,1,...) is defined by P.(x) =

(%0, X1, e X7, 0, ... ). Therefore, if we define the matrix
D™ = (dy,) by

n
Oms ()
Z ;L (Pvamv - Pv—1am,v+1), 0<v<n
v
m=v

-1 P -1 P
ke n k* N2 _
1@ < (0, 46,5 7% lal g

Now, by following the lines in Sarigdl (2011), we get

forn > 1,

Ayg(a) = ayTo(a),

(Pvamv - Pv—lam,v+1)} Tv(a) = Z dnv Tv(a)
v=0

0<n<r

- 0,
d””’_{dnv, n>r’

then

B TING
supll(l = )P 1D

which completes the proof by Lemma 1.5.

By Lemma 2.2 and Theorem 3.1, we directly obtain the
following result which characterize the compact operators
: v | |ve
in the class (|Np Ny |k)

Corollary 3.2. Under conditions of Theorem 3.1,
A€ (|1VP|, |N‘?|k) is compact if and only if

1

@© k
lim sup< Z Idm,lk> =0
Vo \nSrr

’

r—oo

Applying Theorem 3.1 to some special cases, we
determine exactly or estimate the norms of bounded
linear operators in well known matrix classes. First, we
determine exactly the norm of the matrix transformation
characterized by Bosanquet (1950) and Sunouchi,
(1949).

Corollary 3.3. IfI € (|1Vp

IVqD, i.e.,le| c |1Vq|, then

Take 6, =1 for all n€ N, k=1 and A=1 in
Theorem 3.1.

’

qv P‘V
Qvpy

_ qV PV
Qvpy

+1

1711, 70 ) = S‘jp{

Corollary 3.4.If I € (|Rp|, |R‘1|k) for k > 1, then



i (2R
= k*
(IrplIRgl,) = SUPY\Y vav)

Take 8, = nforalln € Nand A = I in Theorem 3.1.
This matrix transformation was characterized by Orhan &
Sar1g6l (1993).

Corollary 35.Ifl € (|N | |N | ) for k = 1, then there

exists — < ¢ < 1such that
a0 “
s 1~ =su ( ) |1 -
y ”(|N”|’|Nq| ) p{Qv Py ¢ vav }
On considering 6,, = Q,,/q, foralln € Nand A =1

in Theorem 3.1, also using Lemma 1.7, we get the matrix
transformation studied in Sarigol (2011).

Theorem 3.6. Let 1<k < 00,% +% =1, A= (a,)

be a triangular infinite matrix and (6,) be a positive

sequence. Then, (|N§|k' |Nq|) cB (|Nz?|k’ Wq')’ 1.
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every matrix A € (|1Vp9 |k, |IVq|) defines an operator
L, EB(|_p , _q) such that L,(x) = A(x) for all
x €|NJ| , and if A€ (|1V§|k, |1Vq|), then there exist
1 < & < 4 such that

1401 ) = 3 Z<Z|d>

oo () k™) k*
Al = ¢ im Z(Z ) ,

where the matrix D = (d,,,) is defined by

and

oo, v=0n=0
n —]1(*
o [7) _
dpy = n 2 v Om-1 (Pamy — Py1mys1), 0<v<n Q)
QnQn—l m=v pV
0, v>n

Proof. The first part is clear. Now, as in Sarigol (2011), we get, forn > 1,

Ag(a) = aoo’fo (a),

forn>1,

n

n

A, (a) = Z

v=0

This gives us that A € (|N¢| ,[N,|) < D € (L D.
Also A= (Z)_l oDoT, where T: Wz?lk — I, and
L:|N,| — 1 are defined by

Hﬁp <
T,(a) = n_nz P,_ia,,Ty(a) = a,,
BPpq &
v=1
and
zn(a) - QnQn 1ZQV 14y, 0((1) - aO,

0nns mz p(im (Ram =P

v— 1amv+1) T (a)

respectively. So, it follows from Lemma 1.6 that

”A”(ngk'wﬂ) = ”D”(lk,l)

which completes the proof by applying the matrix D to
Lemma 1.4. The last part is similar to the above, so the
proof is omitted.

Corollary 3.7. Under conditions of Theorem 3.6,
A€ ( Ny

, _q ) is compact if and only if
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X
o0 oo k

lim z
r— 0o

v=0 \n=r+1

Corollary 3.8. Letk > 1.If I € (|1V,§’|k |1Vq|),then

)

On considering A =1 in Theorem 3.6, we get the
matrix transformation studied in Sarigdl (1993).

1
K*\k*
Qb

Qvpy

- 1 /q,P,
10 wgy. ) = ZE<vav + |1

v=0

Now, if we put 8, = 1 and 8, =n for alln € N and
A = I in Corollary 3.8, then it follows that

||I||<

o1 1~ = 00
|81 Fql) '

which gives a result in Sarigdl (1993).

Corollary 3.9. If k > 1, then I ¢ (|1Vp|k, |IVq|) for all
positive sequences (p,) and (q,) satisfying (1.2), i.e.,
there exist a series which is summable by summable
IN, P, 1) but not summable [N, gq,,|.

4. Conclusion

In the present paper, showing that any triangular matrix
transformation mapping from the spaces |1Vp| and |IV§ |
into the spaces |1qu|k and |N,,
to a bounded linear operator, we determine or estimate

K
, respectively, corresponds

its norm and also give necessary and sufficient conditions
for it to be compact by means of Hausdorff measure of
noncompactness, where the spaces |IVp‘9 |k, k>1, series
summable by absolute summability method. And so it has
been brought a different perspective and studying field.
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