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ABSTRACT

Two general theorems on Laplace-Stieltjes transform are established. One theorem is a
generalized convolution theorem, while the second is a generalized Parseval theorem for
a operator with kernel k(s,t). Several special cases can be derived from these theorems.
One section is devoted to applications of these theorems to evaluate some integrals.
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INTRODUCTION

The ordinary Laplace transform and its applications to solve a variety of
problems in engineering, physics and applied mathematics are well known.
Laplace-Stieltjes transform and its properties are very useful in applied
probability, queueing theory (Feller, 1971) and some other problems (Widder,
1941; Ridout, 2009). It turns out that the Laplace-Stieltjes transform of the
distribution function of an arbitrary non-negative random variable shares many
of the properties of the probability generating function of an arbitrary non-
negative integer-valued random variable, and this fact accounts for its
usefulness in queueing theory.

Convolution theorem for Laplace transform, Efros theorem, Parseval
theorems and their generalizations are well known in the literature due to their
various applications in analysis and boundary value problems (Ben-Nakhi &
Kalla, 2003; Galué et al., 2007; Kalla, 1970). Here, first we establish a general
convolution type theorem for Laplace-Stieltjes transform. The second theorem
is for a general integral operator whose kernel is k(t, x). As an application of
these theorems, some integrals are evaluated, which may be useful in boundary
value problems involving fractional differential equations.
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The results derived here may be useful in solving problems of temperature
fields in oil strata (Boyadjiev et al., 2005), fractional kinetic equations (Saxena et
al., 2008), fractional Schrodinger equation of quantum mechanics (Saxena et al.,
2010) and similar related problems.

MAIN RESULTS

In this section, we establish two theorems. The first result is a generalized
convolution theorem for Laplace-Stieltjes transform, while the second may be
considered as a general Parseval theorem.

We denote by
L) = | e ano

the Laplace-Stieltjes transform of f € BV,.(R) and Lg' stands for the inverse
transform.

Theorem 1. Let g be a Laplace-Stieltjes transformable function and let W(t, T) be a
two parameters function such that (Lsg)(.)W(., 7) is in the range of the Laplace-
Stieltjes transform for every T > 0. Let k(t, 7) := Lg'[(Lsg)(.)W(., 7)](t). Assume that
/€ BVioe(Ry) is such that C(1) := [ k(t,7)df(7) and [,° W(p,7)df(T) both exist for
all t > 0. Then,
|, emaca = oo | W),

0

Proof. We first notice that

erdC(l) = ro e P d, (Jw k(t, T)df(r))

0 0

= ro df(r) JOO e P dk(t, T)

0 0

by an application of Fubini’s Theorem (Arendt ez al., 2001; Widder, 1941).
Hence we arrive at

JOO e AC(l) = rc dfr) JOO ek (1, 7)

0 0 0

- joo A7) (Lsk(., 7)) (p)- (1)

0
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On the other hand by our assumption we have that k(¢, 7) = Lg'[(Lsg)
()W(., 7)](¢) .But then

(Lsk(., 7))(p) = (Lsg)(p)W(p, 7). (2)

Now the claim follows from identities (1) and (2).
We have the following corollary:

Corollary. If W(p, 7) = e 7" then

(Ls(g*))(p) = (Lsg)(p)(Lsf) (p)-

We next show a generalization of a theorem due to Kalla (1970). First we
define the integral operator

00

wuw=jkmxmmmw,

0

in which k(z, x) = g(x)G(¢, x) where g is a positive function and G is a
symmetric kernel, that is, G(z, x) = G(x, t). Furthermore we assume that
keL'(R. xR.,).

Theorem 2. Assume that f and h are such that x — h(x) [ k(t,x)f(t)de(1),
and x — [ k(t,x)f(t) ) gre continuous and Kf € L'([0,00)). Then

(1)

= da(t)  [* da(r)
|, oo S = | " momnn Gt )

Proof. Since

the proof of Eq. (3) follows.
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APPLICATIONS

Application of the theorem 1

In this section we consider some examples that prove the validity of the
Theorem 1.

1) Letbe g(¢) =

Ml

k(t, 7) =sin(tr), fir)=In7

ntl’

oo}

= (Lsg(t)(p) = j:c i) = [ e a

0

[n+]

g(t) =

from (Erdélyi, 1953)

J et dt=nlp" R(p) >0,

therefore,
(Lsg(0))(p) =ntp™',  R(p) >0 (4)
On the other hand,
) = J sin(#7) dr
0 T

exists because (Erdélyi, 1953)

J:O Sinixy ) i — g p>0. (5)
Since that,
k(1, ) = L' [(Lsg) () W(., T))(1)
then
(Lsk(., 7))(p) = (Lsg)(p)W(p, 7) (6)
being,
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So,

(Lsk(., 7))(p) = J:o e P Tcos(tT) dt

pT
=i R(p) >0,

where we use the following result (Erdélyi, 1953)

J e P! cos(at) dt zp(p2 +d)7", R(p) > |Imal.
0

From Egs. (4), (6) and (7) we get

n+2 T

P
W(Pa T>_ n! p2+727 §R(]’) >07
and
00 pn+2 00 dT
Wip,r)dfir) =2—| =
|, woman == | 5

which using the known result (Erdélyi, 1953)

00 xsfl T s
J; XQ +_a2(ix:: 5‘1 ZCSC(TZ)a §R(a) >’0,0‘<§R(S)<< 27

is equivalent to

n+1

JOO W(p, 7)df(r) = ng R(p) > 0.

0

By a similar procedure we obtain the following results:
Ml

2)Letbe g(t)=—, Kk(1,7)=sin’(rr), flr)=71".

n+l’

Then from Eq. (4)

(Lsg(n)(p) =n'p™ ', R(p) > 0.

(o ¢

(Lsk(., 7))(p) = JO e sin(2e7) dt

(®)
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2
= 2;27 §R(p) > 07
p*+ (27)
since that (Erdélyi, 1953)
J e P! sin(at) dit = a(p2 +d)7", R(p) > |[Imal.
0
Therefore,
pn+l 27_2
Wi(p, 1) = —, R(p) >0,
P =t o )
00 . pn+l J~oo 2dr ,n.pn
W(p,)df(T) = — =—=—, R >0
J, womann = L | =S v
where we use again Eq. (8).

tﬂ+l O
3) Letbe g(1) = paE k(t, ) =1—=cos(tr), flr)=1"".
Then from Eq. (4)

(Lsg(0)(p) =nlp™',  R(p) > 0.
(Lsk(., 7))(p) = J e P rsin(er) dt
0
2
-
L R(p) >0,
pn+1 7_2
Wip, ) =T A R(p) > 0,
00 - _pn-H > dr - _Ep_n
Jo W(p, 7)df(T) = p JO P o R(p) > 0.
1 cos(17)
4) Letbe g(1) = pas k(t, 1) = 7 flr)=Inm.
Then
(Lsg(t))(p) =ntp™ ', R(p) >0
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(Lsk(., 7))(p) = —%J e Psin(tr) dt
0
__1 7 R(p) > 0
O 2p2 T ’
_
W(P, 7-) - 27’[' pz 4 Tza §R(p) > 07
~ B LAy i
| wnae = -2 T3 R > 0

where we employ Eq. (8).

Application of the theorem 2

In this section we consider some examples that illustrate the use of the Theorem 2.

Let be
= [ 0 ([ 6t omtoda) ) doto ©)
= [0 ([ 6o ) aoto (10)
Dh(x) =sinmx,  G(t,x) ===, fi)=Psinbt, o) = It
Then
([ )
famEEE

The inner integral in I; can be evaluated by means of (Erdélyi, 1953)

°  sinxy T —ar
—————dx=— (1 —¢™® R 0 0
Jo X2+ a) 22l =€) Ra@)>0y>0,

therefore
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T
I] :§<

Tt (2| = Tt (7
_2[2 tan <m>]—2tan (b), b,m>0, (12)

in view of Eq. (5) and (Erdélyi, 1953)

JOO sin btdt JOO e " sin btdt
o 1 0 t

J wdx:tan*‘(z), R(a) >0, y>0.
0 X a

On the other hand, since that (Erdélyi, 1953)

°° xsin xy T _u
JO mdxzze ’1, ?}E(a) > O, y> O, (13)

we get from Egs. (11), (12) and (13)

7 (> e sin mx T _/m
Iz—zjo de—Etan (E), b,m>0
= M p— ; { = ; =
2) h(x)=x*, G(t, x) T A1) T a(t) =Int.
From Egs. (9) and (10)

00 1 00 xp,—l

Il = J m+1 J n+1 dx |dt (14)
o (" +a) o (P+x?)

L= JOO xi! Joo : ! dt | dx. (15)

0 o (24 x2)" (e 4 a)™!

Applying in Eq. (14) the result (Gradshteyn & Ryzhik, 1965; Prudnikov et al.,
1992)

» 1
00 Jﬂ—ld‘c 1 u/vF(—)I‘(lﬂ—n——)
[ im-am () — So0<tant1 ()
o (gx+p)"T W \g T(n+1) v

we obtain
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1 F(g) T (1 +n— g) 00 lu721172
I == dt, 0<pu<2n-+2,
) L(n+1) Jo (" +a)™™! g

and using again Eq. (16)

(= ) e (2
I = 2 2 v v (u72nfl)/ufmfl,

“2 T+l T(m+1) ¢

-1
0<u<%+10<ﬁ—%L—<m+La#0

This result and the well known relation

s
rra-z) =
()0 : sin 7z
lead us to the following expression
~1yar (%) —1)rer (=)
1 ( ) i 2 ( ) i v a(,u—2n—l)/1/—m—17

I

 2nsn(n) (5 ) msin{ (=) ) () ) )

-1
0<p<mt+2,0< = it a0, mm=0,1,2---.
14

Then from Egs. (15) and (17) we have

00 00 x/ﬁl
J J n+l1 m+1 drdx =
0 Jo (Z2+x1)" (" +a)

1 (171 () (-1)'ar (=) a1 (18)

Wy sin(%w) F(g - n) m! sin((if) 7r> F<<$> - m)

-1
0<p<ms20< P =0 it a0, mm=0,1,2, -
v

As particular case from this result for m = 0 we get
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00 (00 pu—1 1
JJ A di dx =
o (24x2)" (1" +a)

0
1 (—1)"7rr<§) 7r = 2n-1)/v=1
2V 1 sin (gﬁ) F(g - n) sin((@) 77) ,

2n —1

O<p<m+2,0<t= 7 1 a40,n=0,1,2,--
14

Now, if we putv =1

00 OO x#*1 1
dt dx =
L Jo (2 4 x2)" (t+a) )

! (_l)nWFG) : 4 g2
2p! sin(gﬂ') F(g - n) sin((u —2n — 1) m)

)

O<pu<2n+2,a#0,n=0,1,2,---.

Which for a = lreduces to

00 OO xu—l 1 gt d
t =
Jo Jo (24 x2)" (1 +1) *

1 0—1)"ﬂ17(§) .
En!sin(%w) F(g — n) sin((u—2n—1)m)’

O<pu<2n+2,n=0,1,2,---.

Further, from Eq. (18) withm =n =0

o (F+x2) (" +a) = ZSin(%?‘(’) sin((ﬂ) 7r>

00 00 —1
J J x# 1 1 s s a<ﬂ71)/y71
0

1
0<u<2,0<t"2 <1 a0
14



Some results on Laplace-Stieltjes transform

1
(2 +x

t

3) h(x)=x""", G(t, x) =

a(t) =Int.

= )

o 1421 cos f+12 ’
In this case

o0 1 o xn
I =
l Jo (14 2tcos 5+ 12) (Jo (12+x2)’dx>dl

and

; JO@ , F 1 d ;
= X - X.
7, o (2+x2)" (1 +2tcosf+ 12)

Applying Eq. (16) we obtain

IF(LH)F(F—E) 00 tn+172r
I =2 2 J dt

1<2
2 I(r) o 1+2tcosB+e2"" O<n+l<or
and by virtue from the result (Erdélyi, 1953)
00 xsfl
L 2T 2arcosl 1 @ dx = —ma* % csc 6 csc(ms) sin[(s — 1)4],
a>0,—rT<0<m0<R(s) <2,
we have
n+1 n+1
P L e L ey I S " RS e
T2 I'(r) sin[(n + 2 — 2r)7] sin 3 ’
O<n+1<2r,—7m<fB<m0<n+2-2r<2.
Then from Egs. (19) and (20)
o0 OO xn
: dt dx =
L L @+ (1+2tcos gt )"
n+1 n+1
I _EF(T) F(r - T) T sin[(n +1—2r)3
2 T(r) sin[(n + 2 — 2r)7] sin 3 ’

O<n4+1<2r—n<f<m0<n+2-2r<2.

11
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4) h(x) = sinmx,  G(1, x) = Sy =00 ) = 2,

242’ Wi
* cos(by/1) J“xsinmx )
I, =4 dx |dt
=) <0 GEEON
< > 1 cos(byt)
L=4 L xsmmx(JO @+ Vi dt)dx. (21)

By virtue of Eq. (13) we have

o0 —mt
I — 2 J e eos(bvr)
0 Vi

which after of a simple change of variable and using (Erdélyi, 1953)

e cos(xy)dx =<4 /— e ., R(a) >0,y>0 (22)

Jm a2 1 T —2/4a
0 2 a

can be written as

I = 47TJ e cos(bt)dt = 27r\/E eibz/“m, m>0,b>0. (23)
0

3

Finally, from Egs. (21) and (23)

J xsinmx(J ! cos(by/1) dt)dx = 7—r\/z e*b2/4m, m>0,b>0,

0 o (F+x?) Vi 2\ m

that is,

J xsinmx J Mdt dx =" z6'71’2/4’”, m>0,b>0.
0 0 (t4+.x2) 4 m

5) h(x)=x"t1 G(t, x) =

, f) = a(t) =Int.

(17 4x)"

o0 1 o0 x}'”
= Jo (1+ pr)’ <Jo (4 xm)" dx) a

and
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o0 " o0 1 1
’2:L ¥ (L <zn+x">'<1+ﬁz>”dl>dx'

Using Eq. (16)

1 F(m+]> F(V — m+l> 00 [m+17nr
]1 = 2 - J v dtv

o () o (1+p1)

The known result (Gradshteyn & Ryzhik, 1965; Prudnikov et al., 1992)

00 X'u71
Jo mdx = BB, v — p)

larg 8] < m,R(v) > R(p) >0,

leads us to

m+1 m+1
I :%F< :>;(E) _ :>ﬁ”"_"’_23(m+2—nr, v4nr—m-—2)

1
0<%<r,n7é0, larg 5] < m, R(v) >m+2 —nr > 0.

Finally,

Ecxm(f (z":xn)r(“rlm),,dt)dx:

P2 p(r -2
CE)

m+2—nr,v+nr—m-—2)

1
0<%<r,n5£0, larg 5] < m, R(v) >m+2 —nr > 0.

6) h(x) = xe— e’ G(1, x) =cos(xt), flt)= 14 cos a(t) =1,

I :(1—y)2ro

2 e 2
Vet /4 cost<J e cos(xt)dx | dt
0

0

1
O<%<r,n7&0.

13
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L= (1- y)zj e’ <J 17" cos(xt) e"'/% cos t dt> dx.
0 0

In view of Eq. (22) we can write

I =

(1-v)’ ”Jm@du

2 al,

now evaluating this integral by means of (Erdélyi, 1953)

< cos(xy) myv !
dx = 0 1 0
JO oo 2I'(v) cos(vm/2)’ Sy<hJe
we get
(1-v)? [x ™
I = - 0 1.
! & \VaTWeosena)y VS
Therefore,

> —ax? > —v 8} t2/4a 3 _ 1 Jm T
4 t t)e tdt|dx=-/-—————, 0 1.
L e (Jo cos(xt)e’ '™ cos > =7 \/;F(V) cos(vn/2)’ <v<
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