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Abstract

The main aim of this paper is to give the integral representations for the so called multidimensional negative definite

functions defined on the product of commutative hypergroups. Some necessary and sufficient conditions that

guarantee, the product of multidimensional positive definite functions defined on the product of hypergroups is also

multidimensional positive definite, are obtained. Moreover, many relations that governed the relations between the

classes of multidimensional positive and negative definite functions are shown. Also, we prove that a continuous function

with compact support y is multidimensional negative definite on the product of hypergroups, if and only if exp(—ty) is

multidimensional positive definite for each #> 0.
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1. Introduction

A hypergroup (Bloom & Heyer, 1989; Dunkl, 1973;
Jewett, 1975) is a locally compact Hausdorff space K
with a certain convolution structure * on the space of
complex Radon measures on K, M(K). The main problem
in harmonic analysis in various setting is the existence of
a product, usually called convolution, for functions and
measures. Let d_be the Dirac measure at a point x € K.
Then the convolution J, *J, of the two point measures
d, and J, is a probability Radon measure on K with
compact support and such that (x, y) > supp(5, *5,) is a
continuous mapping from K x K into the space of compact
subsets of K. Unlike the case of groups, this convolution
is not necessarily the point measure , , for a composition
x.y in K. A hypergroup (K,*) is called commutative, if
(M(K),+,*) is a commutative algebra and hermitian, if
the involution ~ is the identity map. Its easy to prove that
every hermitian hypergroup is commutative. A locally
bounded measurable function y:K —C is called a
semicharacter, if y(e)=1 and y(x*y )= y(x)x(y) for
all x,ye K. Every bounded semicharacter is called a
character. If the character is not locally null then (Bloom
& Heyer, 1995) it must be continuous. We will denote by
C(K),C,(K),Cy(K) and C,(K) the spaces of continuous
functions on K, that are bounded, vanish at infinity and
that with compact support respectively. The dual K~ of K

is just the set of continuous characters with the compact-
open topology in which case K~ must be locally compact.
In this paper we will be concerned with continuous
characters on hypergroups. A locally bounded measurable
function ¢ : K — C is said to be positive definite if

Z”:Z”:Cic—iji *2;)20

i=1 j=1
for all choice of z,z,,..,z, € K,¢,,¢)s.,c, €C and
neN. We will denote by K,,K,...., K, hypergroups
with convolutions * x*,,...* and involutions ', 2., "
respectively. A locally bounded measurable functional @
defined on the product

[Ix =K xK,x..xK,

i=1
is called multidimensional positive definite on the product
[ ] K, (Ghany & Osaimi, 2014) if

S e d(x xy )20
i=l j=1

-1 =2 -n —1 =2

for all choice of x ,x ,....,x ,y ,y ,..,y eHi:]Ki,c,,cz,
....c, € C and m,n € N, where the convolution * is defined

on H:;K . by

x*y:= (x] *1 yl’x2 *2 y2""’xm *m ym)

From now on, we will be denoted by MP(HLKZ.),



the set of multidimensional positive definite functions
on HZIK,.. A locally bounded measurable functional ¥
defined on the product

HKI. =K, xK,x..xK

i=1

m

will be called multidimensional negative definite on the
product H:’;K (if

S e W xy ) <0
i=1 j=I

-1 =2 —-n —1 —n

for all choice of x ,x ,..,x ,y ,;2,...,y GH:LK[- and
for ¢,,c,,...,c, € C such that Z';zlci =0. We will denoted
by MN (HZIK .), the set of multidimensional negative
definite functions on HZIK ;- The main aim of this paper
is to give the integral representations for multidimensional
negative definite functions and some of'its related functions
defined on the product of commutative hypergroups.
We will arrive our aim as follows: In § 2, we will give
the necessary and sufficient conditions guarantees that
the product of two multidimensional positive definite
functions defined on the product hypergroups []" K, is
also multidimensional positive definite on the product
HZIK .. § 3 is devoted to resume some properties of the
set of multidimensional negative definite functions on
the product []" K, and to give some relations between
the class of multidimensional positive definite functions
and the class of the multidimensional negative definite
functions. In §4, we give the integral representations
for multidimensional negative definite functions on the
product hypergroups HZIK i

2. Multidimensional positive definite functions

As pointed out from (Okb El Bab & Ghany, 2010; Okb
El Bab et al,2011) the sum and the point-wise limit
of positive definite functions on hypergroups are also
positive definite, so we can easily prove that:

Lemma 2.1. Suppose that the functions ¢,,4,....,¢, are
positive definite functions, each of which belongs to
C.(K),C.(K,),...,C.(K,) respectively, then the sum

Q)(;) = iai¢i (x;)

i=1
is multidimensional positive definite on the product
H:';Ki Jforalle; >0and x = (x,x,,....x,) € Hm K, .

i=1 !
Many properties of the convolution for Laplace-
Stieltjes transform was established by Galue & Kalla
(2013), so by virtue of the above lemma we have the
following:
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Theorem 2.2. Let ¢,,4,.....4, are bounded measurable
positive definite functions belongs to C.(K,),C.(K,),
....C_(K,,) respectively. Then the function

o:[ [, >C

i=l1

defined by
D) = ¢, (x,)-, (x,). b, (x,)

for all x = (X),X5 5000y X,,) € K, is a multidimensional
i=1
positive definite on H?;]Ki and has an integral

representation

o) = j 23du(y).

IK;
i=1

1979 a bounded
measurable function ¢ C (K) is positive definite if

Proof. Recalling from Pederson,

and only if there exists a i in I*(K) such that ¢ = y e {7,
where

Fog(n)= j PN,

forall f,g € C_(K), so without lose of generality, for the
function ®: K, x K, — C defined by

D(x,,x,) = ¢, (x).$,(x,)

there exists y, € L’(K,),i =1,2 such that ¢, =, e{7, and
¢, =y, e¥,,s0

b, (X) = (p, o7, (X)W #17, (x,))

=[ v * vy j s * DY, () dn(2)
k) LY

= LY (x, * Y, (x, * 2w, (W, (2)dn(y)dn(z)
Ky

#
oKlo

o ]

=\ .| . wv¥.(x xy.x, x )y, (y,.2)dn(y)dn(z)

*
ochKz

=1 . o v, ((x,x,) % (y,2) v, (v,2)dn(y)dn(z)

#
.Kl.

Applying Fubini’s theorem to the right hand side we
get

¢1.¢2(})=j s (1) * (1) Y (1) dV(y.2)
l(l ><l(2
This implies

$ 9, (}) =y, ey Y, (;)
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Theorem 2.3. Suppose that @, and @, are locally
bounded measurable functions each of which belongs to
C. (HZIK .), then the product ®@,.@, is a multidimensional
positive definite function on H:’;K ;if and only if @, and
@, are multidimensional positive definite function on

HZ]KI'

Proof. Obviously, we sufficiently need to prove that, a
locally bounded measurable function @ H:';K . —>Cis
multidimensional positive definite if and only if ® has

IUEMb(ﬁKi)

i=1

integral representation of the form
o= [ x@du(z).
i

for all x e H K, .In fact, for {x',x*,..,x"} H K.,
i=1 i=1
{c,,c,,...,c,} © C, we can easily find that

Zn:Zn:c,. CO(x +y )= I

=1 =1 s
i=1

1> e ()P du(z) 20

Moreover, @ is exponentially bounded. To see this,
we define an absolute value A associated with a locally
compact subset S H:’;K by

Ay = sup{y(x); y € S}
for § = supp(u) we have
D(x) < p(S)A 4 (x) = D(e)(x)

where e = (e,.€,.....e,,),¢; is the identity element in
K;,i=12,..,n,so ® is bounded with respect to A. This
establish the “only if” part. On the other hand, suppose
@ is multidimensional positive definite, exponentially
bounded and not identically zero, there exists an absolute

value A such that ' (e)® e P ( ! K,), the set of A
i=1
-bounded multidimensional positive definite on I I:’;]K ;

with @(;) =1, by Berg ef al. (1984) there exists a unique
Radon probability measure v on the locally compact set

of A-bounded characters having @' (;)(I) as barycenter.
Using the continuous linear functionals f +— f(x) on

7L i
C ,weget

o) = | zduly)

where u = (I)(;)V belongs to the set of bounded Radon
measure on the product HZIK .

Corollary 2.4. Let ® eC, (H:’;K ;) be multidimensional
positive definite functions such that |®(x*x )I< y for
all xe HZIK LI f(o)= Z:zoanz” is holomorphic in
{zeC;z< y}anda, 20 for all n>0. Then the composed
kernel f o ¢ is a gain multidimensional positive definite. In
particular, if ® € C, (HLK ;) is multidimensional positive
definite, then so is exp(D).

Remark. Some types of convolutions between analytic
functions can be founded in (El-Ashwah & Aouf, 2014).

3. Multidimensional negative definite functions

One should be observe that, a function y is negative
definite, if and only if exp(—ty) is positive definite for each
t > 0. While this result holds for all semigroups it is not
clear how to prove the ’only if” part for hypergroups since
the usual technique do not apply(the ’if” part always holds
provided that Rey is locally lower bounded). The problem
is that except when x or y belong to the maximal subgroup
of the hypergroup exp(—ty (x*y)) and exp(—ty)(x*y)
are usually not equal so that other methods have to
be used to overcome this. Recalling the definition of
multidimensional positive and negative definite functions
the reader can easily prove the following lemmas:

Lemma 3.1. Suppose thaty,,y, ..., are negative definite
functions on hypergroups K, K, ....,K,, respectively, such
thaty, e C.(K;),i =1,2,...,m. Then the functional sum

W) =) aw,(x)

is multidimensional negative definite on the product
anlK,.,foralla,.20and§c=(xl,x2,...,xm)e I I K..
i= i=1

Lemma 3.2. If @ is multidimensional positive definite on
the product Hj" K.

=11’

negative definite on the product HZIK o

then CD(E)—@ 1s multidimensional

Lemma 3.3. Let¥: Hm K, me K, - C. Put
i=1 i=1

D(x,y):= P (x,x0) + P(y,x0) — P(x, ) — ¥ (x0,x0)

mKi. Then @ is multidimensional

i=1

positive definite if and only if W is multidimensional
negative definite.

for fixed ;co €

Theorem 3.4. A function LPEC"(H:ZIKi) is
multidimensional negative definite on the product

hypergroups ZIK,. if and only if exp(—ty) is



multidimensional positive definite for each > 0.

Proof. Suppose that ¥ is multidimensional negative
definite. For obvious reasons we need only show that
exp(—ty) is multidimensional positive definite for 7 =1.

K. and with ® as in the above
i=1

We choose xo €

i
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Lemma we have
—W(x,y) = O(x,y) — ¥(y.x0) — ¥(x.x0) + ¥ (X0, x0)

where © is multidimensional positive definite. Hence

exp(=(x, 7)) = exp(D(x, y)).exp(—=F (v,x0)).exp(—F (x, x0)).exp(¥ (x0, %0))

Since the product, exp(—‘I’(;,;cO)).exp(—‘P(;c,;o ), is
multidimensional positive definite. From Theorem 2.3
we conclude that exp(—ty) is multidimensional positive
definite.

4. Lévy Khinchin type formula

A locally bounded measurable function ¢ is called a
quadratic form on the product hypergroups, if

q(x* y)+q(x*y ) =2q(x) +2q(y)
forall x,ye Hm K. and additive if g(x* y) = 2(x) + 24(y)
i=1

for all ;,; € K, . In the case Hm K is hermitian,
i=1 =

that when HZIK,. carries the identity involution, then

every quadratic form is an additive function and every
multidimensional negative definite function is real.

Theorem 4.1. (Main Result). A continuous function
‘P:H:';Ki — R is multidimensional negative definite
if and only if there exists an additive continuous
function h:H:ilK,. — R, and a unique measure

HeEM, (HZIIQ ; \{i}) such that for all x e H::K ;

W(x) ="¥(e)+h(x) +J‘ (1= ()dpu(x)
Ei]k,wi)
Proof. It follows from the definition that V¥ is lower
bounded by W(e). firstly, I assume that ‘P(;) =0. Let
S QHLKi be a minimal semigroup containing the
product hypergroups HZIK ; Introducing

AW = WG+ Gy ¥ xye ] [K.

y 2 x
and as pointed of (Berg et al. 1984) A-¥ is bounded
and multidimensional positive definite on S. Therefore
appealing to Bochner’s theorem for hypergroups (Jewett,
1975)

AW = j p,(D)do (%)

IK;

i=1

for some o, er(H:ilKi), where we denote the

canonical extension of ¥ € I LlK i to a function on S by

p,,- A simple calculation implies

~AA () = j P, (D[1=Rep, (D)o (1)

MK;

i=1

=| p,(@M1-Rep,(Mldo (1)

Kj
i=1

for },;,2 € Hm K., implying
i=1

[1=Rep, (ldo. () =[1- Rep, (MIdo- (1)

by the uniqueness of the Fourier transform. Noting that

m. A

the {}(EHm IA(,.;Re;((;)Sl} are open sets in H K,
i=1

i=1

with union (over ;) given by Hy:l% ; \{;}, we can find

a unique Radon measure ¢ on I Im K ; \{;} such that for
- i=1
every ye S

[1-Rep, Mldu(x) =do (), on | [,
i=1

The set S of all bounded semigroup characters on the
semigroup S is a compact Hausdorff space with respect
to the topology of point wise convergence. The canonical
mapping 5:1_[:';[{1. - .§,§(;{) := p, is continuous, and
obviously Ay is the Laplace transform of 0'5 (the image
measure of 8—; under ¢) for each y e S hence from Berg
et al.(1984), there exists an additive continuous function
h: H:’;K,. — R, on S such that for all xeS

Y@ =h@+ [ (1= p(Ndu’ (o)

§\(ey

— W)+ j (1- 2 ()dp(y)

m, -
[K;\e}
i=1

where yte M, (Hm Ie,. \{;})
i=1
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5. Conclusion

In this paper, I have given Lévy-Khinchin type formula
for multidimensional negative definite functions, defined
on the product of commutative hypergroups. Many
aspects that govern the relations between the classes of
multidimensional positive and negative definite functions
are shown. Also, I have proved that a continuous function
with compact support y is multi-dimensional negative
definite on the product of hypergroups, if and only if
exp(—ty) is multidimensional positive definite for each
t>0.
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