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Abstract

The purpose of this paper is to propose a new collocation method for solving high order linear and nonlinear differential
equations on a very large interval as well as solving the differential equation problem on a small interval. The new
collocation method is based on a hybrid method combining the third kind Chebyshev polynomials and Block-Pulse
functions. In the proposed method, the large interval of the problems is divided into small sub-intervals and in each
sub-interval, collocation method turns the differential equation into a set of algebraic equations. Solving such system
makes an approximate solution of the differential equation on each sub-interval. The error of approximate solution has
upper-bound of O(%). It means that, the errors decrease as m and N increase. The proposed method is more accurate
than the previous methods. Numerical examples show the capability and efficiency of the presented method compared
to existing methods.
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1. Introduction

Most problems in other sciences such as the control
theory, mechanical systems, the beam theory and physical
phenomena lead to ordinary differential equations with
initial conditions (Allison, 1970; Berstein et al., 1963;
Fehlberge, 1969). Therefore, it is very important to solve
these equations. In this paper, the HOIVPs are overall
examined as follows:

fau gy oy D)y=0, 0<a<L, (1)

D)=y 1=0,1,...,d-1 2)

So far, these problems have been solved in different
ways (Abdel-Halim, 2004; Awoyemi, 2003; Kayode &
Awoyemi, 2010; Awoyemi & Idowu, 2005; Karimi et
al., 2013; Kayode, 2008; Olabode, 2009; Lakestani &
Dehghan, 2010; Tavassoli et al., 2012; Vanden et al.,
2000; Waeleh et al., 2011; Waeleh et al., 2012; Yiizbasi,
2011; Yiizbasi, 2012; Yiizbasi, 2013; Yiizbasi & Sahin,
2012). For example, the exponentially Runge-Kutta
method (EFRK) was expressed by Vanden et al., 2000 to
solve these equations. Likewise, Waeleh and coworkers

have also presented some methods in this field (Waeleh et
al., 2011; Waeleh et al., 2012). Their last method known
as numerical solution of higher order ordinary differential
equations by direct block code (2012) was presented to
solve high-order ordinary differential equations with the
initial conditions (Waeleh et al., 2012). Some of these
methods do not have the ability to solve the HOIVPs
on large intervals (Abdel-Halim, 2004; Awoyemi, 2003;
Awoyemi & Idowu, 2005; Kayode, 2008; Kayode &
Awoyemi, 2010; Lakestani & Dehghan, 2010; Olabode,
2009). On the other hand, some methods solve this
problem on large intervals but thay suffer a high accuracy
(Vanden et al., 2000; Olaboode, 2009). Recently, a
Legendre wavelet spectral collocation method for solving
oscillatory initial value problems as a solution to these
equations on large intervals, was also considered in
Karimi et al., 2013.

Hence in this paper, the aim is solving HOIVPs and
initial value problems on large interval and compairing
the result with other methods. The proposed method is
easy to implement and produces very accurate results.
Acordingly, Block-Pulse functions are introduced, third
Chebyshev polynomials are presented, and a combination



of'them is defined, respectively. Moreover, in order to solve
these equations, the Hybrid collocation method based on
the combination function is used. As well as, in section
(4) the upper-bound of absolute error of this method is
obtained. Hybrid functions are used in some method for
solving initial value problems and integrall equations
(Hsiao, 2009; Maleknejad et al., 2011; Maleknejad &
2003; Marzban & Razzaghi, 2003). This
method is also used to solve HOIVPs on large domain.

Tavassoli,

Finally, the results of the present study are compared with
the previous methods in terms of accuracy.

2. Function and hybrid function

2.1. Block-pulse functions

A set of block pulse functions b;(A), ¢ = 1,..., N in the
interval [0, T') is defined as:
1 (1 1) < A\ < LT
bi(\) = ’ 3
» { 0, otherwme. )
These functions are disjointed:
b;(\), fori=j;
bi(A)b;(N\) =
(5 (%) {0, for i # j.

The advantage of the block pulse function technique
is their easy operations and satisfactory approximations.
These advantages are due to the distinct properties of block
pulse functions including disjointness, orthogonality and
completeness (Jiang & Schaufelberger, 1991).

2.2. Third kind of Chebyshev polynomials

A Sturm-Liouville problem is defined as: an eigenvalue
problem in the interval (—1, 1) of the form:

d du
*@(P(x)%

)+ q@)ule) = w@)u@) @)

n (—1,1) in which boundary conditions are cosidered.
Where p,q,w are three given, realvalued functions in
the domain problem (—1,1). For more details one can
see Canuto et al., 2006. The third kind of Chebyshev
polynomial v, (z) is a polynomial of degree » in = defined
by

cos(n + 3)0
cos 30

vp(T) = (5)
where x = c0s 6. Based on definition (5), the fundamental
recurrence relation is obtained:

UTL( ) = 2zvp,— 1(1‘) - '1}7,,_2(33), n=23,...
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with initial conditions
vo(z) =1, vi(x) =2z —1.

The polynomials v, (z) are, in fact, rescaling of two
particular Jacobi polynomials j5** (z) with o = =

Explicitly,

( o )vn@:) = 2273 D (a), ©)

n

If the range of variable x is interval [—1, 1], then the
range of the corresponding variable 6 can be taken as [0, 7).

These ranges are traversed in opposite directions, since

x = —1, corresponds to = 7 and = = 1 corresponds to

0 = 0. These polynomials are orthogonal on [—1, 1] such
. . 1 L

that the weight function is w(x) = 1 i i . Which is,

1
[ vl = v,
-1
where J;;, is the Kronecker delta function (John et al.,
2003).

Theorem 2.1. If v,, is third kind of Chebyshev polynomial,
the derivative of this function (for n > 1) is obtained in
terms of this function as follow:

> (2K + 2i)vai 1 (2) n =2k

i=1

o (1) = Z (2k — 2i)v2;(t), )

(2]€ 21')1}21'71(15) n =2k —1.

M»

i=1

+ 3050 (2K + 20)vai(t),

and v (t) = 0.
proof. The proof is clear and hence omitted.

Corollary 2.2. The second derivative for n > 1 can be
obtained as follows. In fact,

ifn = 2k,

k %
wi(t) = Z2k+22 [Z 20 — 25)vg;—1(t)

i=1 j=1
i—1
+ Z 2’L + 2] ’Ugj
7=0

21 +2j)vaj—1(t)
j=1

k-1
+ Z 2k — 2i) {
i=1

Jj=0

+ i(% — 2j)va; (t)] (3)
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and if n = 2k — 1,

k
22k72z 221723 vaj—1(t)
=1 J

=1

i—1
+ Z 20 4 27)vg; (¢
7=0

k—1
+Z (2k + 21) 2z+2] vaj—1(t)
=1
1—1
+ ) (20— 2)vay(t) ©)
=0

and for n = 0,v{ (t) = 0.

proof. To obtain this result, derivative of Equation (7) can
be used.

Similarly, higher order derivatives ofthese functions can
also be calculated. Further, suppose that z;,i =1,--- ,m
be roots of v,,, such that:

“l<zn1 <2< <z, <l (10)

which are called Chebyshev-Gauss points of third kind.

2.3. Hybrid functions and their derivatives

The hybrid chebyshev block-pulse functions are defined
as follows:

Definition: For ¢ =1,...,N and j =0,...,M —1, the
hybrid third kind of Chebyshev and blockpulse functions
are defined as:

\/ 2 (3Rt — 20+ 1),

0, otherwise.

The derivative of p; ; is obtained subsequently:

[or 2N
2T T J(QNt727,+1)

Pl (t) = Cr < (12)
0, otherwise,
and
2N
VEC (- 20+ 1),
// .
pi,j(t): % §t<% (13)

0, otherwise.

These derivatives and higher order derivatives of these
functions can be written using Equations (7-8) in terms of
Chebyshev polynomials. For example, if j = 2k, then

: 2N
N )
2 QT (;(Qk + 22)02171(Tt —2n+1)
k—1
2N
+ ) 2k —2)v(—t—2n+1)],
o=y % o T (14)
i—1)T
DT <y < IT
0, otherwise,
and if j = 2k — 1, then:
u 2N
2\/ 3 <;(2k - Qi)’l)2¢+1(Tt —2n+1)
k—1
2N
+ D (2k + 2i)vaiq2(—t —2n+ 1)
nn-1{ "% T (15)
i—1)T ;
% <t< WT
0, otherwise.

Higher order derivatives of these functions can also
be calculated.

3. Hybrid collocation method

In this study, the approximate solution of Equation (1) is
obtained by

(16)

such that y; is the approximate solution on the nth

G=DT L], then

subinterval [~

m—1

Ui(x) = Y pij(a)ciy,
=0

where ¢; j are unknown coefficients. The derivative of this

)

function is obtained as:

—1
@) =Y ) (@)ei
J

S

(18)

I
=)

The residual function for ith sub-interval with
substitution of the approximate solution given in Equation
(17) and its derivatives (18) into Equation (1) is defined
as:



m—1 m—1
/
RSS( = z, pz] C’L] § pi,j(x)ci,ja
Jj=0 Jj=0

m—1
,Zp““ z)eig | - (19)

Jj=

The hybrid collocation method is used for Equation
(19) on collocation points z}, where collocation points are
defined as follows:

,m—d+1

Its worth mentioning that z; are introduced in (10).
Therefore, a system of m + 1 algebraic equations for
unknown cofficient ¢; ; on ith subinterval is obtained as
following equations:

Res(xi) =0, k=1, m—d+1
m—1 . (20)
p (E-1T l

Zpg,j)'(T)ct,]_yz()7 Z_Oa 7d_1

7=0
y(()l)v 1=1

= 1)

yz(l)l((i_]\})T% 22273a 7N

Obviously, for ¢ = 1, from initial conditions
O are known. Moreover, for

95?1 has

in Equation (2), y;
i = 2,3,---,N, considering that
calculated, yfl)

been
is obtained. In order to obtain the unknown
coeffitionts, the system of agebraic equations (20) should
be solved. The approximate solution of ith sub-interval
is obtained by Equation (17). This procedure is repeated
in all sub-intervals and consequently the approximate
solution of the original initial value problem is obtained
by Equation (16).

4. Error analysis

In this section the upper-bound of the approximate
function (7(x)) of our scheme is achieved as the following
theorem.

Theorem 4.1. Suppose that

yeH(

1—tyr—12(140yr+/2 (1 1) (integer r > 0)

andifa:’y:%landB:(S:%,then:
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150y —y < (2)
1 3
oy ([ @0t i),

Where I, "1y = y(x),and (e, B)is a constant depending
onaand 3, Hy (A)is weighted Sobolev space.

proof. By taking o = ! and 8 = 3 in (6) third kind
of Chebyshev polynmiyals is achieved from that Jacobi
polynomials. On the other hand, if in theorem 4.3. of Guo
& Wang, 2004, the theorem (2.2) of Guo, 2000 is used
instead of lemma 2.6, the desired result will be achieved.

Then, upper-bound of approximate function of this
method will cosist of m™". Accordingly, on (0, T):

| 10D —y 1<

clev B)m (/ tr_é(T—t)Hé(d;tg))dt) |

In our scheme, interval (0, T") is divided to N sub-interval

as follows:

[(z - )T T

~ N] fori=1,---,N.

Therefore, the upper-bound of approximate solution of
i-th sub-intervals as:

(T8 -
[ I ™y =y ||I< e(a, B)ym ™" x
" (i—1)T iT dy(t ’
o 7’7% - r4+1 y() 2
( I e
(23)
Furthemore, let
(=T, s T 1 d"y(t) s
M: = A DA L (R U L ) .
7 G 1) 2 gWT(" N ) (N t) ( dt'r )

Thus by using the property of definite integral on right
hand sight of (23):

(i— 1)T il T
Yy =y 1< ela, Hm "M,

I 15,

consequently, the upper-bound of approximate function
. . . m="
in each subinterval is O( V4o

might be more accurate by choosing large mode m and
N. Also, the numerical reasults of examples in the next
section show that, the errors decrease for any increase in

). Therfore, our method

m and N. Finally, the convergence rate of this method is
0w )
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5. Numerical examples

To demonstrate the effectiveness of the proposed method,
several examples are presented in this section and the
results are compared with five different methods. The
examples have been extracted from the latest articles in
this field. By comparing the results of our method with
other methods, the development of accuracy and efficiency
of the method is shown. The numerical comparison of
methods using the infinite norms is depicted in the tables.
The computer application program " Maplel8 " was used
to execute the algorithm used in the numerical examples.
In examples 1 and 2, the results are compared with the
exponentially fitted Runge-Kutta methods (EFRKM) in

log(error)

=20

-254

(@)

Vanden et al., 2000 and the Legendre wavelets spectral
method (LWSM) in Karimi Dizicheh et al., 2013.

Example 1. Consider the equation

{ y" = —30sin(30z), 0<z < 10, 24)
y(0) =0,y'(0) =1,

o sin(30
where the exact solution is y(z) = %

Table 1 shows the infinite norms of the errors related
to our method, LWSM (Karimi ef al., 2013), and EFRKM
(Vanden et al., 2000). Clearly our method is more accurate
than other methods. Forthermore, the Figure 1 shows that
the errors decrease for any increase in m and V.

log(error)

(b)

Fig. 1. Point-wise absolute errors of Example 1 with m = 251in (a) and N = 80 in (b)

Tablel. comparison of Example 1

Method m N 2k—1T Error
The proposed method 26 40 - 230 x 10716
27 40 - 7.60 x 10719
25 80 - 5.20 x 10724
27 80 - 7.00 x 10727
25 80 - 1.38 x 10731
LWSM(Karimi ef al., 2013) 26 - 40 5.69 x 10~
27 — 40 8.24 x 10716
25 - 80 2.11 x 10721
27 — 80 3.84 x 10724
25 - 80 8.32 x 10729
EFRKM(Vanden et al., 2000) - - - 1.70 x 10~ 14




Example 2. Consider the equation

{ y' =~y +0.001co8(x), 0<w<1000, (ps)

y(0) =1,4(0) =0,

where the exact solution is y(z) = cos(z) + 0.0005x sin(z).

Table 2 and Figure 2 show the numerical result to this
example which is similar to the result in Example 1.

N
lOpO 2090 3090 4090

_8

- 10

- 124

= 14
g
)
E]

2 164

18

2204

224

(a)
m
S 10 15 20

-5

__-10q
E
3
®

159

-204

Fig. 2. Point-wise absolute errors of Example 2 with m = 15 in (a) and
N = 1000 in (b)

Table 2. comparison for different methods of Example 2

Method m N 2k-1T Error
The proposed method 15 1000  — 8.00 x 1016
15 2000 — 1.00 x 10—19
12 4000 —  237x 10717
LWSM(Karimi et al., 12 — 4000 1.08 x 1016
2013)
EFRKM(Vanden et al,, — — — 2.07 x 1077

2000)
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Example 3. Consider the non-linear HOIVP

y(v) :2y/y// . yyiv . y/y/// — 8z + (I2 9y — 3)695,
<x<2
0se=2 (g
y(0) = 1,9'(0) = 1,4"(0) = 3,
y"(0) =1,y (0) = 1,

where the exact solution is y(z) = e* + 22

Table 3 shows the infinite norms of the errors related
to this method, the direct block code method (DBCM) in
Waeleh et al., 2012, and the multi derivative collocation
method (MCM) in Kayode & Awoyemi, 2010. As we can
see, the suggested method is more accurate than DBCM
and MCM methods. Furthermore, Figure 3 shows that the
errors decrease as m and N increase.

N
5 10 15 20 25 30

124

14

164
Bl
5
%

= 184

204

2]

(a)
m
5 10 15 20

104

£ 20/
&
2

304

_40-

Fig. 3. Point-wise absolute errors of Example 3 with m = 15 in (a) and
N =641n (b)
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Table 3. Numerical comparison for different methods of Example 3

Method m N Error
The proposed method 12 16 6.40 x 1014
15 16 1.00 x 1020
15 64 1.09 x 10726
DBCM(Waeleh et al., 2012) — — 159x10°12
MCM(Kayode & Awoyemi, 2010) — — 1.64 x 10~6

Example 4. Consider the non-linear HOIVP

y(iv) — y/Q _ yy/// _ 4:(:2 4 (1 — A4y + x2)6m7

0<z<1, 27

where the exact solution is y(z) = 22 + €?.

Table 4 shows the infinite norms of the errors related to
our method and the efficient zerostable numerical method
(EZNM) in Kayode, 2008. It indicates that the method
in the present study is more accurate than the EZNM

method.
N

§ lp ]§ Zp 2§ 39

log(error)

log(error)

~201

~254

~304

(b)

Fig. 4. Point-wise absolute errors of Example 4 with m =10 in (a) and
N =161n (b)

Table 4. Numerical comparison for different methods of Example 4

Method m N Error
The proposed method 8 16 6.80 x 10~10
10 16 1.30x 10~
10 32 2.15x 10716
EZSNM(Kayode, 2008) — 32 1.59x10°7

Example 5. Consider the non-linear HOIVP

y") =, 0<z<1
y(0) =1,4'(0) = 1,y (0) = 3,y (0) = 1,

where the exact solution is y(x) = 13;2—0 + .

Table 5 shows the infinite norms of the errors related
to this method and a Six-step scheme for the solution of
fourth order ordinary differential equations (SSFODESs)
in Olabode, 2009. Figure 4 shows that present method is
more accurate than that in spite of choosing very small
values of m and N, the errors are very small.

Table 5. Numerical comparison for different methods of Example 5

Method m N Error
The proposed method 6 1 3.00x 1079
SSFODEs(Olabode, 2009) — — 243x107°

Example 6. Consider the following Riccati differential

equation
y’—;l—i—y—yQ 0<x<1
1+t ’ ’ (29)
y(0) =1,
. . . 1
where the exact solution of this example is y(t) = T+

Table 6 shows the infinite norms of the errors related to
this method, the cubic b-spline scaling functions (CBSFs)
and Chebyshev cardinal functions (CCFs) in Lakestani &
Dehghan, 2010. As expected, Table 6 and Figure 5 show
the proposed method is more accurate than CBSFs and
CCFs methods.

Table 6. Numerical comparison for different methods of Example 6

Method m N Error
The proposed method 15 32 1.84 x 10731
15 64 1.09 x 10735
17 64 1.49 x 10740
CBSFs(Lakestani & Dehghan, 2010) — 10 1.60 x 109
CCFs(Lakestani & Dehghan, 2010) 29 — 1.20 x 10—22




5 10 15 20 25 30
10
ol
T 144
B
s
2
164
184
20/
(a)
m
5 10 is 20
151
20]
25
Z -30]
_35]
_40]
_45]
Fig. 5. Point-wise absolute errors of Example 6 with m = 10 in (a) and
N =641n (b)

6. Conclusion

In this study, a new hybrid collocation method, combined
by the third kind Chebyshev polynomials and block-pulse
functions was proposed to solve higher-order initial value
problems. Our method is capable of solving HOIVPs on
large domains. HOIVPs on large domains are solved using
other methods including exponentially fitted Runge-Kutta
methods (Vanden et al., 2000). These methods do not have
good accuracy results. Another advantage of our proposed
method is its high accuracy. Comparision of results show
that the suggested method is more accurate than other
methods.
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