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Abstract

In this study, some integral operators, which have broad applications in the theory of elementary particles and scattering,
have been investigated in Holder space. We show that some important inequalities for the norm of these operators are

also satisfied in Holder space.
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1. Introduction

It is well known that the theory of singular integral
equations has broad applications in many theoretical
and practical investigations of problems in mathematics,
mathematical physics, hydrodynamics and elasticity
theory (Kalandia, 1973; Parton & Perlin, 1977; Colton
& Kress, 1983; Duduchava, 1982; Panasyuk et al., 1984;
Residoglu, 2001).

Also, on the theoretical analysis of singular integral
equations and on the approximate solution, there exist
a lot of works (Ivanov, 1968; Lu, 1993; Mustafa, 2008;
Mustafa & Khalilov, 2009; Mustafa & Caglar, 2010;
Mustafa, 2013).

Consider the following nonlinear singular integral
equation

o(0)= F0]0" O+[2=Sp)+uS.p0] |, 1e[01]. (1.1

Here,
1 1
So(t) =~ | @ 4z and S, () =~ | 2Dy (12)
Ty Tt Ty T+t

Nonlinear singular integral equation (1.1) has crucial
applications in the theory of elementary particles and
scattering (Colton & Kress, 1983). It is important to
examine the type of such equations. In the investigation
of the existence of the solution of equation (1.1) it is
important to examine the operators (1.2).

In this paper, we prove that the operators S and S,
from (1.2) are bounded in Holder space. Moreover,

for these operators, some important inequalities in the
different norms are also given.

2. Preliminaries

In this section, we will introduce some necessary
information required for the proof of main results.

As usual, throughout the work, C [0,1] is the set of

continuous functions defined on [0,1] with maximum
norm

7], = max {7 )]:2 [0.1]}.

Definition 2.1. (Daugavet, 1977). The function
o(p,x) = Sup{|(/)(t2) —p(t)|:|t, —1,| < x} ,x€[0,+0)

is called the modulus of continuity of the bounded function
p:R->R.

Let us recall the properties of the modulus of
continuity:
1. The modulus of continuity is a continuous function.

2. The modulus of continuity is a non-decreasing
function.

3. Forevery x,x, >0, 0(x, +x,) < o(x)+o(x,).

4. (0)=0.
o(x)
X

5. For every x>0 and >0

o(x
and @(x) are
. . x*
decreasing functions.

Definition 2.2. (Lu, 1993). Assume ¢(t) is defined on
[0,1].1F



“0<a<l

|(0(x2) _(P(X1)| < K|x2 X

for arbitrary points x,,x, 6[0,1], where K>0 and « are
definite constants, then ¢(r) is said to satisfy the Holder
condition of order a, or simply condition H , denoted by

peH,[0,1].

The functions in class H possess the following
properties:
1. IfpeH[0,1], thenp e C[0,1], i.e., H[0,1] < C[0,1].
2. IfpeH,[0,1] and 0< B<a, then p e H,[0,1] ie.,
H,[0,]]c H,[0,1],if0< < a.
3. Ifbothpandy eH, [0,1], thensodo oty v,/
v (¥ #0on [0,1]).
4. If both ¢ and w e H, [0,1], then so do ¢+y,@ v
and
H(p+y,a)=H(p;a)+ H(y;a)
H(p-y:e) <H(pa)y, +|le], Hw; ).

Let 6[0,1] ={fecC[01]: f(0)=0=f(D)} and
H.[0,1]={peH, :p(0)=0=p()}.

The function spaces H,, [0,1] and H, [0,1] are Banach
spaces with norm

L -H(p;a)).

lel. =
Here,
H(p;a) = sup{%a’x):o <x< 1}.
X

Furthermore, throughout the paper, we denote H,, (IiI a)
instead of H, [0,1] (Ha [0, 1] ), unless stated otherwise.

We denote the norm of function ¢ € H. by

lell, , = max(lg], . H (@; 2)).

The norm of a bounded linear operator 3 : Ho—>H L1
defined as follows (Kreyszig, 1978):
‘pe H }

8, =1, —sup{” 7l

lel...

.
?

I8 =1, o - sup{'h oL
a,0
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Let

= {(p eC[0,1]: j-_a)(gg, ¢) < +oo}

0

and

Z(o(p,-),1) = j a)((? g)df “j W(Z;z, <) dé,re(0,1].

Then, the following is provided:
1. Ifpe I;la, thenpe J,, ie., Iilar c J,.

2. Z(w(p,),t)is a non-decreasing function on [0,1].

3. Main results

In this section of the paper, we provide some properties of
the operators S : Ho > H, and S, : H. — H ,, which are
defined in formula (1.2).

Theorem 3.1. Let the operators S: H.—> H, and
S, :Ho — H_ be defined as in formula (1.2) and p € J,.
Then, for every x € (0, 1],

CO(S(D, X) < Clz(w(¢: '),X), (31)

(8.9, %) < ¢, Z((9, ), ). (3-2)

Here, ¢, = l(6—7+ In3), ¢, = 2 are definite constants.
7T 6 b4

Proof. Let

@) forte [0,1],
W)_{o for t [-1,2]/[0,1]

and

Fo(1) :%j‘%dn re(-1,2).

The operator F : H. — H, can be written as

F¢(z)=led¢+l¢(z)mﬂ, re(-1,2).
T T—t Vs I+t

Let 1,1, €[0,1],

1, —t .
& =-2—L In that case, we write

0<t<t,<1 (0<t,—1,<1) and
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(F¢(f ) F¢(I) j¢(z-) ¢(t )d j¢(1) ¢( )d +¢(f )11'1 2 ¢(t) Il

1

_ I ¢(r>—¢<t2) dr_'] ¢(r>—¢(z> " +IV@ #) _¢O-91)]

T—1

. j V(r) 1) ¢ - (1)

Tt T—

}d +¢(t)ln b —-é(1, )1 —1
1+1, 1+¢

12

r I ¢(T) ¢(t ) iz

T HO-9(t) |

T—1,

n-¢

. Wﬁ(r) §1) @)= 41)  $1) - ¢<r)}

T T—1

N I V(r) #) PO -9() 9(1)- ¢<r)}

T—1, -1 T—1,

+(15(t)1n 5 ()i

j §) - 9(1,) df—T HO)-9()
Tt ‘T

~ #(2) - (1)
(1, 1)1—(1 e )d T +[¢(1)—4(t, )]_jl "
#(2) - 4(1,) 2 g
z)jT r+[¢(r1)—¢<r2>] =

+¢(t)1n % g(1)n

j ¢<r> ¢(z> J HD)=1)
g T—1,

O —9) , ¢(0)—9t)
1)j(—t)( —t) l)j(—t)(f t)

+[d(t) = p(t,)][ In|t, — & —1,|~ In(1+1,) |+ [(t)) - 6(2,)]

2—t 2—t
x[In2-1)~Inl, —&—1,| ]+ ¢(,) In 1+t2 _¢(¢1)lnﬁ.
2

1

As aresult of simple calculations, we write

[¢(t1)—¢(t ) [ln|tl—5—t2|—ln(l+t ) |+ [#(t) - 6(t)][In2—1,)~In|t, — £ — 1 ]
+¢(t2)1n —¢( )In ——[¢(t) #(1, )][ln (1, tl)—ln(l+t2)}+[¢(a)—¢(t2)]

b 5 1}+¢(t2)[1n(2—t2)—1n(1+t2)]—¢(ll)[ln(2—tl)—ln(1+z‘])]

L1
2

x{ln(Z —t,)—1In

=[#(1)) - 9(2, )]‘:ln3+ln d ln(1+t)} [¢(t1)—¢(t2)][ln(2—tl)—ln
+4(1,)[In(2 = 1,) — In(1+1,)] - $(1,) [In2 = 1,) ~ In(1 +1,) ]

~ () In- [0~ 4(1,)]In3.
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Thus, we obtain

7 (Fo(t,) - Fot)) =Y 1.

Here,

- I P —4(t)
., T—t

I ") - ¢(t) -

71

¢O)—9)
(z-1)(7=1,)

¢ —¢(t)
(717 =1)

1+t

I, =(t, —t)j

1,=(t, t)j

I =¢(t, )ln

2

2—t
I = (1) In 22

I = (§(t,) ~ ¢(1,)) In 3.

Now we consider |IV|,V =L--7.

For I,, we write

|,|<ZI” bl " 08,0, Twwfw) ,§<’ZJ"w(¢,§> "
S - T T e &
Similarly,
|1|<'j (¢|r 1)) J~a)(¢t1 0, jco(¢z' 1) zjco(géﬁf) c
= 2 "
_Z[ZJ‘ZI Md é: <2tzJ.t1 Md é:
g 5
Also, we can write
1)<, _I)IM‘Z >I 00D e 5w

), s(e+n —t) =

Here,

1O = (s — U w(g,E) ’
V= a)!—dafﬂz_tl) £
o($,5)

13(2): 27 h | )
G0 | erno

A fewd

3) _
1=, 1)!§(§+t2_t1) 3

48
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For I{" and I{”, we write

L~

we| w<¢,§>d§:jw(¢,§+s)d§<1w(¢ £ 4o J w$.£12),, " I 0.8,

. S

E+e

(Z)S(t I)J' (9,$) /€.

S 4

(¢,¢ +1)

1 5
For I, we have
9= T _ oo
Jjg(gﬂ el 1)j
60(¢ )
- 1)J§(§ l—f)

Here, we need to consider two cases: f, <t, —f,and t, > ¢, — 1,

Case 1: Ift, <t, —1,, then

1<t -1)[ =229 aeci-1) [

06(5+1,—1)

($,%)
0 §(§+t2_t1) 0 é:

dg

0 (S +D(E+1+1,-1))

§ S [ZJ_‘II a)(¢’ g) /’g'

Case 2: Ift, > ¢, —1,, then
3) _ 1 C{)(¢, 5) _ _ o 0)(¢, é:) _ [ a)(¢’ 5)
I <(t, a)!—dg@ﬂz_t}) £=(, a)!—dg@%_ E+(t, ”),L—daéwz—a) .
Furthermore, since we can write
_0@S) .. (X9
Jj Fern eS| =
oty | =28 ey [ @8Dae <) [ 28Egg,

Sy T

we obtain

1(3><r2'[tl—dw(¢; ) E+(t,—1) f —dw(g e

Here,

Thus, considering estimates for 1\",7’ and I, we

obtain

H=a( ] 282ag a1 [ “Ea

h=h

Now we consider /,. We can write

|I4|S(t2 _t1) J. —d

AT

(@, |T tz|) ZJ(V)'

ot =7)
(=)

b

19 =, t)f

hte

(2)—(t t),[ o(p,7—t,) I

(—1,)(z 1))

11(13) :(tz_tl) .“ 0)(¢,T—t2) r
S =) —1)

’



Nizami Mustafa 50

For 1", we obtain

1(1) (9, 5) _ w(¢t
. ”Ia 5 I)I 1, o
<2I a)(¢t_t 4 § 2IW(¢ ,$) o= ;f' a)(¢§§/2) (§<2T a)(éf) 12
Similarly,
1=, 1, [ o4,9) < [994.9), (g E12) < [ @49
0] e - )‘fJ - gj g
For I\¥, we write
Q) _(p _ f (¢, 7-1,) —(+ _ a)(¢ $) G
W= | et ”Jae:w T ZII
Here,
G _ i o(9,S)
I3 = (t, - )j—dg(w il
153,2) : a’(¢ $)
)I BEr, 1)
1(33) o(9,$)
. ”Ir:(f o
For I*" and I, we obtain following estimates

(31) (f t)tzj. 0)(¢ 5) ) yg (2 1)J 0)(¢ §+‘9) yé;

S+, +&)(&+3¢)
4 w(¢,§+€) o@.cte), §+€) 3560(615,5),
: 35;')‘ E+e '([ §<3'! & d
(P

(¢§/z> gj
3 39

0

oo o(4,£) o(4,&) Lt od,8)
19 =1, t‘),zj,l—d«:(éﬂz—r) E<(t,~ r)&jﬁ—d: (t, tl)i.—dfz £

Now, we consider If’”. Firstly, we can write

153’”=<r2—)j w(¢§) az= n)j o4, +1)
EE+ J(ED(E T+ 1)
(¢§)
<(t,-t) [ —22L 4
= t)jf(fﬂ o

Here, we need to consider two cases: 1—t, <t, —t,and 1 -1, > ¢, —1,.
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Case 1: If 1 -1, <t, —¢,, then

N . (X L 06,9 0 o(4,€)
19 <, “{4‘1«;@“2_;1) E<(t, ”)g—da«:m—m &< j—dgf

Case 2: If 1 -1, >t, —t,, then

189 <, —tl)T (9.<)

o(4,&) "o, )
e E+(t, - t)]—df [ =5=as

LSS+t —1) 0 S

+(fz—f1)f o(9,$) /£ < J‘ w(¢ $) 124+ (1, —f).[ o(9,$) /2

th—1 5 th—t 5
Thus, using the results for If’”,v =1,2,3, we obtain L 1
the following estimate: 147 o(4,6) , (g,
e following estimate |I4|S— J‘ (#,$) E+2(t,—1,) J‘ (¢2§) /&,
-1, 1-¢ 3 0 é: L 5
5% o(¢,9) ’ a)(¢ 9)
©) ] 1
h Sg _[ £ S+21,—-1) j g Now, we consider / ,v =5,6,7.
0
' For I, we write
Using the results for I, "y =1,2,3, we obtain the
following estimate: | 15| :| ¢(t1)|(ln(1 +1,)—In(1+1,)).

For the right-hand side, we use the mean value theorem on the interval [1 +1,1+ tz] and obtain the following:

-4 -1
6<|(0,1].
1| =gl e(t S =10)-9-Dl5 g(t_t) [0,1]
Thus, we obtain the following estimate:
1< o@1e)—0Th @O LTh) g, Lo
2+41,+60-(t,—t) t,—t 241, +0-(t,— 1)

< 2
241, +60-(t, 1)

(.1, — 1) < (p,t, —1,)

2-1,

Now, we consider the term I, = ¢(z,)In In(2-1,)-In2-1,) =In(1+w,)—In(1+w,).

1
We rewrite the difference In(2—7)—In(2-1¢,) as Therefore,

follows:
[ 1] =[6(2,)| (n(1+ )~ In(1+w,)).

In(2—-¢)-1In(2-£,)=In(1+(1-1¢))—In(1+(1-1¢,)).
(2-4)=In@2-1,) I+ =)= In(+{1-5)) Then, for the function In(1+w), similarly to the

We set 1—f =w.1—f =w. and deduce that Previous term, we apply the mean value theorem on the
1 2

w,w, €[0,1]and 0 < w, <w, <1. Thus, we can write interval [1+w,,1+w, | when 6 €[0,1],

W

+H(1

)

+9 (W, =w,)’

1] = |#(2, )| |¢(t) $(0 )|



Hence,
-1, t,—1,
|1s| =|¢(2,) - (0 )| +9 @ _t) 5 o(9,t,)
L4 w(¢,t2— l)t < (g1, —1,)
T2 -t T2

Also for I, we write

|| =|4(1,) — #(1,)| In3 < (1, —1,) In 3.

Hence, we obtain the following estimate:
3

(AR AR IAE (5+1n3)60(¢,l2 ~t,).

Furthermore, since we can write

L1

S.0(t)=5.00)=— |

0

@(7) I
T+t,

Since |(o(r)| = |(p(z’) - (p(0)| < w(@,7), we obtain

a(p,7) It

1 1
|S+(/’(t2)_S+(p(t1)|S; I T+,

1
gl
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(p,t, —

2

) Lo(p.t, 1)

t,—t

AL h) g

1

a)(¢:t2_t1)_ (t tl)_ I

1 0

we obtain
3 -4 ,
Ll ] <G o3 [ “6ag

However, since for every x € (0,1], (@, x) = o(@, x)
and for every t € [0,1], F¢(t) = Sp(t), using the previous
observations, we can deduce that

67
[Se(t,) = Sp)| < aZ(@(p. )t ~1).6 ==+In3. (3.3)

Now, we consider the difference S,¢(t,)—S, 0(t),
which we can write

t2 j‘ @(7)

L, (T[T +1y)

f/’(T)
T +t

250wl . o
T '([ d§+ T

Thus

5.0()=5.90)| £ 2@t -1)6 =2 ()

Since the function Z(w(ep,-),t), te [0,1] is non-
decreasing, from inequalities (3.3) and (3.4), we see that
inequalities (3.1) and (3.2) exist.

Thus, the proof of Theorem 3.1 is complete.

Theorem 3.2. Let the operators S: H.— H, and
S, Ha — H,, be defined as in formula (1.2) and ¢ Ha

U oten, bot | _ole.)
Ty T o (T (T+)
[ 4294z <2 2(0tp 00,10
Then,
IS], < A@), |S.], < B(a@), 3.5)
Is[, <c@. (.6

Here, the constants A(«@), B(),C () and D(«) depend
only on parameter «.

Proof. According to Theorem 3.1, for each ¢ € J, and
xe (0, 1] we write

o(Sp,x) < Z(a(@,-),x)=c,( J‘ ((:; $) de+ J (?’ £

o[ XED ez | —“’tf; Deeag) < qHpa)+x

a _ 1-a
— e H(p,a) 22 )

a-1

x =1
l-a )

G

a(l-a)

Ca(l-a)

x“H(p,a).
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Thus, Similarly
ww@msmﬁufWﬂ%m. oS, 0,%) < aﬂﬂﬂH@ﬂ)
It follows that and
H(Sp,a) < (1 2 H(p,a)<— (161 - lell,,- 3.7 H(S,¢,0) < a(l p H(p,a)< a(lci p o], ,- 38
From the definition of the operator F'¢(t), we write
x|Fo(n)| < j—db r+ao(p1+1)In2 = j“’(g’” e +j“’(¢’ D4z

1 T
1+1

+a(f,1+1)In2 = j%g J‘%§+a)(¢l+t)ln2

1+

<H(q),a)(j§a g+ j ENdE+(14+1)7 In2)

=fH%aXa+ﬂ ;Q—ﬂ

+(1+1)%1In2)<2” (24— In2)H (g, ).
a

According to this

2° 2 2 2 [Sell, < A@lel, - Ate) = max( C(a@)).
IS¢|, < —C+)H(p.@) < (+In2) o], 3.9 ’ a(l-a)
Finally,
Hence,
a S| <Aa).
Is], < Cle.Cl@) =23 +1n2). I8 < Ace)
e Now, we consider ||S+(p||m .
From (3.7) and (3.9), we obtain
Writing
S () = lie@ I(p(r) 20 , _ jco(r) —9(0) *

T+t T+t xS T+t
we obtain

H(p,a) | H@a) oy 1

sipt0]= 2D e KOO s Ly
Thus, Finally,
1
<1l (3.10) 5.1, < B@).

Hence, Thus, the proof of Theorem 3.2 is complete.

1

.|, <D(a),D(a) = s 4. Discussion

From (3.8) and (3.10), we obtain Using Theorem 3.1 and Theorem 3.2, we can show that

the operator

[s.0l, < B@¢l,,Bl@)= max(ﬁal)(“))- Ap(t) = f0)[0* 1) +[2-Sp)+ -5 0O |, 1€[0,1]



is a contraction mapping. Furthermore, we can show that
the operator 4 maps a closed sphere of space into itself.
Thus, the conditions of the Banach contraction mapping
principle are satisfied for the operator equation

o(1) = Ap(t), 1€[0,1];

in other words, this equation has a unique solution.

5. Conclusion

In the investigation of the existence of solution of nonlinear
singular integral equation

o) = fO]{@* O +[A-Sp)+ uS.00)] }, t€[0.1],

it is important to examine the singular integral operators,
defined as follows:

_1 o _1 o
qu(t)—ﬂl‘r_tdr and S, (1) ”{thr. (5.1)

Also, these integral operators have broad applications
in the theory of elementary particles and scattering.

In this paper, we have examined some properties of
singular integral operators, defined by (5.1). The main
points of our conclusion are

1. To prove that the operators S and S, are bounded in
the Holder space;

2. To give some important inequalities in the different
norms for these operators.
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