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Abstract

In this paper, we will firstly define a new generalization of numbers (p, q) and then derive the
appropriate Binet's formula and generating functions concerning (p,q)-Fibonacci numbers, (p,q)-
Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell Lucas numbers, (p,q)-Jacobsthal numbers and
(p,q)-Jacobsthal Lucas numbers. Also, some useful generating functions are provided for the
products of (p,q)-numbers with bivariate complex Fibonacci and Lucas polynomials.
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1. Introduction and preliminaries

Recently, Gulec & Taskara (2012) defined
and studied the (p,q)-Pell and (p,q)-Pell
Lucas numbers. Accordingly, they showed
some interesting properties of these
numbers. For their part, Suvarnamani &
Tatong (2015) investigated the (p,q)-
Fibonacci  numbers of the  form

{Fp,q,n }nem where they studied and analyzed

some results using the well-known Binet's
formula. Furthermore, Suvarnamani (2016)
derived some useful properties of the (p,q)-
Lucas numbers and provided also in another
paper (Suvarnamani, 2017) some novel
identities for the (p,q)-Fibonacci numbers
using the matrix methods.

On the other hand, Uygun (2015) defined
and studied both the (p,q)-Jacobsthal and
(p,q)-Jacobsthal Lucas numbers

{‘Jpqu”}neu and {jpvq'n}neu by giving some

important relationships between these two
numbers.

Note that Asci & Gurel (2012) have
investigated the bivariate complex Fibonacci
and bivariate complex Lucas polynomials

F,(x,y) and L, (x,y) using the following
recurrence relations:
F..(x,y)=IixF (x,y)+yF, ,(x,y), forn>1
where F,(x,y)=0 and F(x,y)=1 and
L,.(x,y)=ixL,(x,y)+yL,,(X,y), forn>1,
where L,(x,y)=2 and L,(x,y)=IX.
Consequently, the Binet's formulas for the
previous recurrence formulas are given by:
E(x,y)= 2 0Y)=FY)
a(x,y)-pBKx.y)

and
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L.(x,y)=a"(x,y)+B"(x,y),
where a(x,y) =224 gng

px,y)= ﬂ represent the roots of
the characterlstlc equation

z? —ixz —y =0. We note that
a(X,y)+p(x,y)=ix and
a(x,y)p(x,y)=-y, (see (Asci & Gurel,
2012)).

Theorem 1.1 The bivariate complex
Fibonacci polynomials can be formulated

explicitly as follows
n-1

F.(x,y)= [JOJ(n _JJ - J(ix Yty

Proof. The generating function for bivariate
complex Fibonacci polynomials is given by

9(2)=3F,(c.y)2" -

1-ixz —yz?’
Thus,
- z
F.(x,y)z"=————-

nz_:j () 1—(ixz +yz?)

=2 (ixz +yz?)"

n=0
zzz( ](ix)n—jyjzn+j+l.
n=0

Writing n instead of n+ j +1, we obtain

Z (x.y)z Z{ J( ) 1]' (i) y o 2,

n=0 =0
and finally we deduce
I
_J -1 i
F (X, y)_J_[ ; j( )n j yi.
This completes the proof.
Theorem 1.2 (Asci & Gurel, 2012) The

bivariate complex Lucas polynomials is
expressed explicitly as follows

EJ n—j ne2i
L (x,y)=2 n ( _J](ix) 2y,
ion—=j{ ]
Proposition 1.3 (Boughaba et al., 2019) For
n e, we have

H _y? v [y?
Fn(X,y)=hn,1 |x+\/ X +4y ix \/x +4y ] (1)

2 ' 2
and
X ++4/-X2+4y iX —af-X2+4
Ly -an,| P o y]
2)

-ixh, ,

ix +\/—x2+4y iX —\/—x2+4y
2 ’ 2 '

The rest of this section is devoted to
recalling some preliminary facts and results
on the symmetric functions.

Definition 1.4 (Boussayoud et al., 2021) Let
k and n be two positive integers and

{a,,8,,...a,} are set of given variables. The

k-th  elementary  symmetric  function
e, (a,a,,...,a,) is defined by
e (a,a,...a,)= > aag.a’ (0<k<n),

i +ip+o.Fip =k

,=0or 1

Definition 1.5 (Boussayoud et al., 2021) Let
k and n be two positive integers and

{a,a,,...,a, } are set of given variables. The
k-th complete homogeneous symmetric
function h, (a,,a,,...,a, ) is given by

h (a,a,...a,)= > aray.ay  (k=0),
ig+ip+..+i, =k

With i, ;.0 >0,

Remark 1.6 Set ey(a,,a,,...a,)=1 and

hy(a,,a,,...a,)=1 by usual convention.

For k <0, we set e, (a,,a,,...a,)=0 and

h (a.a,,....a,)=0.



Definition 1.7 (Boussayoud & Boughaba,
2019) Let A and P be any two alphabets.

Let S, (A —P) be described by the following

form
[Ta-pz)

ﬁ(l_ Zs (A-P)z", 3

aeA
with the condition S, (A —P)=0 for n <0.

Equation (3) can be rewritten in the
following form

S, (A-P)2" :(isn(A)z”}{iSn(—P)z”],

where

Sn(A—P):Zn:Snj (-P)S, (A).

Definition 1.8 (Boussayoud, 2017; Saba &
Boussayoud, 2020) Given a function f on

1", the divided difference operator is
defined as follows

(f (Py=*s P s Py Py) j
8plplil(f ): _f (pl,--.,pifllpi+1'pi’pi+2,'.,'pn) |

Pi =Pia

Definition 1.9 (Boussayoud & Abderrezzak,
2019) Given an alphabet P ={p,,p,}, the

symmetrizing operator &, , is defined by

5 (f)= p. f (p)—p,f (pz) forallk el
ol P, —P;

Remark 1.10 Let k =0and P ={z,qz} in

Definition 1.9, thus we have (Purohit &
Raina, 2015; Abderrezzak, 1994)

D,.f (z)=% (z #0, g #1).

2. The generalized (p,q)-numbers

In this section, we introduce a new
generalization of (p,q)-numbers.

Nabiha Saba, Ali Boussayoud,Abdelhamid Abderrezzak

Definition 2.1 For any positive real numbers
p and q, the sequence of generalized (p,q)-

numbers {Wpyqv"}nu is given by the

following recurrence relation:
W, =apW o +bgW o o (0122), @)

withwW  .,=a, W, ,=8p+y and
{ab,a,B,7}el.
The special cases of the numbers

are listed in the table below:

Wit

Table 1. (p,q)-numbers.

abapyW,, (p.q)-numbers
11001 F,, (pa)Fibonacci numbers
11210 L, (p,q)-Lucas numbers
1200113, (p,q)-JacobsthaI numbers
12210 j,, (pa)Jacobsthal Lucasnumbers
21001P, (p.q)-Pell numbers
21220 Q,, (pq)PellLucasnumbers

It is worth noting that the recurrence
relationship in (4) involve the following
characteristic equation

x> —apx —bq =0,
which has two characteristic roots

_ap+4a’p’+4bqg andx. =P~ a’p?+4bq
- 2

X1

2 2
and can verify the properties

X, +X,=ap, XX, =-bq and

X,—X, =+/a’p?+4bq.

The next theorem gives the n-th term of the
generalized (p,q)-numbers.

Theorem 2.2 The Binet's formula for
generalized (p,q)-numbers is given by

Ax; —Bx,
Wian= Xl VI ()
1 2

with A =Bp+y—ax, and B = Bp +y—ax,.
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Proof. According to the theory of difference
equation, we have the following general
term for generalized (p,q)-numbers

W, o0 =Cxy +C x5,
where C, and C, are the coefficients.
For n =0,1, we have

{Cl +C,=a

Cx;+Cx,=pp +y
By these equalities

C :ﬁpﬂ’—axz _ _A

1 X=Xy X=X,
_ axy~(Bp+y) _ _ B
C2 T XXy XXy
Therefore
W - Ax; —-Bx,
PANT x X,
1 2

This completes the proof.
The special cases of the Binet's formula

for generalized (p,q)-numbers W, |
are listed in the table below:

neld

Table 2. Binet's formulas of (p,q)-numbers.
a b a B y Roots(x,andx,) Binetsformula

11001 x,=2F4 p o

2 p.an o x;-x,

112 10 x,=20 |y

2 p
_ pt«/pz+8q X
12001 x,=—5 ‘]p‘q,n__xll—xj
2
12210 x,=20% =X[ +X;

Jp‘q,n

_ XX
Pp,q,n -

12 2

2
X1, =PEyp 0 XX,
2 n n
xlyzzpin/p +( prqvn:x1+x2

3. Construction of generating functions of
some numbers

First, let consider a proposition which will
be of great interest to derive the main
results. More details concerning this
proposition are given in (Boussayoud &
Kerada, 2014).

Proposition 3.1 Given an alphabet
A ={a,a,}, thenwe have

= 1
h (a,, "= . (6
Based on relationship (6), we have
- z
h , "= (7
D PETRTRrYRL(

a = ap+\/a2p2+4bq

2
_ap—/a®p?+4bg
Q=""">7
and substituting in (6) and (7), we obtain

Choosing A such that

o

2N,

n=0

Shes
respectively. Multiplying equation (8) by
() and adding it to the equation obtained
by (9) and multiplying by(p(8-aa)+y),
then we obtain

ap+\/azp2 +4bg ap —\/a2p2+4bq
2 ’ 2

" 1 €))
"= ,
1-apz —bqz ?

" z ©)
"= ,
1-apz —bgz 2

ap +\/a2p2+4bq ap —\/azp2 +4bq
2 ‘ 2

0

2p214b —Ja%p2+4b
ahn(ap+\/a2p+ q,ap\/a2p+ q)

n

Z
n=0 +( p (ﬂ—aa)+y) hnl(ap+x/a22pu4bq ,ap*\/azp2+4bq )

2

B a+(p(B-aa)+y)z

1-apz —bqz 2
Consequently, we have the following
theorem.

Theorem 3.2 A generating function is
derived for the generalized (p,q)-numbers as
follows

iW o a+(p(B-aa)+y)z

, 10
1-apz —bqz ? 10

with



_ ap+\/a2p2+4bq ap—\/a2p2+4bq
W, ,,=ah ( )

p.g.n 2

+( p (ﬂ_(la)-}- ]/)hn_l(ap+Jazz‘)2+4bq , ap_Jaz;z+4bq |

Proof. The generalized (p,q)-numbers can be
considered as the coefficients of the
following formal power series

g(z):ZWp,q,nz "
n=0

Using the initial conditions, we get
9(2) =W, oW, 2 +DW 2"
n=2

=W +W .z

p.g.0 p.g.l

+i(apw s TOOW p,q,n—2)z "

=W 0 tW 412 +apzZW

pqn
+quZZWpyqynzn

=W g0t ( pql_apwpqo)z
+apzZqunz +bqz Z ol

=a+(p(p-aa)+7)z +(
Hence, we obtain
(1-apz —qu2)g(z)=a+(p(ﬂ—aa)+7/)z.

Therefore
2(2)= a+(p(ﬂ—aa)+;/)z
1-apz —bqz ?
The proof is completed.
e By setting a=b=y=1and a=£=0
in expression (10), we can state the
following corollary.

Corollary 3.3 A generating function is
derived for the (p,q)-Fibonacci numbers as
follows

2 +boz*)g(2).
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= yA
ZFp,q,nZ "= 2 (11)
n=0

1-pz —qz
with

e _n [p+\/p2+4q p—Jp2+4q]
p.,q,n n-1 '

2 ’ 2
e Put p=g=1 in (11) we get the

generating  function of Fibonacci
numbers

:—2’
P 1-7 -z

F =h (1“5 %]

with

2 2
e By putting a=b=p=1 =2 and
y =0 in expression (10), we can state
the following corollary.

Corollary 3.4 For n e, the new generating
function of (p,q)-Lucas numbers is given by

> n 2—-pz
L, 2 '=—, 12
nZ:(; p.g.n 1-pz —q22 (12)
with

+p2+a —p2+4
Lp,q,n:2hn(p\/pz q’p\/pz Q)

[ )

e lLet p=q=1 in expression (12) we
derive the generating function of Lucas
numbers

anZn 2-12
= 1-7z -z
with
L, :2hn( %]
2 2
£1+ 5 1—\/§J
-h,, — |
2 2
e By taking a=y=1LDb=2 and

a=£=0 in expression (10), we can
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state the following corollary.

Corollary 3.5 A generating function is
obtained for the (p,q)- Jacobsthal numbers
as follows

SIper =y
= P 1-pz —29z°

with

; _p [prapi+g p—\/p2+8q}
p,g,n — "'n-1 2 ’ 2 '

e Let p=g=1 in expression (13) we
easily derive the generating function of
Jacobsthal numbers

= .
207 T 1-7-27%

n=0
with
J.=h, ,(2,-1).
e By setting a=p=1 b=a=2 and
y =0 in expression (10), we can state
the following corollary.

Corollary 3.6 A generating function is
obtained for the (p,q)-Jacobsthal Lucas
numbers by the following expression

. n 2—-pz
"= 14
nZ:(;Jp'q’" 1-pz —2qz° 14
with
. _ p+yp°+8q p-yp+8q
Jp,q,n B Zhn( 2 ’ 2 )

_phnl( p+\/p +8q ’ p—\/p; +8q )

2

e Put p=q=1in relation (14) results in

the following generating function of
Jacobsthal Lucas numbers

ij . 2-12
" 1-7 —2z2"

n=0
with

j,=2h,(2,-)-h, ,(2,-1).
e By  putting a=2 b=y=1 and
a= =0 in expression (10), we can
state the following corollary.

Corollary 3.7 A generating function is
obtained for the (p,q)- Pell numbers by the
following expression

d Z

YP gl =, 15
s p.g.,n l_zpz _qZZ ( )
with

Poan = hn—l(p +P?+q,p—+/P°+q )

e Put p=q=1in expression (15) allows
to obtain the generating function of Pell
numbers

=g
2Pn2 1-27 -z7%°

n=0

P, =h,(1+42,1-2).

e By taking a=a=£=2,b=1 and
y =0 in expression (10), we derive the
following corollary.

with

Corollary 3.8 A generating function is
obtained for the (p,q)- Pell Lucas numbers
as follows

S n 2-2pz
7' =— 16
;vaq:n l_zpz _qZZ ( )
with

Quan =2hn(p+\/p2+q,p—\/p2+q)

—thn,l(p+\/p2+q,p—\/p2+q)-

e Let p=q=1inexpression (16) then the
generating function of Pell Lucas
numbers is given by




ZQnZn 2-2z
~ 1-2z -z

with

Q, =2h, (1+v2,1-2)-2h, , (1+42,1-+2).

4. Generating functions of the products of
(p,q)-numbers  with  bivariate complex
Fibonacci and Lucas polynomials

The following propositions, proved in
(Boussayoud, 2017; Boussayoud & Kerada,
2014; Boussayoud et al., 2014), are key
tools to derive our main result.

Proposition 4.1 Given two alphabets
E ={e,.e,} and A ={a,,a,}, then we have

2 2
S, @, a)h, €,.8,)2" = 1-a320,2 (17)
" [1(1-aez)I1(1-ae,2)

i=1 i=1

Accordingly, we obtain

z-aager’ (18)
2 2 )
_l:[l(l—aielz )E(l—aiezz )

zhnfl(avaz)hm(evez)z "=
n=0

Proposition 4.2 Given two alphabets
E ={e,e,} and A ={a,,a,}, we have

S Euah, e = E @R (19)

2

H(l a,ez)lg[(l ae,’)

[N

Proposition 4.3 Given two alphabets
E ={e,e,} and A ={a,,a,}, we have

© 2
T, @2, 6,e,)2" = BB ALEIET 0
" N(1-gez )I1({1-ae;2)

In what follows, we provide new
theorems and derive the new generating
functions for the products of (p,q)-Fibonacci
numbers, (p,q)-Lucas numbers, (p,q)-Pell
numbers, (p,q)-Pell Lucas numbers, (p,q)-
Jacobsthal numbers and (p,q)-Jacobsthal
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Lucas numbers with bivariate complex
Fibonacci and Lucas polynomials.

This part consists of three cases.

Case 1. Putting

A ={p+”’;+4q : p_“p;”q} and

X+ —x2+4y X — —xz+4y . .
E :{ Jz , J2 }, in expression

(17), (18), (19) and (20) then we have

hn[p+Jp2+4q,p—Jp2+4q]
c 2 2 L@
0 ><hn[ix +\/—x2+4y ,iX —\/—x2+4y D,
2 2
[FH p'+ p— P+ ]
i Zn:%, (22)
HOXh [|x+\/x +4y iX - \/x +4y] D,
2
. [Wp v p-p +4q}
i 2N (@23)
=0 " [IX +\/ X +4y i - \/x +4y] L
2
[
¢ 2 2 LR
n-0 thl[ix +\/—x2+4y Yix—\/—x2+4y] D,
2 2
with
D, =1-ipxz —(y (p2+2q)—qx2)z2
—ipaxyz ® +q°%y ’z*,
L, =1-qyz?,
M,=z —qyz°,

N, =ixz +pyz?,
R, = pz +igxz ?,

Accordingly, we deduce the following
corollary and theorems.
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Corollary 4.4 For n €], the new generating

function of the product of (p,q)-Fibonacci
numbers with bivariate complex Fibonacci
polynomials is given by

Zqun n X y Z _%
> (25)
z-qyz’
1—ipxz—(y(p2+2q)—qx2)zz—ipquz3+q2yzz“'
with

p+p°+4q  p-yp’+4q
I:p,q,nFn (X’y):hnl( 2 ! 2 )
X +-X 244y ix —J—x 214y
xh, 2 2 '

Theorem 4.5 For n €[], the new generating

function of the product of (p,q)-Fibonacci
numbers with bivariate complex Lucas
polynomials is expressed as follows

sz,q,nLn (X ’y )Z
n=0

~ ixz +2pyz ° +igxyz
1-ipxz —(y (p2+2q)—qxz)zz—ipquza+q2y224'

(26)

Proof. We have

D Foanla (X,y)2

n=0

A [p+\/p2+4q p-p2+4q J
n-1

2 2
= Z 2h ( iX =X 24y ix —y-x *+4y ) z"
n=0 n 2 ! 2

X
. ix x4y ix —y—x2+4y
_|th71 2 J 2

2 2

Zn
n=0 th[ix +J—;<2+4y ,ix —«/—;(2+4y J

X {p+\/p2+4q p-+p?+4q
n-1

. i 2 2
—ix z
n=0 [ix +\/—x2+4y ix—J—xz+4y]
xh,

h [p+\/p2+4q p—\/pz+4q]

2 2

n

2N, —ixM,
Dl

2(ixz +pyz*)—ix (z —ayz )

:l—ipxz —(y (p2+2q)—qx2)z2

ixz +2pyz * +igxyz’

—ipgxyz®+q?y°’z*

1-ipa ~(y(p?+2a)-ax)2” ~ipgxyz* +q’y 2

This completes the proof.

Theorem 4.6 For n €[], the new generating

function of the product of (p,q)-Lucas
numbers with bivariate complex Fibonacci
polynomials is given by

2LanF (X,y)2
n=0

pz +2igxz 2 + payz ®

(27)

1-ipxz —(y (pz+2q)—qx2)zZ—ipquz3+q2yzz“'

Proof. We have
ZLP q.n l’\ (X y )Z

w _ph (p+\/pz+4q pf\/p2+4q)
:Z PN, 2 ’ 2
<h (ix ++/—x%2+4y ix —J—x2+4yJ
2 ' 2

n=0
n-1
P’ +4q
2

h [p+ p®+4q p-—
n 2 ’

n-1

2 ’ 2

N £p+\/p2+4q p\/p2+4qJ
n-1

z
= (ix +J—;<2+4y 'ix —«/—;(2+4yJ

n

n=o iX +4/—XZ+4y X —y[-X*+4y
s > ' 2
2R, — pM
Dl

(pz +igxz ) p(z —ayz®)

1—ipxz f(y p +2q

pz + 2igxz > + payz ®

Z)ZZfipquz3+q2y 2,4

:1—ipxz —(y (p?+29)-ax 2)2 2
This completes the proof.

—ipgxyz ®+q°y?%z*



Theorem 4.7 For n €, the new generating

function of the product of (p,q)-Lucas
numbers with bivariate complex Lucas
polynomials is given by

ZLP%”L” (X ’y )Z
n=0

4-3ipxz +2(qx2—y (p2+2q))zz—ipquz3

=1—ipxz —(y(p2+2q)—qx2) —ipgxyz®+q%y 2zt

(28)

Proof. We have

inyqann (x,y)z
oh [p+\/p2+4q p—«/pz+4qJ

2 ' 2
B p+yp’+4q p—+p*+4q
phn—l 2 ' 2

n=0 oh IX +4—X2+4y iX —yJ-X2+4y
" 2 ’ 2
X
. [ix +\/—x2+4y ix —\/—xz+4y]
—ixh,

2 ' 2

[p+ p2+4q p- p2+4q]

o 2
=43 z"
ne H _y?2 v [y 2
0 th[u +\/ X“+4y ix \/x +4y]

2 ' 2

L [pryp’raq p-yp*+dg
5 " 2 ’ 2
—2ix z"
- . B o 2
0 “h. {IX +\/ x2+4y ix \/ X +4y]

' 2

2

h [IX +4x2 +4y ix — —x2+4yJ

2

s (ph/p +49 p- Jp?+4q

Zn

_zpz

A {pﬂ/p +4q p—+p®+4q
n-1 )

© 2
+ipx )’
n-0 <h [ix +\/—x2+4y ix —\/—x2+4yJ
n-1

Zn

2 ‘ 2
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AL, -2ixR, -2pN, +ipxM,
Dl

) 4(1—qyzz)—2ix (pz +iqxzz)

1-ipxz —(y (p2+2q)—qx2)zz—ipquz3+q2yzz4
2p (ixz +pyz *)-ipx (z —qyz°)

1-ipxz —(y (p2 +2q)—qx 2)2 2 _ipaxyz *+q%y°z*
4-3ipxz +2(qx -y (p? +2q))z 2 _ipgxyz ®

:1—ipxz —(y(p2+2q)—qx2) —ipgryz®+qiy 2t

This completes the proof.

e Put p=qg=1in expression (25), (26),
(27) and (28), we obtain the following
table:

Table 3. The generating functions of the
products of Fibonacci and Lucas numbers
with bivariate complex polynomials.

Coefficientof z"  Generating function
F(x,y) . Lz

1-ixz —(3y —X )z 2_ixyz 3+y2z*

ixz +2yz 2+ixyz
L (X ) ixz +
n Y 1-ixz —(3y—x2)zz—ixyz3+y 274
2ixz 2+yz®
F (X ) Z+
n Y 1-ixz —(3y—x2)zz—ixyz3+y 24

4-3ixz +2(x 2_3y )z 2_ixyz 3

L,L,(x.y)

1-ixz —(3y X 2)z 2_ixyz3+y 2z

Case 2. For A:{p+ p2+q,p_,lp2+q} and

E :{ix+\/;<2+4y ’ ix—\/—;(2+4y ;’ in the

relationships (17), (18), (19) and (20) we
have

h”(prZ*q'P—Jp%q)
© n L
Z [|X +\/_X2+4y ix—\/—X2+4y] 1A :D—zzy (29)

n=0/ xh

2 2



Symmetric and generating functions of generalized (p,q)-numbers

2 [ with bivariate complex Lucas polynomials is
) hn,1(p+ pP+0,p-yp +q) y given by
. . M2 (30) g n
nz:; thl[m +\/_;(2+4y ’|x -\/_;(2+4y] L D, ;pp‘qann (x.y)z (34)
_ ixz +4pyz * +igxyz
h,l(PJr 074q, - ’p2+q) 1-2ipxz —(Zy (2p2+q)—qx2)22—2ipqu23+q2yzz4
o0 . N
%Xh iX +\/—x2+4y ix—\/—x2+4y L :Ej' (31) Proof. We have
! 2 ’ 2 Zm:PpMLn (x,y)z"
n=0
(b ea.0- o) R (P +p?+a.p—p?+a)
gxh [ix +\/—x2+4y ix—\/—x2+4y] Zn:Df’ (32 :i 2hn(‘“J’§z_“‘y,ix’J’§z_”y) z"
n-1 ' ne
: 2 T i (o s
with e
D, =1-2ipxz —(2y (2p2 +q )—qx 2)2 2 hn_l(p +p?+q, p—\/p2+q)

—2ipgxyz* +q°y °z *, =22, " [ix £ X +ay i _,/_x2+4y] z’
2 ‘ 2

L,=1-qyz?, n

M,=z—qyz? hn,l(p+\/p2+q.p—\/p2+q)
i 2 —ix . . z"
N, =1ixz +2pyz~*, ; th_l[lx +\/—x2+4y ,|x—\/—x2+4y]
R, =2pz +igxz?, 2 2
and we deduce the following corollary and _2N,-ixM,
theorems. D,

B 2(ixz +2pyzz)—ix (z —qyz3)
1-2ipxz —(2y (sz+q)—qx2)z2—2ipqu23+qzyzz4

Corollary 4.8 For n €[J, the new generating
function of the product of (p,q)-Pell numbers

with bivariate complex Fibonacci _ ixz +4pyz” +igxyz * .

polynomials is given by 1-2ipxz —(2y (2p* +q)-qx* )2 * ~2ipaxyz* +q°y 2

ipp‘q‘npn (x,y)z”:& This completes the proof.

P D, (33)

) z-qyz’ Theorem 4.10 Forn €, the new generating
1—2ipxz—(2y(2p2+q)—qx2)z2—2ipqu23+q2y2z“’ function of the product of (p,q)-Pell Lucas

with numbers with bivariate complex Fibonacci

polynomials is given by
S0 )2

~ 2pz +2igxz * +2payz’°
1-2ipxz —(Zy (2p2+q)—qx2)z 2_Jipgxyz* +q2y 2t

PoanFa (x.¥) =Ny (p+fp7+a,p—/p7 40

" (W J—4y) (35)
n-1 2 ! 2 )

Theorem 4.9 For n €[], the new generating
function of the product of (p,q)-Pell numbers

10



Proof. We have
2QuaaFi (00Y )2
n=0
2hn(p+ p2+q,p—\/p2+q)
—thn_l(p+Jp2+q,p—Jp2+q)

[ix +\/—x2+4y iX —\/—x2+4y ]
xh

1
b

=
Il
o

2 2

m UEENCEEEN )

=2 - 2 : 2 Z
”Z;thl[lx +\/—x +4y Ix —\/—x +4y]

2 2

hys(p+fp7 0, P74
-2 : : z
HZ:(; " [IX +1/—;(2+4y L —«/—;(2+4y ]

n-1
_2R,-2pM,
DZ
2(2pz +igxa®)-2p (2 -qyz°|

1-2ipa —(2y (2p2+q)—qx2)z2—2ipquz3+q2yzz4
B 2pz +2iqxz 2 +2payz®

1-2ipxz —(Zy (2p2+q)—qx2)z2—2ipqu23+q2y224'
This completes the proof.

Theorem 4.11 For nell, the new

generating function of the product of (p,q)-
Pell Lucas numbers with bivariate complex
Lucas polynomials is given by

ZQPYCI‘HLH (X‘y )Z '
n=0

4—6ipxz +2(qx2—2y (2p? +q))z 2_2ipgyz°
1-2ipa —(2y (20 +q)—qx2)z 2 _2ipgxyz° +q%y 24

(36)

Nabiha Saba, Ali Boussayoud,Abdelhamid Abderrezzak

Proof. We have
ZQP,CI,HLH (X’y )Z '
n=0
2hn(p+\/p2+q,p—\/p2+q)

—2phn,1(p +yp?+a,p —\/p2+q)
2h (ix+\/—szy ix—m)
n 2 ' 2

1l
M

=}
Jii
o

X

ixh iX+y—x2+dy  ix—y-x*+dy
—IXn, 4 2 J 2

h(p+yp?+a,p—p*+a)
=4 . . z"
nz::; th[lx +\/—x2+4y iX —\/—x2+4y]

2 2

(p+\/p2+q p—Jp2+q)

—2ix 3
z «h [lx +1/—x +4y iX —/—x 2 +4yJ

n-

hnl(p+ p?+q,p—+/p +q)

—4pz {IX +\/—x +4y ix —\/—x +4y] z’

2

) (p+Jp +q,p -/’ +q)
2ipx
+ no “h, [IX +,/—x +4y iX —,/—x +4y ]

_ 4L, —-2ixR, —4pN , + 2ipxM,
DZ

4(1-qyz*)-2ix (2pz +igxz ?)

1 2ipxz —(2y (2p2+q)—qx2)z2—2ipqu23+q2y22“
4p(ixz +2pyzz)—2ipx (z —qyz3)

1-2ipxz —(Zy (2p2+q)—qx2)z 2_2ipoxyz *+q2y %z *
4—6ipxz +2(qx2—2y (2p° +q))z 2 _2ipgxyz ®

=1—2ipxz —(2y(2p2+q)—qx ) 2 _2ipaxyz *+q%y 2 ¢

This completes the proof.

e Put p=qg=1in expression (33), (34),
(35) and (36), we obtain the following
table:

1"



Symmetric and generating functions of generalized (p,q)-numbers

Table 4. The generating functions of the
products of Pell and Pell Lucas numbers
with bivariate complex polynomials.

Coefficient of z"

Generating function

PE (X,y) o
nfnl\M 1,2ixz7(6y7x2)zZ—Zixy23+y224
ixz +4yz 2 +ixyz 3

pL (X ) Xz +

nbn (X0Y 1_2ixz_(6y—x2)22—2ixy23+y224
Q = (X y) 2z +2ixz 2+2yz°

ntn /M 1_2ixz—(6y—x2)z2—2ixy23+y224

4—6ixz+2(x2—6y)22—2ixyz3

QnLn (X'y)

1-2ixz —(Gy -X z)z 2_2ixyz3+y 224

Case 3. For A :{ijwq , p—Jp;+8q} and

2 1

_ ix+J—x2+4y ix—J—x2+4y
E _{ :

}, In expression

(17), (18), (19) and (20) we have

2

®
n=0

h[p+Jpz+8q p—JpZ+8q]
n 2 )

z
; 2 i [y2 D
th[lx +\/;< +4y ’|x \/x +4y] 3

2 2

: 1[|0+J|02+8q | p—Jp2+8q]

T

E
o

z
(ix+\/—x2+4y ix—\/—x2+4y] D,
I

2

DMs

o [PryP’+81 p-yp’ 8
n-1 2 ' n:N3

E
I
o

2

z 0
" [ix +x2+dy ix —\/—x2+4y] D,

2

T

h[p+Jp2+8q p—Jp2+8q]
n 2 1

L (37)

2
M, (38)

2
(39)

2
R (40)

E
o

z
iX +\/—x2+4y iX —\/—x2+4y D,
xh, > , >

12

with
D, =1-ipxz —(y (p? +4q)—2qx2)z 2
—2ipaxyz * +4q°y ’z 4,
L, =1-2qyz?,
M,=z-2qyz°,
N, =ixz +pyz
R, =pz +2igxz ?,

and we deduce the following corollary and
theorems.

Corollary 412 For nel, the new

generating function of the product of (p,q)-
Jacobsthal numbers with bivariate complex
Fibonacci polynomials is defined by

= M

J o E(xy)"==
; p.g, ( ) D3
~ 7-20yz°
1—ipxz—(y(p2+4q)—2qx2)z2—2ipquz3+4q2yzz“'
with

p+yp>+84  p-yp’+8y

JpanFa (X'y):hn—l( 2 2 )

(41)

th_l ( iX +\/—x 2+4y ix —\/—x 2+4y )

2 ! 2

Theorem 4.13 For nell, the new

generating function of the product of (p,q)-
Jacobsthal numbers with bivariate complex
Lucas polynomials is expressed as

z‘]MvﬂLﬂ (X,y)Zn
n=0

(42)
ixz +2pyz ” + 2igxyz°

2,2,4"

1-ipxz —(y(p2+4q)—2qx2)zz—2ipquz3+4q v



Proof. We have

2 3pankn (%Y)2"
n=0

| P+yP+8q p—yp®+8q
n-1 2 '
= nZ:O Zhn ( ix+\/—2x +4y , ix—\/—; +4y)
" oy i
_ixhnl(|x+ —zx +4y ’ iX— —2x +4y)

Nabiha Saba, Ali Boussayoud,Abdelhamid Abderrezzak

Proof. We have

ZJ qu,nFn (X Wy )Z
n=0

2h (p+\/p2+8q p—\/p2+8q)
n 2 ! 2

pP—+/P*+8q
2 ’ 2
><hn[ix+\/—x2+4y ix—\/—x2+4yJ

2 ’ 2

2
hnl[ P+yP +80

) [D+Jp2+8q p—\/p2+8q]
n-1

2 ' 2

2 ' 2

> z
n=0 [ix+\/—x2+4y ix—\/—x2+4yj
xh,

2(ixz+ pyzz)—ix(z—quz3)
1—ipxz—(y(p2+4q)—2qx ) 22 = 2ipgxyz® + 4q%y
ixz + 2 pyz? + 2igqxyz*
1—ipxz—(y( p? +4q)—2qx2)z2 — 2ipaxyz® + 492y?z*
This completes the proof.

224

Theorem 4.14 For nell, the new
generating function of the product of (p,q)-
Jacobsthal Lucas numbers with bivariate
complex Fibonacci polynomials is given by

ZJ qux”F“ (X ! y )Z
= (43)
pz +4igxz 2 + 2payz ®

:1—ipxz —(y(p2+4q)—2qx ) 2_2ipaxyz ® +49°y

224

o || Zpn.  (Eefeee p-foig
=z PN, 2 ' 2 7
” [ix+\/—x2+4y ix—\/—x2+4yJ
th—l '
2 2
Lk p2+8q p-/p*+8q
o | " ’ 2
:22
] n=0 “h [IX +4—x2+4y ix —,/—x +4y ]
. p+Jp +8q p- Jp?+8q
2
n:O

I‘I

D3
2(pz +2iqxz*)—p(z —2qyz°)
2,2, 4

C1-ipxz —(y(p2+4q)—2qx ) —2ipaxyz > +4q2y %z
pz +4igxz * +2payz ®
1—ipxz —(y (p2+4q)—2qx2)z2—2ipqu23+4q2yzz4'
This completes the proof.

Theorem 4.15 For nell, the new

generating function of the product of (p,q)-
Jacobsthal Lucas numbers with bivariate
complex Lucas polynomials is given by

ZJ M‘”Lﬂ (X Wy )Z
n=0

4-3ipxz +2(2qx2—y (p2 +4q))zz—2ipquz3

2,2,4"

:1—ipxz —(y (v’ +4q)—2qx2)z 2_Jipgxyz * +49%y 2

(44)

13



Symmetric and generating functions of generalized (p,q)-numbers

Proof. We have

Ddpanka(xy)2"
n=0

Zhn[p+\/zz+8q ’p—\/p2+8q}

2

_on | PHlpir8a p-ypireq
i 2 2

[
M

E]
I
o

oh iX +-X2+4y ix ——x2+4y
" 2 ’ 2
X
. {ix +\/—x2+4y ix —\/—x2+4y]
—ixh,_,

2 ' 2

X [p+\/p2+8q,p—\/p2+8q]

i 2 2
=4 n
I ix +\/—x2+4y ix —\/—x2+4y
" 2 ' 2
o [Pryp?+8q p—yp®+8
w| " 2 ' 2
—2ixz z"

"0 b [ix +4-X2+4y ix —«/—x2+4yJ
n-1 2 ' 2
" [p+\/p2+8q p—\/p2+8q]
n-1 !

i 2 2

-2p z"
n- H _y?2 v [y ?

0 th[|x+\/ X +4y ’|x \/x +4y]

2 2

h{p+\/pz+8q ,p—\/p2+8q]

© 2 2
+ipx Y

z
n= + '_ 2 + — ’_ 2 +

nt
_ 4L, -2ixR, —2pN , +ipxM
D,

4(1-2qyz*)-2ix (pz +2igxz *)

1-ipxz —(y (p2+4q)—2qx2)z2—2ipquz3+4q2yzz4
2p (ixz +pyz*)—ipx (z —2qyz°)

1-ipxz —(y (p2+4q)—2qx2)z 2 _2ipgxyz*+4q°y’z*

4-3ipxz +2(2qx2—y (p2+4q))z 2 _2ipaxyz ®

:1—ipxz —(y (p? +4q)—2qx2)z 2 _2ipaxyz > +4q°y %z

This completes the proof.

2,24
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e Put p=qg=1in expression (41), (42),
(43) and (44), we obtain the following
table:

Table 5. The generating functions of the
products of Jacobsthal and Jacobsthal Lucas
numbers with bivariate complex

polynomials.
Coefficient of z " Generating function
J n I:n (X Y ) 1-ixz _(5y _lezf)iil_;xyz Siay%t
J n Ln (X Y ) 1-ixz 7(5;)(:53;2:72;1{;23%4)/224
jn I:n (X Y ) 1-ixz _(Syz-;ii;)zzzz—zzﬁjz3+4y224
A
4. Conclusion

In this paper, a new generalization of (p,q)-
numbers and new theorems have been
proposed to determine the generating
functions. The proposed theorems are based
on symmetric functions.

In our forthcoming investigation, we plan
to establish further results and properties
associated with some generalized forms of
the above-mentioned families of numbers.
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